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A model for porous media

Ω ⊂ Rd open bounded connected (d ≥ 2) ! piece of rock

Γ1, Γ2 ⊂ ∂Ω open ! where the water can enter / come out

Graph (Vn,En) = (Zd/n,Ed/n) ∩ Ω ! tubes

Random variables (t(e))e∈En i.i.d. ≥ 0 ! capacities :
t(e) is the maximal amount of water than can cross e per second.

Ω
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Streams

Circulation of water : e ∈ En 7→ ~fn(e) such that

‖~fn(e)‖ = amount of water that cross e per second,
~fn(e)

‖~fn(e)‖
= direction in which the water circulates.

e
~fn(e)

‖~fn(e)‖
:

or
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Streams

Circulation of water : e ∈ En 7→ ~fn(e) such that

‖~fn(e)‖ = amount of water that cross e per second,
~fn(e)

‖~fn(e)‖
= direction in which the water circulates.

Constraints :

node law, at each point in Vn r (Γ1 ∪ Γ2),

capacity constraint (random) : ∀e ∈ En, ‖~fn(e)‖ ≤ t(e).

Stream : Borel vector measure defined by

~µn =
∑
e∈En

~fn(e) δcenter(e) .
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Maximal flow

Flow : flowdisc
n (~µn) is the amount of water that enters in Ω

through Γ1 per second according to ~µn.
Maximal flow :

φn = sup{flowdisc
n (~µn)} .

Cutsets :

En ⊂ En is a cutset if Γ1 = Γ2 in En r En,

capacitydiscn (En) =
∑
e∈En

t(e),

Max-flow min-cut Theorem (Ford and Fulkerson, ’56) :

φn = min
{

capacitydiscn (En) |En is a cutset
}
.
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Cutsets

Representation of a cutset :

”dual” of an edge e
= small ”plaquette” e∗,

”dual” of a cutset En

= ”surface” E ∗n
= boundary of a set En :
En ⊂ Ω, Γ1 ⊂ ∂En. En

e

Ω

Γ1

Γ2

e∗

E∗n
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Goal

Main characters :

maximal flow φn (random real number),

maximal stream ~µmax
n (random vector measure),

i.e., stream of maximal flow, and such that no water comes
out of Ω through Γ1,

minimal cutset Emin
n (random subset of Ω),

i.e., cutset of minimal capacity, and of minimal number of
edges.

Question : Behaviors of φn, ~µmax
n and Emin

n when n→∞ ?
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Continuous capacity ν(~v)

Definitions :
B(~v) unit cube oriented towards ~v ∈ Sd−1,

τn(B(~v)) = min
{

capacitydiscn (En)
∣∣ E ∗n surface of plaquettes

in B(~v) of boundary R

}
.

τn(B(~v)) = maximal flow from pink to blue.

R

~v

E∗n

B(~v)
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Continuous capacity ν(~v)

Definitions :
B(~v) unit cube oriented towards ~v ∈ Sd−1,

τn(B(~v)) = min
{

capacitydiscn (En)
∣∣ E ∗n surface of plaquettes

in B(~v) of boundary R

}
.

Subadditivity :
τn(B(~v))

nd−1

p.s.−→
n→∞

ν(~v) .

≤ τn(B(~v)) + τn(B̂(~v))
=⇒ τn(B(~v) ∪ B̂(~v))

Ê∗nE∗n

~v

R̂̂

B(~v)~v

R
B(~v)
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Continuous capacity ν(~v)

Definitions :
B(~v) unit cube oriented towards ~v ∈ Sd−1,

τn(B(~v)) = min
{

capacitydiscn (En)
∣∣ E ∗n surface of plaquettes

in B(~v) of boundary R

}
.

Subadditivity :
τn(B(~v))

nd−1

p.s.−→
n→∞

ν(~v) .

Interpretation : ν(~v) is the average asymptotic capacity of a
continuous unit surface normal to ~v .
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Continuous cutset

Cutstet : F ⊂ Ω of finite perimeter (1F ∈ BV (Ω))
−→ S = (∂F ∩ Ω)∪(∂F ∩ Γ2)∪(∂(Ω r F ) ∩ Γ1).

Capacity : capacitycont(F ) =
∫
S ν(~vS(x)) dHd−1(x).

Γ1
Γ2

Ω

F

S

Variational problem :

φcutset = inf{capacitycont(F ) |F ⊂ Ω , 1F ∈ BV (Ω)} ,
Σcutset = {F ⊂ Ω |1F ∈ BV (Ω) , capacitycont(F ) = φcutset} .
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Continuous stream

Stream : vector field ~σ ∈ L∞(Ω→ Rd ,Ld) satisfying

boundary conditions : ~σ · ~vΩ ≤ 0 Hd−1-a.e. on Γ1 and
~σ · ~vΩ = 0 Hd−1-a.e. on ∂Ω r (Γ1 ∪ Γ2),

conservation law : div ~σ = 0 Ld -a.e. on Ω,

capacity constraint : ~σ · ~v ≤ ν(~v) for all ~v ∈ Sd−1, Ld -a.e.

Flow : flowcont(~σ) =
∫

Γ1 −~σ · ~vΩdHd−1.

Variational problem :

φstream = sup{flowcont(~σ) |~σ admissible stream in Ω} ,
Σstream = {~σ |~σ admissible stream in Ω , flowcont(~σ) = φstream} .
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Laws of large numbers for ~µmax
n and Emin

n

Hypotheses : (Ω, Γ1, Γ2) is ”nice” and the capacities are bounded.
Convergence of the maximal streams :(
~µmax
n

nd

)
n≥1

converges weakly a.s. towards Σstream, i.e.,

a.s. , ∀f ∈ Cb(Rd ,R) , inf
~σ∈Σstream

∣∣∣∣∫
Rd

f
d~µmax

n

nd
−
∫
Rd

f ~σ dLd
∣∣∣∣ −→n→∞

0 .

Convergence of the minimal cutsets :
If P[t(e) = 0] < 1− pc(d) (⇐⇒ ν 6= 0),
(Emin

n )n≥1 converges a.s. towards Σcutset, i.e.,

a.s. , inf
F∈Σcutset

Ld(Emin
n 4F ) −→

n→∞
0 .
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Continuous max-flow min-cut theorem and LLN for φn

Continuous max-flow min-cut theorem :

φcutset = φstream := φ,

Σcutset and Σstream are not empty.

Convergence of the maximal flows :

a.s. ,
φn
nd−1

−→
n→∞

φ .
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Hypotheses on (Ω, Γ1, Γ2)

(Ω, Γ1, Γ2) ”nice” means :

Ω is open, bounded and connected,

Ω is a Lipschitz domain,

∂Ω is included in a finite number of oriented hypersurfaces of
class C1 that intersect each other transversally,

Γ1 and Γ2 are open in ∂Ω,

d(Γ1, Γ2) > 0,

Hd−1(∂ΓΓ1) = Hd−1(∂ΓΓ2) = 0.
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Steps of the proof of the capacity constraint

Suppose that ~µmax
n ⇀ ~σLd . Let x ∈ Ω, ~v ∈ Sd−1, B(~v) a cylinder

of sidelengths 1, ..., 1, h oriented towards ~v .

Lebesgue differentiation Theorem : let B(x , ε) = x + εB(~v).
1

Ld (B(x ,ε))

∫
B(x ,ε) ~σ · ~v dL

d −→
ε→0

~σ(x) · ~v Ld -a.e.

[~µmax
n ⇀ ~σLd ] =⇒

[∫
B(x ,ε) d~µmax

n · ~v −→
n→∞

∫
B(x ,ε) ~σ · ~v dL

d
]
.∫

B(x ,ε) d~µmax
n · ~v ≈ εhn flowdisc

n (~µn in B(x , ~v)) (∗)
≤ εhn τn(B(x , ε)) by maximality of τ .

τn(B(x ,ε))
εd−1nd−1 −→

n→∞
ν(~v) a.s.
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