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Zeros of the i .i .d . Gaussian power series [Virág-P.].

Let

fU(z) =
∞∑
n=0

anz
n

ZU = zeros(fU) (1)

with {an} complex Gaussian, density(re iθ) = e−r
2
.

Theorem (Hannay, Zelditch-Shiffman, ...)

Law of ZU invariant under Möbius transformations z → e iα z−λ
1−λ̄z

that preserve unit disk.
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Euclidean analog

fC =
∞∑
n=0

anz
n

√
n!
,

satisfies

Cov[fC(z), fC(w)] = E

[∑
n

anz
n

√
n!
·
∑
k

āk w̄
k

√
k!

]

=
∞∑
n=0

znw̄n

n!
= ezw̄ .

Thus,

Cov[fC(z + a), fC(w + a)] = e(z+a)(w̄+ā)

= Cov
[
e |a|

2/2e āz fC(z), e |a|
2/2e āw fC(w)

]
.

Since Gaussian processes are determined by Cov(·, ·) this proves
translation invariance of Law[zeros(fC)].
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= Cov
[
e |a|
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Definition
Let pε(z1, . . . , zn) denote the probability that a random function f
has zeros in Bε(z1), . . .Bε(zn). Joint intensity of zeros (if it
exists) is defined to be

p(z1, . . . , zn) = lim
ε↓0

pε(z1, . . . , zn)

(πε2)n
(2)

Theorem (Hammersley)

Let f be a Gaussian analytic function in a planar domain D,

z1, . . . , zn ∈ D, and consider the matrix A =
(
Ef (zi )f (zj)

)
. If A is

non-singular then p(z1, . . . zn) exists and equals

E
(
|f ′(z1)···f ′(zn)|2

∣∣∣ f (z1)=···=f (zn)=0

)
det(πA) .
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Theorem (Virág - P.)

The joint intensity of zeros for fU is

p(z1, . . . , zn) = π−n det

[
1

(1− zi z̄j)2

]
i ,j

= det[K (zi , zj)]

where K (z ,w) = 1
π(1−zw̄)2 is the Bergman kernel for U.



Theorem (Virág - P.)

Let

Xk ∼
{

1 r2k

0 1− r2k

be independent. Then
∑∞

1 Xk and Nr = |ZU ∩ B(0, r)| have same
distribution.

Corollary

Let hr = 4πr2/(1− r2) (hyperbolic area). Then

P(Nr = 0) = e−hr
π
24

+o(hr ) = e
−π2/12+o(1)

1−r .

All of the above generalize to other simply connected domains with
smooth boundary.

E
(
fD(z)fD(w)

)
= 2πSD(z ,w) (Szëgo Kernel)
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Denote q = r2. Key to law of Nr = |ZU ∩ B(0, r)|:

E

(
Nr

k

)
=

1

k!

∫
Bk
r

p(z1, . . . , zk)dz1, . . . dzk

=
q(k+1

2 )

(1− q)(1− q2) . . . (1− qk)
= γk .

Euler’s partition identity

∞∑
k=0

γks
k =

∏
(1 + qks),

implies that

E(1 + s)Nr =
∞∑
k=0

E

(
Nr

k

)
sk =

∑
γks

k

has product form!
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Dynamics

Let
fU(t, z) =

∑
n

an(t)zn

with an(t) performing Ornstein-Uhlenbeck diffusion,

an(t) = e−t/2Wn(et).

Suppose that the zero set of fU contains the origin. Movement of
this zero satisfies stochastic differential equation

dz = σdW

where

1

σ
= |f ′U(0)| = c lim

r↑1

1√
1− r2

∏
z∈ZU

0<|z|<r

|z | = c̃
∞∏
k=1

e1/k |zk |. (3)
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