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Gaussian Free Field (GFF)

Distribution hwith Gaussian weighéxp[—3(h,h)g], and
Dirichlet inner product in domainD

(f1. f)y = (2m) L /D f1(2) - Dfa(2)d%2
= COV((h, fl)D,(h, fZ)D)

{»> STARRING THE GFF! (Courtesy of N.-G. Kang)>






LIOUVILLE QG
RANDOM MEASURE

du=“e"d*z’
o

THE EMERGENCE OFQUANTUM GRAVITY

(Courtesy of N.-G. Kang)
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Bulk & Boundary Liouville Quantum Gravity

e Circle averagebg(z), z€ D (Dirichlet)
e GFF withfree boundary conditionsndD
e Half-circle averagebg(z), z€ dD.



e Regularization
he(z) mean value ofh on circle dB¢(2)

e Variance
Varhg(z) =1log|C(z,D) /€]
C(z,D) conformal radius oD viewed fronz
he(z) Gaussian random variable

R erhe(@ _ aPVarhe(2)/2 _ (C(z, D)>v2/2
3




QUANTUM AREA MEASURE

dpe == exp|yhe(2)] £’ /2427

converges, as— 0 and fory < 2, to a random measure,
denoted byeY"?d?z.
QUANTUM BOUNDARY MEASURE

df ;= exp{% ﬁg(z)} e¥'/4dz

converges, as— 0 and fory < 2, to aboundaryrandom
measure, denoted lg)/2"2dz



Random Surface

Euclidean squares afmilar quantum area



Random Surface & Fractal Sets




Euclidean & Quantum Fractal Measures
Thed-dimensionalEuclidearor analogoushguantum
measuref planarfractalsets is characterized by scaling
properties:

e Rescale al-dimensional fractaK C » C C via the map
z— Y(z) = bz, b € C (so that the Euclidean area of the
domain® is multiplied by|b|?); then thed-dimensional
Euclideanfractalmeasuref X is multiplied by

b|9 = |b|>=%, wherex (the Euclidean scaling weights
defined byd := 2 —2x(< 2).

e If X is afractal subseof a random surface := (o ,h), and
we rescales so that its quantum area increases by a factor of
b|?, then thequantum fractal measurg(X,h) of X is
multiplied by |b|>~%2, whereA is the analogouguantum
scaling weight




e Q (P(X,h)) = Q(X,h) whenevenp is conformal and
W(p,h) = (W(D),how™*—Qlog|y/|)
Q = -+-.

The pairs = (D, h) describes the same Liouville quantum
surface (up to coordinate change) as the conformally
transformed paig)(D, h).

e The Knizhnik, Polyakov, Zamolodchikov (KPZglation

X=(Y*/4)0%+ (1—y*/4) A

IS then equivalent to
d=0aQ—0?/2,
whered =2 —2xanda :=y(1—A).



SLE - GFF QG) COUPLING

Dubédat,2009
Sheffield,arXiv:1012.4797
D. & Sheffield, PRL107, 131305 (2011), arXiv:1012.4800
Miller & Sheffield, arXiv:1201.14896-98



“Zipping-up” SLE Map

W= ft (2) ft (0)

/\ft(x’) f, (X) :
t

X 0 X 0
Let f; be the(reverse) SLE conformal map

ZzeH —w= ft(Z) EH\nt,

with tracen; and tip f;(0) [t = 0, fo(z) = Z. It satisfies the
stochastic differential equatioBy standard Brownian

motion)
d ft(Z) = —Zdt/ft(Z) — \/EdBt



(Reverse) SLE Martingale

Real stochastic process in the upper-half plane:

2
ho(2) = ﬁlog\z\,

hi(2) = hoo fi(2) +Qlog|f{(2)|.

This proces$(z) is amartingale(so thatEht(z) = ho(z)) for
the particular choice:

Q=kK/2+2/VK,
for whichdhi(z) = —0[2/ i (z)|dB.



SLE-GFF Coupling

i

h|ft Igwﬁoft +f)t
0 0

=N

Defineh := h+ hg, sum of the GFF on H with free
boundary conditionsn R, and of the deterministic function
ho. Given f;, the conditional law oh (denoted byh|f;) is

law) ~

h2) % "2 Ro f(2) + be(2),
whereho f; is the pullback of the free boundary GRF



SLE-GFF Coupling

/g

h|ft I%Wﬁoft +f)t

__|__

0 0
@) "2 o f(2) + be(2)

To sampleh, one can first sample th& process (which
determinedi), then sample independently the f.b.c. Gi-F
and take the above suf8heffield, 2010].

The conditional expectation w.rl.is themartingale

K [h(Z)‘ ft] = [)t (Z)

=N




Neumann Green function

Consider theNeumann Green functian H,

Go(y,2) ;= —log(ly — z|]|y — Z|), and define the
time-dependert®; (y, z) := Go( fi(y), fi(2)), i.e.,Go taken at
Image points undef;. A calculation of the Green function’s
variation shows that-dG; (y,z) = d(bi(y), ht(2))
(Hadamard'’s formula Integrating w.r.tt yields the
covariation of they; martingales

(bt (Y), bt(2)) = Go(y,2) — Gi(Y,2).

In they — zlimit:

(bt(2),bt(2)) = Co(2) — Ct(2),
whereCi(z) := —log [Ofi(2)|f{ (2)|].



SLE-GFF Coupling
Define thecovarianceCoVv|A, B| := E|AB| — E|A]E[B].

Recall that the Green’s functidBo(y, z) = Covih(y), h(z)],
thusGi(y, z) = Coviho fi(y),ho fi(2)]. The random
distributionho f; and the set of (time changed) Brownian
motionsh; areGaussiamprocesses, whose respective

covariancés; andcovariation(hi, bt) thus add to constay:

€ (y7 Z) + <ht (y)7 ht (Z)> — G()(y, Z)
Coviho fi(y),ho f(2)] + (h(y), bt(2)) = Covih
= Cov



Liouville Invariance

i

h | ft Igwﬁo ft + bt
0 0

=N

Recall thath := h+ ho, andh; := hoo f; + Qlog| f{|. Hence
ho fi + b = ho fy + Qlog|f/|. ForQ =y/2+ 2/y, this is the
transformation law of the GFR under the conformal map
fr 1. The pair(H, ho f; + ;) = f, 1(H\ nt, h) describes the
same random surface as the @dir\ ni,h): Givenfi, the
image undef; of the measure™?d2z in H is a random
measure whose law is tlaepriori (unconditioned) law of
"W d2w jn H\ n;.



Liouville Quantum Measure
(eM@| ;) d?z 1aW) ¥h(W) 420 (conformal invariance)
ford=2=yQ—-V?/2,i.e,Q=y/2+2/y=/K/2+2/ /K
e Y= VRA(4/VE). Y =4y

e y < 2: KPZ predictiony = (/25— c—+/1—c)/v/6 for the
central charge = 7(6—K)(6— 16/k) < 1 of the SLE's CFT
coupled to gravity.

oY =4/y> 2: Duality property of Liouville quantum

gravity; the guantum measure develops atoms with localized
area.

Conformally welding twoy-Liouville quantum surfaces
produces SLE



Conformal Welding

W= ft (2) ft (0)

N
e fr ()
h(z) WO h(w)

X’ 0 X 0
h|f, Z'hof, +1,

Conformal weldingthe quantum boundary lengtleg any
pair of real segment®), x| and|[x’, 0] such thatf;(x) = f;(X)
on the SLE trace are.s. equafor h = h+ b [Sheffield,
2010].



Liouville Quantum Gravity & SLE
W=ft(z) ft(o)
N

e 1 (%)
h(z) G h(w)

X 0 X 0
h|f, Z'hof, +b,

e Exponential martingales yield SLE quantum measures:
E[h|fi] = b, E(e""f) =explabi — (a2/2)(bt, b))
[D. & Sheffield, PRL107, 131305 (2011)]



SLE Exponential Martingales & KPZ

Mo (z) = E(e"?|f), aeR
(eah(z)|ft) 42, &) ft/(Z)\d_z (W) 42,
d = aQ-a?/2 (KP2)

wherew = f(z), d°w = | f/(2)|%d’z



SLE Exponential Martingales
e Conditional expectation w.r.t. GRE E |h(z)|f;| = b (2).

e Conditional expectations of exponentials:
Mm% (2) = E(e"D|f), acR
= exp[aht(z) — (a®/2)Ci(2)]
= [H@)|" WP V¥(Ow) /2 d = aQ—0?/2
Ci(2) = (h(2),h(2) =log[Of (2| f{(2)]]

wherew = fi(2); M"(z) is anexponential martingaleith
respect to the Brownian motion driving the SLE process:

Ea6(2) = M (2) = [2**/V¥(0z) /2,



SLE Natural Length

Expected (w.r.t. the SLE o g law) lengthof an infiniteSLE
N in D (Lawler & Sheffield, 2009)

v(D) = / G(2)d%z
D
SLE Green'’s functiom H:

G(2) := |Z¥07°, a=1—-8/k, b=8/k+K/8—2.



SLE Quantum Length

h - ﬁ+ ho
Expected (w.r.tn, givenh) Liouville quantum length, in D

Vo (D, h) = / N G(z)d?z,
D
a=+kK/2(=y/2fork <4, andy /2 for k > 4) satisfies
KPZ for the SLE Hausdorff dimensioth= 1+ K /8.
[Doob-Meyer, second moment method.]



Expected SLE Quantum Length

w=T(2)

e SEET 1(D)

X’ 0 X 0
h|f, Z'hof, +b,

Eve (D0)If] = [ 97 (2G@d*z

Evg (D,h) — /D M3 (2)G(2)d?z = /D (sin9)®/K—2d?z

with 9 ;= argz. Itis finite fork € [0,8) and coincides with
the Euclidean areaof D for K = 4.



PERSPECTIVES

e Scaling limits of discrete models on random
planar graphs

e Quantum wedges and cones

e Quantum bubbles and foafyy’ = 4 duality)
e Geodesics random metrics

VARV



	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	anm0: 
	btn@0@EndLeft: 
	btn@0@StepLeft: 
	btn@0@PlayPauseLeft: 
	btn@0@PlayPauseRight: 
	btn@0@StepRight: 
	btn@0@EndRight: 
	btn@0@Minus: 
	btn@0@Reset: 
	btn@0@Plus: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	1.22: 
	1.23: 
	1.24: 
	anm1: 
	btn@1@EndLeft: 
	btn@1@StepLeft: 
	btn@1@PlayPauseLeft: 
	btn@1@PlayPauseRight: 
	btn@1@StepRight: 
	btn@1@EndRight: 
	btn@1@Minus: 
	btn@1@Reset: 
	btn@1@Plus: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	2.50: 
	2.51: 
	2.52: 
	2.53: 
	2.54: 
	2.55: 
	2.56: 
	2.57: 
	2.58: 
	2.59: 
	2.60: 
	2.61: 
	2.62: 
	2.63: 
	2.64: 
	2.65: 
	2.66: 
	2.67: 
	2.68: 
	2.69: 
	2.70: 
	2.71: 
	2.72: 
	2.73: 
	2.74: 
	2.75: 
	2.76: 
	2.77: 
	2.78: 
	2.79: 
	2.80: 
	2.81: 
	2.82: 
	2.83: 
	2.84: 
	2.85: 
	2.86: 
	2.87: 
	2.88: 
	2.89: 
	2.90: 
	2.91: 
	2.92: 
	2.93: 
	2.94: 
	2.95: 
	2.96: 
	2.97: 
	2.98: 
	2.99: 
	anm2: 
	btn@2@EndLeft: 
	btn@2@StepLeft: 
	btn@2@PlayPauseLeft: 
	btn@2@PlayPauseRight: 
	btn@2@StepRight: 
	btn@2@EndRight: 
	btn@2@Minus: 
	btn@2@Reset: 
	btn@2@Plus: 


