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Discrete model

A model for porous media

o Q C R9 open bounded connected (d > 2) « piece of rock

Marie Théret Maximal stream, minimal cutset and maximal flow in FPP



Discrete model

A model for porous media

o Q C R9 open bounded connected (d > 2) « piece of rock
o ', T2 C O open « where the water can enter / come out

Marie Théret Maximal stream, minimal cutset and maximal flow in FPP



Discrete model

A model for porous media

o Q C R9 open bounded connected (d > 2) « piece of rock
o ', T2 C O open « where the water can enter / come out
o Graph (V,,E,) = (Z9/n,E9/n) N Q «~ tubes
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Discrete model

A model for porous media

Q C R9 open bounded connected (d > 2) « piece of rock
M, C 0Q open «~ where the water can enter / come out
Graph (V,,E,) = (Z9/n,E?/n) N Q e tubes

Random variables (t(€))eck, i.i.d. > 0 «~ capacities :

t(e) is the maximal amount of water than can cross e per second.
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Discrete model

SICEING

Circulation of water : e € E, — f,(e) such that

° ||?;,(e)|| = amount of water that cross e per second,
II?EZ;H = direction in which the water circulates.
fa(e)
e =
[17a(e)ll
or
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Discrete model

SICEING

Circulation of water : e € E, — f,(e) such that

° ||1_‘;,(e)|| = amount of water that cross e per second,
IIQEZ;H = direction in which the water circulates.

Constraints :
@ node law, at each point in V,, ~ (Tt u?),
e capacity constraint (random) : Ve € E,, ||f(e)] < t(e).

Stream : Borel vector measure defined by

fin = Z Fn(e) 5center(e) :
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Discrete model

Maximal flow

Flow : flowd¢(ji,) is the amount of water that enters in Q

through ! per second according to fi,.
Maximal flow :

On = sup{flowﬁisc(ﬁ,,)} .
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Discrete model

Maximal flow

Flow : flowd¢(ji,) is the amount of water that enters in Q

through ! per second according to fi,.
Maximal flow :

On = sup{flow‘nﬁsc(ﬁ,,)}.
Cutsets :
o E,CE,isacutset if [l «» 2 inE,~ E,,

e capacityd*°(E,) = Z t(e),
ecE,
e Max-flow min-cut Theorem (Ford and Fulkerson, '56) :

¢n = min { capacity™¢(E,) | E, is a cutset} .
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Discrete model

Representation of a cutset :

@ "dual” of an edge e
= small "plaquette” e*,

@ "dual” of a cutset E, e L E,
= "surface” E} 479* >

= boundary of a set &, : I

Iy
EnC QT COE, = Q} .
-
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Discrete model

Main characters :
e maximal flow ¢, (random real number),

e maximal stream [i"®* (random vector measure),
i.e., stream of maximal flow, and such that no water comes
out of Q through rt
o minimal cutset £M" (random subset of Q),
i.e., cutset of minimal capacity, and of minimal number of
edges.
Question : Behaviors of ¢,,, im® and £M" when n — 00 ?
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Continuous objects

Continuous capacity v(V)

Definitions :
B(V) unit cube oriented towards v € S971,
Tn(B(V)) = min { capacitydis°( E,) ‘ E; surface of plaquettes }

n

in B(V) of boundary R
7n(B(V)) = maximal flow from pink to blue.
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Continuous objects

Continuous capacity v(V)

Definitions :
B(V) unit cube oriented towards v € S971,

72(B(7)) = min { capacitydisc(£,) ‘ E; surface of plaquettes }

in B(V) of boundary R
Subadditivity :

T(B(V)) ps,

nd—1 n—00

v(V).

o) ? v an ? v gl g(v)
- A
A1 -.-.f ______
SV = m(B(")UB(") _
, < 7a(B(¥)) + Ta(B(¥))
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Continuous objects

Continuous capacity v(V)

Definitions :
B(V) unit cube oriented towards v € S971,
E* surface of plaquettes }

n

S 1 disc
Tn(B(V)) = min { capacity,,**(E) ‘ in B(V) of boundary R

Subadditivity :
Tn(B(V)) s,
n-T oo

v(V).

Interpretation : (V) is the average asymptotic capacity of a
continuous unit surface normal to V.
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Continuous objects

Continuous cutset

Cutstet : F C Q of finite perimeter (1 € BV(Q))
— S =(OFNQUOF NT2U(O(Q~ F)nTh).

rl\ >r2
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Continuous objects

Continuous cutset

Cutstet : F C Q of finite perimeter (1 € BV(Q))
— S=(0F NQ)U (0Fmr2) ((')(Q\ F)ynr?t).
Capacity : capacity®™(F) = [ v/( )) dHIL(x).

Vs(2) = V()

rl\
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Continuous objects

Continuous cutset

Cutstet : F C Q of finite perimeter (1 € BV(Q))
— S=(0F NQ)U (0Fmr2) ((')(Q\ F)ynr?t).
Capacity : capacity®™(F) = [ v/( ) dH4(x).

Variational problem :
¢ = inf{capacity®™(F) | F C Q, 1 € BV(Q)},
Z(:utset — {F C Q | ]l/: c BV(Q), capacitycont(F) — d)cutset} .
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Continuous objects

Continuous stream

Stream : vector field & € L(Q — RY, £9) satisfying
o boundary conditions : & - Vo < 0 H9 1-a.e. on I'! and
G-vg=0HTae on 0Q~ (MUr?),
e conservation law : divd = 0 L£%a.e. on Q,

e capacity constraint : & - v < v(V) for all v € 971, £9%ae.
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Continuous objects

Continuous stream

Stream : vector field & € L(Q — RY, £9) satisfying
o boundary conditions : & - Vo < 0 H9 1-a.e. on I'! and
G-vg=0HTae on 0Q~ (MUr?),
e conservation law : divd = 0 L£%a.e. on Q,

e capacity constraint : & - v < v(V) for all v € 971, £9%ae.

Flow : flow®™(&) = [, —G - VodHI L.
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Continuous objects

Continuous stream

Stream : vector field & € L(Q — RY, £9) satisfying
o boundary conditions : & - Vo < 0 H9 1-a.e. on I'! and
G-vg=0HTae on 0Q~ (MUr?),
e conservation law : divd = 0 L£%a.e. on Q,

e capacity constraint : & - v < v(V) for all v € 971, £9%ae.
Flow : flow®™(&) = [, —G - VodHI L.
Variational problem :

A = sup{flow™"(#) | # admissible stream in Q},

ystream — [3| & admissible stream in Q, flow®™(5) = ¢st*eamy
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Results

Laws of large numbers for f'® and "

Hypotheses : (2,1, 12) is "nice” and the capacities are bounded.
Convergence of the maximal streams :

7max
7 .
( L converges weakly a.s. towards Y5tream e
n>1

d—-‘max
/ Fafn_ _ / f&dLd
Rd n Rd

Convergence of the minimal cutsets :
If P[t(e) =0] <1—pc(d) (<= v#0),
(EMM),>1 converges a.s. towards XUt e

a.s., Vf € Co(RY,R), inf

5-’€zstrearn

— 0.
n—oo

as., inf  LYEMMPAF) — 0.

F gy cutset n—o0
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Results

Continuous max-flow min-cut theorem and LLN for ¢,

Continuous max-flow min-cut theorem :
P ¢cutset — ¢stream — ¢

° Zcutset and zstream are not empty.

Convergence of the maximal flows :

Pn

a.s.
’ nd_1 n—o00
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Results

Hypotheses on (Q,T?,17?)

(9,11, 72) "nice” means :
e ( is open, bounded and connected,
@ Q is a Lipschitz domain,

@ 0Q is included in a finite number of oriented hypersurfaces of
class C1 that intersect each other transversally,

' and I'? are open in 09,
o d(I',r’)>o,
HIL(OrTY) = HOH(orT2) = 0.
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Results

Steps of the proof of the capacity constraint

Suppose that M — GL9. Let x € Q, v € S971, B(V) a cylinder
of sidelengths 1, ..., 1, h oriented towards V.

o Lebesgue differentiation Theorem : let B(x, &) = x + eB(V).
1 R d N = d
2B 0 7 VAL j F(x)- vV L%ae.

max _ d v d
° [M gL ]:> |:fB(x£) d/,l, n—00 fB(XE ]
° fB(x o dily> -V~ ehn flowds¢(ji, in B(x, V)) (%)
< ehnTp(B(x,¢)) by maximality of 7.
° % — v(V) as.
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