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Self avoiding walks

How many ways to walk from A to B without retracing?



Discrete holomorphicity and critical boundary fugacity for the O(n) model on the honeycomb lattice

Let ¢, be the number of SAWs of length n.

Theorem[antiquity]:
log = nlim % logc, exists
— 00

Based on simple concatenation arguments.
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Let ¢, be the number of SAWs of length n.

Theorem[antiquity]:
log = nlim % logc, exists
— 00

Based on simple concatenation arguments.

Conjecture[Nienhuis 1982]:

p=1\2+v2

Based on Coulomb gas and renormalisation.

Theorem[Duminil-Copin and Smirnov 2010]:

p:\/Z—F\@.

Using “discrete parafermions” (and integrability ?).
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Discrete parafermion

F(Z) _ Z e—igW(y(a—»z))Xﬁyu nt

v(a—2)

¢: length of the walk

v: contacts with the boundary

n: weight of closed loop (n = 0 is SAW)
W: winding angle

o spin

Figure: A configuration ~
on a finite domain.
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Discrete holomorphicity

Lemma (Smirnov)
Forne [-2,2], setn = 2cos 0 with 0 € [0, 7). Then for

7w+ 30 1 T—0\ _ —
= X _2cos<—4 )—\/2+ 2-n,

the parafermion F with y = 1 satisfies the following relation for every vertex
v:

(p—Vv)F(p) + (g —Vv)F(q) + (r—v)F(r) =0,
where p, q, r are the mid-edges of the three edges adjacent to v.
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Discrete holomorphicity
Lemma (Smirnov)
Forne [-2,2], setn = 2cos 0 with 0 € [0, 7). Then for

7w+ 30

-1 T—0 o —
P X _2003< 7 )_\/2+ 2—n,

the parafermion F with y = 1 satisfies the following relation for every vertex
v:

(p—Vv)F(p) + (g —Vv)F(q) + (r—v)F(r) =0,
where p, q, r are the mid-edges of the three edges adjacent to v.

This is a discrete Cauchy integral = F(z) is pre-holomorphic.
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Proof of Lemma

LSS
e

The two ways of grouping the configurations which end at mid-edges p, q, r
adjacent to vertex v.

m Left: configurations which visit all three mid-edges
m Right: configurations which visit one or two of the mid-edges
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Proof of Lemma

7S
e

Let

- O
o

—iow/3 _ 2in/8
s =e .

J
The three contributions on the left add up to zero if

€

N =it —n=o.

This equation determines the possible values of the parameter o.
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Proof of Lemma

LSS
e

The three contributions on the right add up to zero if
—1 —xjA—xjA=0.

which leads to -
—1 _ n _
X —2003(3(0 1)).
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Finite lattice identity

Let us define the following generating functions:

Ari(x,y) =

BT,L(X7y) =

Eri(x,y)=

Z Xéyu nc7

YCST,L
a—a\{a}

L. v C
E )
xyn

~CST
a—p3

Z X[yl/nc7

'VCST,L
a—eUé
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Finite lattice identity

Let us define the following generating functions:

Arcxy)= > xy'n’,
~CST L
a—a\{a}

Bru(x,y)= > x'y'n’
~CSTL
a8

£ c

Eru(x,y)= > x'y'n’
'VCST,L
a—eUé&

For the special values of y = 1 and x = Xuiical, SMirnov’s parafermion
implies

1 = cos(3F)AT L(x)+cos(F)EF 1 (X)+Br (), At =Ar./Zr.
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Finite lattice identity
Let us define the following generating functions:

Arcxy)= > xy'n’,
~CST L
a—a\{a}

Bru(x,y)= > x'y'n’
~CSTL
a8

£ c

Eru(x,y)= > x'y'n’
'VCST,L
a—eUé&

For the special values of y = 1 and x = Xuiical, SMirnov’s parafermion
implies

1 = cos(3F)AT L(x)+cos(F)EF 1 (X)+Br (), At =Ar./Zr.

This important identity provides a bound for Ar :=lim;_, ., Ar,, Br and Er.
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Sketch of proof x! =2+ +v2forn=0

critical
m For x < x.:

;
Br(x) < (Xi) Br(x) = Z(x)<2]](1+ Br(x))? < cc.
¢ T
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Sketch of proof x! =2+ +v2forn=0

critical
m For x < x.:
;
Br(x) < (Xi) Br(x) = Z(x)<2][(1+Br(x))? < .
¢ T

m Consider walks in Ar,4 that touch the r.h.s. boundary at least once.
These are bounded by products of bridges:

Ari1 — Ar < X.BrBryq

With Er = 0 and the important identity this implies
cos(3T)x.B7 4 + Bry1 > Br =

const

BT(XC) 2 T

= Z(x)> Z Br(x.) = oo.
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Integrability

The O(n) model on the honeycomb lattice is a solvable lattice model

The R-matrix satisfies the Yang-Baxter equation. ..
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Integrability

The O(n) model on the honeycomb lattice is a solvable lattice model
The R-matrix satisfies the Yang-Baxter equation. ..

exactly when

X' =1/2++v2—n Nienhuis’ and Smirnov’s value
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Integrability

The O(n) model on the honeycomb lattice is a solvable lattice model
The R-matrix satisfies the Yang-Baxter equation. ..

exactly when

x~'=14/24++v2—=n Nienhuis' and Smirnov’s value

Is there a relationship between integrability and Smirnov’s condition?

More examples are known (Cardy, Ikhlef, Fendley).
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Boundaries, y # 1

For n = 2cos #, Smirnov’s parafermion implies

1 = cos(3

OV (X, y) + 00S(T50)E 4 (Xe, ¥) + y*’y)B;L(xu.y)f

with
y'x2=(2-n)""? Ay =Ari/Zr..
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Sketch of proof for y # 1
At the boundary:

AVIEAV AV
VAIRVATRVAS

A+ X YN+ Xy = —(y — 1A,
JX+ X YN+ xey = —(y — 1)jA.
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Sketch of proof for y # 1
At the boundary:

A X YN+ Xy = —(y — 1)),

JX+ X YN+ xey = —(y — 1)jA.

Summing over all vertices leads to

* - y - 1 * o y C - Yy *
Bru0x) = (1423 ) Braten) = L E B,
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Comments

m The value y = y™ is precisely a solution of the Reflection Equation
(boundary Yang-Baxter)!
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Comments

m The value y = y™ is precisely a solution of the Reflection Equation
(boundary Yang-Baxter)!

m For y = y* the term involving B vanishes:

7}/)BT L%, ¥),

1 =cos(3=) A5 | (xe, ) + cos(Z52)E7 1 (X, ) + 0

Hence B can no longer be bounded by this identity = surface phase
transition (adsorption of SAW on the boundary)
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Sketch of proof forn =0

In the limit L — oo:
y — y ) BT(XC7y)7

1=CAT(X,y)+ ——

implies that for T — oo

Bocy) = 2S00 - e A, AGy) = AG).
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Sketch of proof forn =0

In the limit L — oo:
y — y ) BT(XC7y)7

1=CAT(X,y)+ ——

implies that for T — oo
* 1
Bie.y) = W=D (1 cAx), Ak y) = Alx).
yr=y
B 1 — c,A(x.) > 0. This implies that
const

B(x.,y) = v —y
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Sketch of proof forn =0

In the limit L — oo:

y 7y)BT(XC7y)7

1=C.A Xe, +

implies that for T — oo

Bocy) = 2S00 - e A, AGy) = AG).

B 1 — c,A(x.) > 0. This implies that

const
B(Xcv y) =

vy
B 1 — c,A(x.) = 0. This implies that B(x., y) = 0 for y < y*. Now use the
combinatorial inequality:

AT+1 (Xc,}/) - AT(XCa 1) < XCBT(XC7 1 )BT+1 (XcJ/)-

which implies

1
B oY) > .
T1(X, ') > CaXe
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Extension off criticality; exponents

It is possible to relax the condition on x:

(p=V)F(p) +(a=v)F(q) + (r = )F(r) = (1 = )F(v).
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Extension off criticality; exponents

It is possible to relax the condition on x:

(p=V)F(p) +(a=v)F(q) + (r = )F(r) = (1 = )F(v).

Let
,Eﬂ,(x) — W)yl per

Summing over all vertices of a domain Q one obtains, with & =1 — o
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Extension off criticality; exponents

It is possible to relax the condition on x:
(p=V)F(p)+ (g —V)F(q) + (r—Vv)F(r)=(1 - %)F(V)

Let
,Eﬂ,(x) — W)yl per
Summing over all vertices of a domain Q one obtains, with & =1 — o

ST R+ -x/x) > F(x)=Za(x)

vy:a—0Q ~y:a—Q\ 00
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Extension off criticality; exponents

It is possible to relax the condition on x:
(p=V)F(p)+ (g —V)F(q) + (r—Vv)F(r)=(1 - %)F(V)

Let
,Eﬂ,(x) — W)yl per
Summing over all vertices of a domain Q one obtains, with & =1 — o

ST R+ -x/x) > F(x)=Za(x)

vy:a—0Q ~y:a—Q\ 00

This can be used to express the winding angle exponent to surface
exponents.
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Winding angle

Proposition
Let P(6, ¢) be the prob. dens. function for winding angles of walks of length ¢.
Then i
> e?PP(6,£) ~ const x £
0

The exponents vy and ~1 are defined by

x1(x) ~ const x (1 —x/x.)™ ™,
x11(X) ~ 1+ const x (1 —x/x.)" .

x1(x): walks starting at the surface and ending somewhere in the bulk,
x11(x): walks starting and ending at the surface.
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Sketch of proof
Define Gy, a(x) to contain only walks with winding angle 6:
Goa(x) = Z X petn)

v:a—Q\oQ
W(v)=6
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Sketch of proof
Define Gy, a(x) to contain only walks with winding angle 6:
Goa(x) = Z X petn)
vy:a—Q\ 0

W(y)=0

Define Hq(x) to contain all walks ending on the boundary (these have
winding angle associated to the boundary):

Ha(x) = Z el W) 7] C()

vy:a— 00

The off-critical identity is then written as
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Sketch of proof
Define Gy, a(x) to contain only walks with winding angle 6:
Goa(x) = Z X petn)
vy:a—Q\ 0

W(y)=0

Define Hq(x) to contain all walks ending on the boundary (these have
winding angle associated to the boundary):

Ha(x) = Z el W) 7] C()

vy:a— 00

The off-critical identity is then written as

Ha(x) + (1 = x/xc) > e’ Gya(x) = 1.

0
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Winding angle exponent

Asume the existence of 44 such that

D Gi(x) o x1(x) ~ const x (1—x/x)"".

Assume the existence of 17 such that

H*(x) o« x11(x) ~ 14 const x (1 —x/x.)""".
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Winding angle exponent

Asume the existence of 44 such that

D Gi(x) o x1(x) ~ const x (1—x/x)"".

Assume the existence of 17 such that
H*(x) o« x11(x) ~ 14 const x (1 —x/x.)""".

The off-critical identity implies now that

> e9Gy(x) o const x (1 —x/x) "
0

>’ Gy(x)
220 G5 (%)

~ const x (1 — x/x.)~ 1T

End of proof.
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Conjecture

From Duplantier and Saleur (CFT for winding angle distrib. on the cylinder)
> ePO,0) ~ ¥,
0

with ”
w=VKG/2 = L

2(4 — k)’
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Conjecture

From Duplantier and Saleur (CFT for winding angle distrib. on the cylinder)

> ePO,0) ~ ¥,
0

with o

~ RO

w=VKG/2 = 54 —r)
Hence
— + —1 = — 9 (2 — K“)Z
T T T B4 — k)
This is in agreement with independent predictions (Bray & Moore, Nienhuis,
Cardy):
KA 4128 —12 _2(8—k)

n= 8k(4—r) ’ = k(4 — k)’
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Conjecture

From Duplantier and Saleur (CFT for winding angle distrib. on the cylinder)

> ePO,0) ~ ¥,
0

with o
~ RO
w = VHO'/Z = m
Hence
— +v—1=w= 9@
T T T B4 — k)
This is in agreement with independent predictions (Bray & Moore, Nienhuis,
Cardy):
K2 412k — 12 _ 2(8-k)
n= 8k(4—r) ’ m= k(4 — k)’

We also have results for wedge exponents in a wedge with angle a.
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The critical fugacity for surface adsorption of SAW on the honeycomb lattice
is1+ /2,
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