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Dodgson condensation for computing determinants
g b

det |d e f

g - h 3
ae — bd bf —ce

dh — eg et — fh
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Dodgson condensation for computing determinants

a blc
det d elf
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The octahedron recurrence is a “cluster modular transformation”

e @+@+M_h+bdfh+bdfh_|_bf_g_|_6dh+@
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Theorem [Fomin,Zelevinsky]:
a; i is a Laurent polynomial in the initial variables (k = 0, —1/2).
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The proof is based on an operation on (weighted) graphs
called “urban renewal”.

ab + cd

ab + cd

ab + cd

ab + cd
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The proof is based on an operation on (weighted) graphs

called “urban renewal”. Az
== As A
Ay

(The A variables are related to the edge variables by: [omitted])

(Pliicker coordinate vars)

In terms of quivers: mutation

A
A |
A2 R A() e A1 A2 AS Al
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Resistor networks

Y-Delta transformation for resistor networks
bc
A =
¢ b a-+b+c

a ac
a+b+c
B C oo ab

a—+b+c

Define new coordinates (“activities”) b; on vertices and faces:

bo
b1 - bo
@ o
b3

related to conductances by ¢ = e

Tuesday, October 30, 12



Y-Delta transformation for resistor networks

b b
b b7 by where a = gggé etc.
bs bs
bc
A =
a+b+c
Then bob7 = b1by + babs + b3bg.

This is the “cube recurrence”:

R e e e e e s i B e e
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Y-Delta transformation for resistor networks

b 0 b b
b b b b 0o g bob
< 7 : < 1 where a = bgbé etc.
b
bg b5 b3 5
bobg bob
babs S s
~ bob bob bob
baor. I F o
Then bob7 = b1by + babs + b3bg.

This is the “cube recurrence”:

R e e e e e s i B e e
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X
X, X -3
.;
Xe X =
Xs

4)
X;

X

...iIs a composition of four urban renewals.

(four quiver mutations.)
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Cube recurrence = Miwa equation

b:c—l—l,y,sz,y—l—l,z—l—l < baz,y—l—l,zbaz—l—l,y,z—l—l S bx,y,z—l—lbaz—l—l,y—l—l,z

bx—i—l,y—l—l,z—l—l = b
x?y7z

XL 7y+1az"|x

b$7y7z

\ \
> .
pyrite crystals

From the values on 0 < x + y + z < 2 (or any other “stepped surface”)

we get all by .

The Laurent property holds:

bz.y.» 18 a Laurent polynomial in the initial variables.
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Terms in the Laurent expansion were identified by Carroll/Speyer.

A

bd
O

ace
)\ “Cube groves”:

Essential spanning forests

d with “tripartite” boundary

connections
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Ising mo

G a graph, c: E — R+ edge weights.
Configuration space Q = {1, —1}¢

Partition function

z2=>, 1l &

o) g0, —0

/4 = 2abc + 2a + 2b + 2¢
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abc 4 1 ABC
a + bc
b+ ac
c+ ab
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these should be proportional
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“Before” and “after” are proportional (Ising measure preserved) iff

4 (abc 4+ 1)(a + be)
\ (b4 ac)(c+ ab)

B \/(abc + 1)(b + ac)

(a + be)(c + ab)

.....
LLLLL
.....

_ [(abc+1)(c+ ab)
< \/ (a + bc)(b+ ac)
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Remarkable fact about the Ising Y-Delta move (Kashaev):

Define new variables f on vertices and faces: “activities”

35 £ 2

Jo

Jo

fa i = fa A fr h

/s fs

UE f

The activities are related to edge weights as:

_ ol
fsfe’

(a—21/a,)2

etc.
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Theorem [Kashaev| The fs satisfy

fof + 118+ 515 + f506 = 2(fufafafs + fifafafo + fofsfsfo)
—2fofr(frfa+ fofs + fsfe) — A fofafsfe + frfrfafs) = 0.

(This is the algebraic identity satisfied by the principal minors
of a 3 X 3 symmetric matrix.)

We say f : Z°> — C satisfies the Kashaev recurrence

if P(fijk0 fit1,400- -5 fir1,541,641) = 0 for all (¢, 5,k) € Z°.
By defining f; ;. on 0 <i+j+k < 2 we can use P to define it everywhere.
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The garnet recurrence

////////a4\\\\\\\\ as
ar as ay /al*\ asg
a as \\\\\\\\ ///////
ap Clo*
///////// \\\\\\\\\ az’ a”
ag aj as 06\\\\\\\\ ////////as
\\\\\\\\agl/////// !
e 10203 + 40506 + ApA4a7
apay
« 010203 1+ 040506 + A0G508
== apaz
CL; = a1a20as =l a40506 = agaeQg
apas
e a%a%ag'+'a1a2a3(2a4a506'+‘a0a4a7'+'a0a5a8'+'a0a6a9)4—(a5a6'+‘a007)(a4a5'+‘a0a9)(a4a6'+'a0a8)
= .

a%alagag
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Main results:

Theorem [Propp, FZ, KP]:

The octahedron, cube and garnet recurrences are compositions
of urban renewal transformations.

Corollary [FZ]: Laurent phenomenon.

Theorem [KP]:

The Kashaev recurrence is a special case of the garnet recurrence.

Corollary [KP]: Laurent phenomenon.

Open question:

Identify monomials of Kashaev recurrence with some combinatorial objects.

Tuesday, October 30, 12



The Kashaev recurrence as a special case of the garnet recurrence.

ag

o

ay

a as
/ ap \

de 1 / ds
dg

/ ag \
a 2 ag
k

—

a
Cl()>"<
Cl3>k aj

ag das

e

dg

a1 = +/apag + asag G = \/a8a4 + arasg
a2 = +aoar + asae s = \/a3a5 + agag
as = \/CLQCLS + a40s5 a; S \/CLS% 000
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The garnet recurrence (“superurban renewal”)

...Is a composition of six urban renewals
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What do the terms in the garnet recurrence count?

Certain “double-dimer” configurations on the cubic corner graph:

3

X
&
.

%
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=

B2
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What do the terms in the garnet recurrence count?

Certain “double-dimer” configurations on the cubic corner graph:
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I',, is obtained by “removing” cubes x + y + z < n.
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The initial configuration mg on I'y.

When you “remove” a cube the configuration changes locally (and randomly)
and preserving topology.
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aia5a6a7

weight =

apaiazas

A taut configuration on I';. (Same connections as my).

Thm: a;;; is a Laurent polynomial whose monomials are in bijection

with “taut” double-dimer covers of I';.
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maglc formUIa, number of loops length of face

= 7~

9 H aL—Q—#edges
the monomial for a configuration is i ’
faces f

for example:

> =
SpE0 o ORI
alaiazsazay  agasay - agaiag aa3asag
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Arctic circle theorem: use a; jj, = 30H+5)°/2 (vertex variables)
a; i = 2 - 3WHITETD®/2 (face variables)

/

a; . : 5 . .
then _=L* satisfies a linear recurrence (with constant coefficients).
/L’J’

/

@G 4,k

i, gk
xtyl 2",
ai i’ Y

Let G(z,y,2) =

Then G(z,y, z) satisfies a linear recurrence with characteristic polynomial:

P(z,y,2) =azyz+1—s(zy+zz+yz+z+y+2).

Analyze growth of coefficients of 1/P:
e polynomial inside inscribed circle
e exponential decay outside inscribed circle QED.
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Specific “3™” initial conditions:

More generic initial conditions

algebraic degree-6 curve

(19 ) ) (09190)
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