Form factor approach to the correlation functions of
critical models

Jean Michel Maillet

CNRS & ENS Lyon, France

Collaborators : N. Kitanine, K.K. Kozlowski, N.A. Slavnov, V. Terras.
@ “Form factors of the XXZ Heisenberg spin-1/2 finite chain”  Nucl. Phys. B
554, 647-678 (1999)

@ "Algebraic Bethe ansatz approach to the asymptotic behavior of correlation
functions”  J. Stat. Mech. P04003 (2009)

@ "On the thermodynamic limit of form factors in the massless XXZ Heisenberg
chain” J. Math. Phys. 50, 095209 (2009)

@ "On the thermodynamic limit of particle-holes form factors in the massless
XXZ Heisenberg chain”  J. Stat. Mech. P05028 (2011)

@ "Form factor approach to the correlation functions of critical models” J.
Stat. Mech. P12010 (2011)

Form factor approach to critical models - MSRI January 2012



Our favorite example : the XXZ Heisenberg chain

The XXZ spin-1/2 Heisenberg chain in a magnetic field is a quantum
interacting model defined on a one-dimensional lattice with M sites, with
Hamiltonian,

M M
_ § : X _x y Yy z _z _ o 2 : z
HXXZ - {UmUerl + OmOm41 + A(O’molm+1 1)} h Om
m=1 m=1

Quantum space of states : ‘H = ®%:1’Hm, H,yy ~C?, dimH =2M.

o%Y% . local spin operators (in the spin—% representation) at site m
They act as the corresponding Pauli matrices in the space H,, and as the
identity operator elsewhere.

@ periodic boundary conditions
o disordered regime, |A| < 1 and h < h¢
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Correlation functions of (integrable) critical models

Correlation functions of critical (integrable) models

o Asymptotic results predictions

o Luttinger liquid approximation / C.F.T. and finite size effects
Luther and Peschel, Haldane, Cardy, Affleck, ... Lukyanov,

e Exact results (XXZ, NLS, ...)

o Free fermion point A = 0: Lieb, Shultz, Mattis, Wu, McCoy, Sato,
Jimbo, Miwa ...

o From 1984: lIzergin, Korepin ... (first attempts using ABA)

o General A: (form factors and building blocks)
* 1992-96 Jimbo, Miwa ... — for infinite chain from QG
* 1999 Kitanine, M, Terras — for finite and infinite chain from ABA

o Several developments for the last twelve years: Temperature case,
numerics and actual experiments, master equation representation,
some asymptotics, fermionic structures, etc.

— Compute explicitly relevant physical correlation functions?
«— Connect to the CFT limit from the exact results on the lattice?
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Correlation functions of (integrable) critical models

Correlation function : general strategies

At zero temperature only the ground state |w) contributes :

g12 = (wl102|w)
Two main strategies to evaluate such a function:

(i) compute the action of local operators on the ground state 616>|w) = |©) and
then calculate the resulting scalar product:

g2 = (w|®)

(ii) insert a sum over a complete set of eigenstates |w;) to obtain a sum over
one-point matrix elements (form factor type expansion) :

gr=> (w

i

O1]wi) - (wil62|w)
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Correlation functions of (integrable) critical models

Correlation functions : ABA approach

@ Diagonalise the Hamiltonian using ABA
— key point : Yang-Baxter algebra A(\), B(A), C(X), D(X)
— |1g) = B(A1)...B(An)|0) with Y(Aj; {\}) =0 (Bethe eq.)

@ Act with local operators on eigenstates
— solve the quantum inverse problem (1999):
ot = (A+ DY X((A+ D) with X(*) = A, B, C,D
— use Yang-Baxter commutation relations

@ Compute the resulting scalar products (determinant representation)
— determinant representation for form factors of the finite chain
— elementary building blocks of correlation functions as multiple
integrals in the thermodynamic limit (2000)

@ Two-point function: sum up elementary blocks or form factors?
— master equation representation in finite volume
— numerical sum of form factors : dynamical structure factors

@ Analysis of the two-point functions (2008-2011):
— series expansion (multiple integrals) and large distance asymptotics
— analysis of correlation functions from form factor series
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Correlation functions of (integrable) critical models

Numerical summation of form factor series (XXX)

@ Structure factors define the dynamics of the models

@ They can be measured experimentally

S(Q,w) Bethe Ansatz § Spinons in KCuF3

Energy o (meV)

-1 o5 o 05
Wavevector q along chain (units of 2x)

5(Q,w) is the dynamical spin-spin structure factor. The Bethe ansatz
curve is computed for a chain of 500 sites (with J.- S. Caux) compared to
the experimental curve obtained by A. Tennant in Berlin by neutron
scattering. Colors indicate the value of the function S(Q,w).
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Correlation functions of (integrable) critical models

Results from master equation (multiple integrals)

Generating function

@
. 1 1—k . ,
Qrm= H < ;K + 5 & -Uﬁ) with k = &”

n=1

Asymptotic behavior (RH techniques applied to multiple integrals)

(e79my = GO(B, m)[1 + o(1)] + > GO(B + 2imo, m)[1 + o(1)]
o=+

non-oscillating terms oscillating terms
p 82 2
G9(8,m) = C(8) e™P m22 71

q
@ Z()) is the dressed charge  Z(\) + / %K()\ —p)Z(p) =1
yis

q a2
@ D is the average density D = / p(p)dp = =4 =P
q

2 m
@ The coefficient C(/3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 2mi-periodicity in (3 related to
periodicity in Fredholm determinant of generalized sine kernel
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Correlation functions of (integrable) critical models

Results from master equation (multiple integrals)

Generating function

@
. 1 1—k . ,
Qrm= H < ;K + 5 & -Uﬁ) with k = &”

n=1

Asymptotic behavior (RH techniques applied to multiple integrals)

(e79my = GO(B, m)[1 + o(1)] + > GO(B + 2imo, m)[1 + o(1)]
o=+

non-oscillating terms oscillating terms
p 82 2
G9(8,m) = C(8) e™P m22 71

q
@ Z()) is the dressed charge  Z(\) + / %K()\ —p)Z(p) =1
yis

q a2
@ D is the average density D = / p(p)dp = =4 =P
q

2 m
@ The coefficient C(/3) is given as the ratio of four Fredholm determinants.

@ sub-leading oscillating terms restore the 2mi-periodicity in (3 related to
periodicity in Fredholm determinant of generalized sine kernel

2-point function asymptotic behavior

z 2z _ 2 2Z(Q)2 > cos(2mp;) 1 1
(o) = (2D —1)" - T2m? + 2P m?2Z(a)? +O(ﬁ’m22(q)z)
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Correlation functions of (integrable) critical models

Form factors strike back!

The umklapp form factor

o (MY TR _
t"’hA”H“ (27T> (DI - (AP IFo
22% = Z(q)* + Z(—q)*

|2

@ {\} are the Bethe parameters of the ground state

@ {u} are the Bethe parameters for the excited state with one particle and one
hole on opposite sides of the Fermi boundary (umklapp type excitation).

@ the critical exponents for the form factor behavior (in terms of size M) and
for the correlation function (in terms of distance) are equal!
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Correlation functions of (integrable) critical models

Form factors strike back!

The umklapp form factor

(M 2% | ({pDle? e ({AD)P —F.,
s () Tt Tocomre =17
22° = 7(q)* + Z(—q)*

|2

@ {\} are the Bethe parameters of the ground state
@ {u} are the Bethe parameters for the excited state with one particle and one
hole on opposite sides of the Fermi boundary (umklapp type excitation).
@ the critical exponents for the form factor behavior (in terms of size M) and
for the correlation function (in terms of distance) are equal!
— Higher terms in the asymptotic expansion will involve n - particle/holes form
factors corresponding to 2np, oscillations and properly normalized form factors will
be related to the corresponding amplitudes

— Analyze the asymptotic behavior of the correlation function directly from the
form factor series!
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The form factors sums for critical models

The form factor series for critical models

(Vg |01(< )02 (X + X)) = D FO) L (x) FSD, (x+X)
[7)

FD (@) = (b |01(2)|0') FO, (2) = (' |0x(2)] ve )

by !
Vg P P! Py

— Main difficulty : form factors scale to zero in the infinite size limit (L — oo) for
critical models reflecting the conformal dimensions of the local operators involved
and of the creation operators for the excited state 1)’.
1) 2 —0 _ixPex |
Fig ) F (x4 X)) = 177 7 AW )
— Analyze the form factor series for very large (but finite) system size L, in the

asymptotic regime where the distance x becomes large with x << L; the
thermodynamic limit L — oo being taken only at the end of the computation.

— We need to identify the states giving the leading behavior of such series, to
obtain the corresponding form factors, their behavior in these limits and finally to
compute the final (huge) multiple sums!
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The form factors sums for critical models

The form factor series in the large distance limit (1)

(O1(x) O2(x+xY)on = fim > " L7 P S({up}, {n}) Do}, {1n} [}, {h})-

{upt{unt

In the large distance limit x — oo, the oscillatory character of these sums localizes
them, in the absence of any other saddle point of the oscillating exponent (such
saddle points will appear in the time dependent case), around small excitations on
the Fermi boundaries +gq.

—Hence we consider so-called critical n particle-hole excited state {y¢,} for which
the rapidities {1y, } and {un,} of such a state accumulate on the two end-points of
the Fermi-zone in the thermodynamic limit. Form factors corresponding to any
such a state are called critical form factors

In the thermodynamlc limit, there will be np particles whose rapldltles are equal to
+q and nh holes whose rapidities are equal to +q with n +n, = =n+n, =n.
A given critical excited state belong to the P, class if the dlstrlbution of particles
and holes on the Fermi boundaries is such that

n, —n, =n, —n, =4, —n<{l<n

Then such an excited state has momentum 2¢pr in the thermodynamic limit and
its associated critical form factor will also be said to belong to the P, class.
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The form factors sums for critical models

The form factor series in the large distance limit (2)

Localization of the form factor series by analogy with the multiple integral
situation :

In(x) = / d"pip / " F({pp}, {pn}) [T ™49 700 x — o,

R\[=q.q] [~a.d] =
— If f({pp}, {pn}) is @ holomorphic function and p() has no saddle points on
the integration contours then the large x asymptotic analysis reduces to the
calculation of the integral in small vicinities of the endpoints, where f({up}, {tn})
can be replaced by f({*q}, {£q}).

— If f({pp}, {pn}) has integrable singularities at +q, for example

f({up}, {nn}) = (@ = pm )" (tny + q)" freg({11p}, {11n}), then one has to keep the
singular factors (q F s, )"+ as they are but we can replace the regular part

free({1p}, {ptn}) by an appropriate constant free({£q}, {£q}).
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The form factors sums for critical models

The form factor series in the large distance limit (3)

— By analogy with these oscillating multiple integrals we obtain:

@ the smooth part of the form factor S({y,}, {1tn}) doesn’t introduce any
singularities and thus, the corresponding rapidities can be set equal to their
values in the Py class. Likewise can be done for the part of the discrete form
factor depending smoothly on the rapidities D({wp}, {1 H{p}, {h})-

@ we need to keep and to treat explicitly the summation of the integer
dependent part of D({j1,}, {us}|{p}, {h}).

< Thus, the main contribution to the asymptotic behavior of the correlation
function is produced by the critical form factors. Hereby the smooth part becomes
a constant depending only on the P, class of the form factor. The discrete part D
plays the role of the singular factors (g F s, )"* in the integral. Hence fixing the
P, class of critical from factors we should still take the sum over all the excited
states within this class.

Warning: The form factor sums cannot have the sense of integral sums even for L
large. Indeed, it produces eventually the factor L% that makes the final result
finite; however, 6, being in general not an integer, such a sum hardly reduces to a
Riemann sum. This feature explains the difficulties already noted in the literature
while trying to use the form factor approach directly in the continuum limit for
massless models.
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The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

(o1 UmH Z .7:(5 U, ~.7-—Ef/1 (m+1) with f(s),(m) = {elonlv')

Y [T 1111711
[47)

Form factor approach to critical models - MSRI January 2012



The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

. (¢ |op| 4
(o7 Um+1 Z ]—'(5 ) ,7—"5?1 (m+1) with ]—"sz),(m) = W
[¥")

Eigenstates parametrized by solutions of logarithmic Bethe equations:

~Re) T o S W

27T 27TM

. h( +A) sinh(i
po(A) = ilog ss.mh(’7</\) (bare momentum); O(A) =ilo ﬁ (bare phase)
l e Z;
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The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

(o1 U,,,H Z .7:(5 U, .7:&51 (m+1) with f(s),(m) = {lomlvr)

Y IKZIRIEA]]
[47)

Eigenstates parametrized by solutions of logarithmic Bethe equations:

& _ P(A) N+1
EAH{pe}) = = QﬂMZG (A= pe) + =37
o sinh A sinh(i
po(N\) = ilog ﬁ (bare momentum);  6(X\) = ilog ﬁ (bare phase)
4 eZ; €(\{ue}): counting function associated to the set of roots {j¢}
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The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

(o1 U,,,H Z .7:(5 U, .7:&51 (m+1) with f(s),(m) = {lomlvr)

Y IKZIRIEA]]
[47)

Eigenstates parametrized by solutions of logarithmic Bethe equations:

- _ 4.

5(/%|{W}): :M7 J:17N
o sinh A sinh(i

po(N\) = ilog ﬁ (bare momentum); () = ilog ﬁ (bare phase)

4 eZ; E(A|[{pe}): counting function associated to the set of roots {u¢}
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The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

(o1 U,,,H Z .7:(5 U, .7:&51 (m+1) with f(s),(m) = {lomlvr)

Y IKZIRIEA]]
[47)

Eigenstates parametrized by solutions of logarithmic Bethe equations:

po ,U,/ N +1 l; .
_ 0( = L =1,...,N
(/” {ue}) = o QWMZ :ufk oM M’ J J )
po(N\) = ilog % (bare momentum); () = ilog % (bare phase)
4 eZ; €(\{ue}): counting function associated to the set of roots {j¢}

@ ground state |¢g): N = Npfixedby h, ¢;=j,j=1,...,No
all roots ); are real and densely fill a symmetric interval [—g, g] (the
Fermi zone) in the thermodynamic limit M — oo with density p()\)
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The form factors sums for critical models

Spin-spin correlation functions as sum over form factors

(oiomn) =3 FO 1) F5) (m+1) with  F), (m) = (Llmal)

Y'Y P [T 1111711
[¥")

Eigenstates parametrized by solutions of logarithmic Bethe equations:

po ,U,/ N +1 l; .
_ 0( = L =1,...,N
(/” {ue}) = o 271'/\//2 lu’[k oM M’ J J )
po(N\) = ilog % (bare momentum); () = ilog % (bare phase)
4 eZ; €(\{ue}): counting function associated to the set of roots {j¢}

@ ground state |¢g): N = Npfixedby h, ¢;=j,j=1,...,No
all roots ); are real and densely fill a symmetric interval [—g, g] (the
Fermi zone) in the thermodynamic limit M — oo with density p()\)

@ particle/hole excited states |v’) (N = Np for 0* or No + 1 for o7) :
roots ju, arereal ¢;=j forje{l,...,N}\{h1,... hs} and
lh = pi & {1,.. }
~ particle/hole rapidities: E(ppa {pee}) = 55, Elpn,[{pe}) = 5
~ ‘background’ rapidities: g(uj\{/u}) = ,{7 jed{l,...,N}
F(X\))
_ Mp(\))
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The form factors sums for critical models
Particle-hole form factors

o Finite-size form factors can be exactly computed as determinants of
elementary functions (Kitanine, M, Terras, NPB 1999):

<'l//\<7f,1|?’)g>:e"mp“ detNQ (MY {u))
with [vg) = |¢({A})), [¢") = [v({u}))

@ dependence in distance m in phase factor given by relative
momentum between ground state and excited state:

n

N
Pex = Z Po(pe;) Zpo Z(Pk — h)

k=1
labelled in terms of partlcle/hole integers

@ "singularities” at A; = py, ~» factor out Cauchy determinant:

dety Q9({A}, {u}) = dety {h(/j—x)} dety D) (A}, {11})

non singular
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

@ Non-singular part — smooth thermodynamic limit S({pp}; {1n})[F]

> _[F(ue) = FO ]—Z[f 1ip;) — F1n, ]+Z[f 1) = F(A
i Z[f () = Fun)) + [ FOOFO) dn
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

@ Non-singular part — smooth thermodynamic limit S({sp}; {en})[F]

SUDEUE WUTSEUTDED SRS
e Z[f o) = )+ [ )

@ Singular part (Cauchy)
* multiply and divide by counting function gto go to integers

1 _M-dw ot
sinh(A— ) sinh(A — p) () — €
§(A) —&(w)
SmOOtEfflinCtion o difference of integers

(po/s\s?bly shifted by function F)
ex: §(nj)—E(mr)= 1 G—k)
&)= €A~ ﬁ(l k+F(Ai))
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

@ Non-singular part — smooth thermodynamic limit S({pp}; {1n})[F]

Z[f(,ltej) —f(\)] = Z[f(upj) — f(pn)] + Z[f(’uj) — ()]
Moo Z[f (p) = £ (pay)] + '(A)F(A) d\

@ Singular part (Cauchy)

* multiply and divide by countlng function E to go to integers

1w 1

inh(\ — inh(A — (N — E(u

sinh(A —p)  sinh(X — ) §(A) —&(n)
smooth function

o difference of integers
(possibly shifted by function F)

* (some of) the products are ratios of Gamma functions
o ﬁ (A + F(pn))T(N +1 = he — F(pn, )
ey F(hk)F(N+1—hk) ’
~ use Stirling if p's and h's are integers far away from Fermi surface
~~ large-size behavior depends on the number of particles/holes
collapsing on the Fermi surface
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

particles and holes far away from the Fermi boundaries
— F(pn) T(hic + F(piny )

T o — M) Flpx + Fs ) TN+ 1= b (h)

@ lsrt example:
F(pk — N+ F(pp ) T(p) T(N + 1 — hy

N,M— oo

' (Pk - N)F(“Pk) (N— I ) Flin)
= lim T
Pk hk

= |lim <A£A(/‘Pk)_§(q)> <W>F(#W
waroo \ E(yup,) — E(~0) En) — &

. (M)u (260 —sten) )

p(pp) = P(=q
(since  E(N) — PALEPDwith  p(N) = 2r fo ) dy: dressed
momemtum)

~+ smooth function of pp,, ws, giving sub-dominant contributions
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

@ 1srt example: particles and holes far away from the Fermi boundaries
i TP Nt Fp)) () TN + 1= i — Fn,) T+ F(pan,))
W [(pe — N) T (i + F(p)) T(N + 1 — ) (i)
_ ( p(ip.) — P(q) )F(”"k’ ( p(q) — P(14,) )F(“"“
~ \p(up) = p(—a) p(kn,) — p(—q)

~» smooth function of p,, ps, giving sub-dominant contributions

@ 2nd example: critical state of P, class (particles and holes all on the
Fermi boundaries) npi particles, resp. n,jf holes, with rapidities equal to +q
such that nj +n, =n/ +n, =nandn, —n/ =n, —n, =4, (€L

pi=p +N ifuy=q  p=1-p; ifp,=-q
hj=N+1—h/ if uy, =gq, hj = h; if i, = —q

T (pe— N+ F(up ) T(pk) TN + 1 — b — F(pn, ) T(he + F(pn,))
M(pc — N)T(px + F(pp)) F(N + 1 — hi) T (i)

o T Tk Fla) T (er + F(-a)) T (b — F(@) T (e + F(a)
! Iy Uy Uy 7

~~ decreasing exponent is modified + discrete structure,in finite part
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

Inside a given Py class :

~ phase factors Pex depend on the particular state we consider:
Pex = 2257 (P — hi) = 2ke + %Pe(f) (kr: Fermi momentum p(q))
PY = S — 1)+ S~ S ey — S — 1)

~> smooth parts S({p}; {1n})[F] are all the same

~~ critical exponents 6, are all the same

~ finite discrete parts depend on the particular state we consider (they are

expressed in terms of particle/hole integers around the Fermi zone)

— all critical form factors inside a same P, class can be expressed in terms of
the simplest form factor of the class (the (-shifted state |1, ) with integers
Ui = j+1{) by just taking in consideration the modification of the discrete part
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The form factors sums for critical models

Thermodynamic limit of particle-hole form factors

< all critical form factors inside a same P, class can be expressed in terms of

the simplest form factor of the class (the ¢(-shifted state | ¢ ) with integers

0j = j+ () by just taking in consideration the modification of the discrete part
d

/ P wim 5(d) (ss”
FE (1) FE) (m 1) ~ e2mihe P g

Yg P! g

)

. _]:(5/)

P! ﬂfg]finite

(s)
B,
with 0, = (Fi +£0)? + (F- +¢)?

and
2 2
() ) _[FS ) GA+F)G(1-F)
[fwg Y’ f"i’/wg}finite - []:'«/)g ty ‘Fw wg]finite ’ G2(1+0+F.)G2(1—£—F.)

xR e ({p 1AW HF) R - ({p" 1 {h"} = F)

Fi.=F(q)+ N— Ny, F-=F(—q), G(z) the Barnes function

[T — p)* T1(h — ) L
Row ({p}, {h}|F) = >k . j>k {sm(;rF)}
(P + hx — 1)
j=1k=1 n r2(Pl< + ,_—) n’ |—2(hk B F)
X kl_[:1 r2(Pk) e rz(hk)
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The form factors sums for critical models

Summation over critical form factors

P o @ (7). £
(01 Omi1)er = Mlinoo Z Z f@;gu;/(l) fw/wg(m +1)
L=—o0 |’ )inPyclass
2
2imek 5 (s (s’ G 1 +€F)
Mlinoo Z € M [fug"di LF’Ug flnlte G2 1+6€+EF)
f=—o0

© X T Ry (o))

gp} {h}
ny 7!1/7 =L

sum over all possible configurations of integers
in the Py class
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The form factors sums for critical models

Summation over critical form factors

P o @ (7). £
(01 Omi1)er = Mlinoo Z Z ]:@;gd;/(l) fw/wg(m +1)
L=—o0 |’ )in P{class
2
2imlk, 5 (s (s’ G 1 +€F)
Mlinoo [g% € FM [Fk’g Ye 7«5 ’Ug flnlte G2 1 + EZ + EF )

x Y WP HRM {p} {h‘}\eF)

gp} {h}
ny 7!1/7 =L

sum over all possible configurations of integers
in the Py class

> oy ¥ lEhemtinde, g, (i)

np,np=0 p1<-- <Pnp hy<-- <h,,/7
np—np=L  p,eN* h,eN*

CGX(1+L4F) WD
G214+ F) (1- ezf';;m)(wﬂ
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The form factors sums for critical models

Summation over critical form factors

P o @ (7). £
(01 Omi1)er = Mlinoo Z Z ]:@;gd;/(l) fw/wg(m +1)
L=—o0 |’ )in P{class
2
2imlk, 5 (s (s’ G 1 +€F)
Mlinoo [g% € FM [Fk’g Ye 7«5 ’Ug flnlte G2 1 + EZ + EF )

x Y WP HRM {p} {h‘}\eF)

{r}, {h}

+_
ny n/7 =L

sum over all possible configurations of integers
in the Py class

> oy ¥ lEhemtinde, g, (i)

np,np=0 p1<-- <Pnp hy<-- <h,,/7
np—np=L  p,eN* h,eN*

CGX(1+L4F) WD

G214+ F) (1- ezf;;m)(w)Z
~~ Proof? Yes....but we realized afterwards that this is just the fundamental
identity for Z-measures on partitions (Borodin, Olshanski, Kerov,...).
Combinatorics for generic anisotropy A in XXZ chain!
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The form factors sums for critical models

Summation formula: sketch of our proof

Summation formula

Wg(gfl)/g G2(1 T ¢ = I/)
G*(1+v)

where G is the Barnes G-function: G(z+1) =T(2)G(2)

W = D D e et Oty il

™
np,np=0 p1<-- <Pn,, h1<--<hpny
np—np=L pcN* h,EN*

fi(v, w) = (1—w) 0+’

y T2 (o — pe)? TT}% (B )? ﬁ r( PJ + v) H r(h —v)
120 TR (o + e = 1)2 1] o P2 (he)

© the case ¢ # 0 can be obtained from £ =0 by a ‘“background shift”
recast the sum over all possible excitations over the Dirac sea Z~
(particles p; € Z**, holes 1 — h; € Z~, with n, — np = £)
as a sum over excitations over a shifted Dirac sea ZN] — oo, /]:
particles ¢ + p;, holes 1+ £ — h;, with 71, — fi, = 0
- G*(1+4+v
= (v, w) = w2 6(2(1L+t) )

Form factor approach to critical models - MSRI January 2012
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ = 0)

Summation formula in the case / =0
v, w) = (1—w)™
where G is the Barnes G-function: G(z+1) =T(2)G(2)

and Z Z Z wi=1(pythi=1) (smm/)

n=0 p1<++<pp h1<--<hp
ps€EN*  h,eN*

1 2 5 T3 (py + v) P2 (hy — v)
X |det, d 4
{ pj + hi — 1} E M2(p;)  T2(h)

* fo(—v,w) = fo(v,w) (pj < hj) —  restrict to the case v > 0

* Get an infinite determinant formula for fo(v, w) :

1
fo(u.,w)zzm > deti1....n V(hj, hi) = detit....o0 [0 + V(j, k)]
n=0 hiy.oshn=1 =R
with
V(, k) = <S|n7ry)2 rGg—v)r(k—v) i wPHUTR/2 T2 (h 4 1 4 p)
S FOrk) = (p+r)p+k e+l

Form factor approach to critical models - MSRI January 2012



The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ = 0)

Summation formula in the case / =0
v, w) = (1—w)™
where G is the Barnes G-function: G(z+1) =T(2)G(2)

and Z Z Z wi=1(pythi=1) (smm/)

n=0 p1<++<pp h1<--<hp
ps€EN*  h,eN*

1 2 5 T3 (py + v) P2 (hy — v)
X |det, d 4
{ pj + hi — 1} E M2(p;)  T2(h)

* fo(—v,w) = fo(v,w) (pj < hj) —  restrict to the case v > 0

* Get an infinite determinant formula for fo(v, w) :

1
fo(u.,w)zzm > deti1....n V(hj, hi) = detit....o0 [0 + V(j, k)]
n=0 hiy.oshn=1 =R
with
V(, k) = <S|n7ry>2 rG—v)f(k—v) i wPtUTR/2 T2(p 11 4 1)
S FOrk) = (p+r)p+k e+l
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ =0,

v € N)

@ If v = N is a positive integer, the determinant becomes finite:
fo(N,w) = det, L., N[(sjk + V(j, k)]

-----

0o N
V(j, k) = : p + m)?
H%;Jl(./ - m) Hgii(k - pZ:; erJ p+ k 1_[l

@ It can be simplified using the identity:
det(AAT + AVAT)

det(/ + V) = with  Ap = w 2K
[det A]? !
and setting w = e "
—tN(N+1)/2 Nt
—ty _ € j+k—2 €
BN, ) = T e [

@ It can be rewritten as the homogeneous limit of a Cauchy determinant:
—tN(N+1)/2 N(t+uj+vi)
A(N,e )= lim ° dety | —
0( , € - N 1— et 4%

im0 [T (uj = ) (v — i)

Compute the determinant, take the homogeneous limit and get the result!
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ =0,

v ¢ N)

@ The infinite determinant in terms of Toeplitz and Hankel matrices:
fo(v, w) = det [I + T*[a] H[a] H[b] T *[b]]

oo n/2 0 —n/2
. w n — w n
with a(z)7§n+]/2, b(z)*Z%n_yz
~ wUHk=1)/2
and  Hjla] = [a]j+x—1 = —Hi[b] = —[b]—j—k+1 = ji+k—1+0
G—k)/2 —U=h/2
w w
T: = = — T; = j—k = ————
jklal = [a]j—« Pkt jk[b] = [b]i—« i —k—v
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ =0,

v ¢ N)

@ The infinite determinant in terms of Toeplitz and Hankel matrices:
fo(v, w) = det [I + T[a] H[a] H[b] T ~'[b]]
@ Use properties of Toeplitz matrices:
* Tlab] = Tl[a] T[b] + H[a] H[B]
= fo(v,w) = det [T*I[a] T[ab] T’l[b]}
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ =0,

v ¢ N)

@ The infinite determinant in terms of Toeplitz and Hankel matrices:
fo(v, w) = det [I + T[a] H[a] H[b] T ~'[b]]
@ Use properties of Toeplitz matrices:
* Tlab] = Tl[a] T[b] + H[a] H[B]
= fo(v,w) = det [T*I[a] T[ab] T*I[b]}
* Wiener-Hopf factorization:
2(z) = 2y ()2 (z) with {a+(z) = exp {305, 2 llog al} J
a_(z) =exp {372, z ¥[log a]—« }

= fo(v,w) =det [T '[ay] T[asb_] T '[b_]]

with [log aln = dn0log 57 + (1 — 5n,0)%W”/2
[lOg b]n = dn,0log (— as ) — (]_ _ 5n10)%wn/2

sin Tv
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The form factors sums for critical models

Summation formula: sketch of the proof (case ¢ =0,

v ¢ N)

@ The infinite determinant in terms of Toeplitz and Hankel matrices:
fo(v, w) = det [I + T[a] H[a] H[b] T ~'[b]]
@ Use properties of Toeplitz matrices:
* Tlab] = Tl[a] T[b] + H[a] H[B]
= fo(v,w) = det [T’l[a] T[ab] T’l[b]}
* Wiener-Hopf factorization:
_ oo k |
a(z) = ay(z)a—(z) with 2+(2) = &P {Zkozl kaog e}
a_(z) =exp{>12, z *[log a]—«}
= fo(v,w) =det [T '[ay] T[a+b,] T '[b-]]
_ vn/?
with [logaln = dnolog oo + (1 — dno) 2w i
[log b]n = dnplog (— ) — (1 — dn0)2w"/

* det [Tﬁl[a+] Tlay+b-] Tﬁl[b,]] = exp [Zk [log a]«[log b]_k:| (Widom)

2
— VU
27‘0(1/W_exp{ ann }:(1—W)



The form factors sums for critical models

Correlation function (0§ 0Z,,4)

z z 1 z TiaQm
(010 my1) = on diD3n<e2 2 >}(y:0_2D+1

where D2, is the second lattice derivative, D is the average density, and
1 & B
Qm S 5 ;(1 — (J'k)

~~ study form factors  (a({1}) €9, ) where |¥a({1})) is an
a-deformed Bethe state, with {u} solution of

N+1
Mpop; ZHW 7#[‘( —27T<f +Oé*T>

For the P, class:
@ excitation momentum  2akr + Pex
@ shift functions F+.: F_ =F, =aZ+{(Z—-1) with 2= Z(£q)
where Z()) is the dressed charge given by
1 /9 sin2¢
2N+ 57 /_q I Goh O — Q) sinh( — i —i¢) 2 =1
@ exponent Oy p:  Ouir = 2[(a +0)Z),
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The form factors sums for critical models

: : -
Correlation function (o5 07, ;)

~~ leading asymptotic terms for all oscillating harmonics:

oo
<e27rluQm>cr — Z ‘Fa+é‘ﬁnite 790#
= (27rm)

with 0. = 2[(a + £)Z)?,

eQim((H»Z)kF

2

and  |Fouisl?ne = lim M&MM,
‘ n+/‘fln|te M— oo Hq/)g||2‘|1/)a+£‘|2

where | a0 ) is the (a + £)-shifted ground state

Rm: terms ¢ = 0, 1 coincide with results from master equation analysis

~~ leading asymptotic terms for the two-point function:

. B , 222 >\ .o cos(2mlk.)
(010mi1)er = (2D —1)° — 2m? + 2; | 7% [finite (2rmy2P =
: . : 222 | (Y |of| ¥ )|
with ‘f; ‘%ni e — lim M2[ Z e
© T Moo [lbe [ [1be |2
where | ¢ ) is the {-shifted ground state
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The form factors sums for critical models

+

Correlation function (07 0,,.;)

~- critical excited states of the P, class in the (N + 1)-sector

@ critical values of the shift function in the Py classl:
Fo=02-1)— Fr=0Z - )+E
1

-, ) 2
@ critical exponents: 0, = 20%Z + 522

22’

@ simplest form factor in the P, class:
22 1) (e o [ )
Fr = ||m MN S AL YA
| }ﬁmte Hl/ HQHL)[‘P
where |1 ) is the (-shifted ground state in the (N + 1)-sector

~~ leading asymptotic terms for the two-point function:

(_1)m e9 2iml kF

@
Z ( ) “Fj finite W

<Ufro-r;+l>c’ = 1
(2rm)2z2 ,=—
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The form factors sums for critical models

Results for the XXZ chain

2-point functions

L cos(2mlk,
<O'10'm+1>cr = (2D - 1)2 + 22 ‘Fl’ |f|n|te %

(71)m €9 2ime k-

Z ( ) ‘f finite W

(2rm)>22 =,

<UfrUn:+1>cr =

@ Z = Z(q) where Z()) is the dressed charge
7d
Z(\) +/ ﬁK(/\ — ) Z(p) =1

—q

g s P
@ D is the average density D = / p(p)dp = %m =t
T

—q
| 2
o |F2. = lim w2 e loilval”
¢ Hfimite M=o (Vg [ve) (Ve [1he)

2, 1 be ot o) |2

° |_’,t'+ finite — ||m M(2[Z+ZZ) ‘<Q/g‘ 1‘1/[>|

‘ (Vg [Ye) (e [tbe)



The form factors sums for critical models

Further results and open questions

@ Further results

o Time dependent case for the Bose gas (simpler model: no
bound-states) (to appear)
~+ contribution of a saddle point away from the Fermi surface

o Asymptotics for large distances in the temperature case (contact
with QTM method)
~ see Kozlowski, M, Slavnov J. Stat. Mech. P12010 (2011)

o Arbitrary n-point correlation functions in the CFT limit (to appear)

o In fact all the derivation applies to a large class of non integrable
models as well

@ Some open problems...

o Sub-leading terms for each harmonics?

e Time dependent case for XXZ : needs careful treatment of
bound-states (complex roots)

o Deeper links with TASEP, Z-measures, ...7
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