


σi = +1 −1

H = −
∑

〈ij〉 σiσj .

P(conf .) ∼ e−βH ∼ x# 〈+−〉,

x = e−2β∈ [0, 1] .



x > xcrit x = xcrit x < xcrit

a, b
+1 (ab) −1 (ba)



x > xcrit x = xcrit x < xcrit

a, b
+1 (ab) −1 (ba)

∼ xcrit =
1√
2+1







〈σ(z)〉Ω+ := lim
δ→0

δ−
1
8EΩδ

+ [σ(zδ)]



〈σ(z)〉Ω+ := lim
δ→0

δ−
1
8EΩδ

+ [σ(zδ)]



〈σ(z)〉Ω+ := lim
δ→0

δ−
1
8EΩδ

+ [σ(zδ)]

〈σ(z0) . . .σ(zk)〉Ω+ := lim
δ→0

δ−
k+1
8 EΩδ

+ [σ(zδ0) . . .σ(z
δ
k )]



〈σ(z)〉ab
〈σ(z)〉+

:= lim
δ→0

Eab[σ(z
δ)]

E+[σ(z
δ)]



〈σ(z)〉ab
〈σ(z)〉+

:= lim
δ→0

Eab[σ(z
δ)]

E+[σ(z
δ)]

z0, . . . , zk a1, . . . , a2n



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2

F δ(z) :=
Zconfig .:a!z [e

− i
2winding(a!z)]

Zconfig .:a!b[e
− i

2winding(a!b)]
, z ∈ ♦.



F δ

F δ(z1) F δ(z2)
z1,2



F δ

F δ(z1) F δ(z2)
z1,2

∼



F δ

F δ(z1) F δ(z2)
z1,2

∼



• ∼
δ → 0 b

δ−1/2F δ

Ψ(Ω;a,b)

Ψ(Ω;a,b)(z) = (φ′(z))1/2 ·Ψ(φΩ;φa,φb)(φz)

φ : Ω → φΩ



• ∼
δ → 0 b

δ−1/2F δ

Ψ(Ω;a,b)

Ψ(Ω;a,b)(z) = (φ′(z))1/2 ·Ψ(φΩ;φa,φb)(φz)

φ : Ω → φΩ

∼
SLE3



• ∼
• ∼

a
Ωδ

εδ+(a) := E+[σ(a
$)σ(a%)]



• ∼
• ∼

δ → 0

δ−1 · (εδ+(a)−
√
2/2)

EΩ

EΩ(a) = |φ′(z)| · EφΩ(φa).



• ∼
• ∼

δ−1 · (εδ+(aj)−
√
2/2)

b1, . . . , b2n

+ −



• ∼
• ∼

a+
F(a+)

a −F(a−)
a

ε(a) =
F (a+)− (−F (a−))

F (a+) + (−F (a−))
.



• ∼
• ∼
• +− + ∼

δ → 0

Eab[σ(zδ)]

E+[σ(zδ)]

cos[πhmΩ(z , (ba))]



• ∼
• ∼
• +− + ∼

δ → 0

Eab[σ(zδ)]

E+[σ(zδ)]

cos[πhmΩ(z , (ba))]



• ∼
• ∼
• +− + ∼

F̃ δ(w) := Zconfig .:a!w

[ e−
i
2winding(a!w)

× (−1)#[loops around z]

× sign ± 1 depending
on the sheet of Ω̃δ

F̃ δ

Ω̃δ Ωδ



• ∼
• ∼
• +− + ∼

F̃ δ(w) := Zconfig .:a!w

[ e−
i
2winding(a!w)

× (−1)#[loops around z]

× sign ± 1 depending
on the sheet of Ω̃δ

Eab[σ(zδ)]

E+[σ(zδ)]
=

F̃ δ(b)F δ(a)

F δ(b)F̃ δ(a)
.



Ω ⊂ C

a, b γ0 γ1, . . . , γm
∂Ω Ωδ → Ω δ → 0

Eaδbδ [σ(γ
δ
1)σ(γ

δ
2) . . .σ(γ

δ
m) ]

E+[σ(γδ1)σ(γ
δ
2) . . .σ(γ

δ
m) ]

→ ϑ(Ω)
ab (γ1, . . . , γm) ,

(Ω; a, b)
Ω = C+ \ {z1, . . . , zm}

Ω

∂Ω



Ω ⊂ C

a, b γ0 γ1, . . . , γm
∂Ω Ωδ → Ω δ → 0

Eaδbδ [σ(γ
δ
1)σ(γ

δ
2) . . .σ(γ

δ
m) ]

E+[σ(γδ1)σ(γ
δ
2) . . .σ(γ

δ
m) ]

→ ϑ(Ω)
ab (γ1, . . . , γm) ,

(Ω; a, b)
Ω = C+ \ {z1, . . . , zm}

2n + 2

Eaδ0 ...a
δ
2n+1

[σ(γδ1) . . .σ(γ
δ
m) ]

E+[σ(γδ1) . . .σ(γ
δ
m) ]

→
Pf [ ζ−1

aj akϑ
(Ω)
aj ak (γ1, . . . , γm) ] j<k

Pf [ ζ−1
aj ak ] 0"j<k"2n+1

,

ζΩab = ζΩab (Ω; a, b)

ζC+\{z1,..,zm}
ab = |b−a|



• ∼
• ∼
• +− + ∼
• +



• ∼
• ∼
• +− + ∼
• +

Ωδ

Ω k

*(δ)−
k+1
2 · E+

Ωδ
[σa0σa1 . . .σak ] −→

δ→0
〈σa0σa1 . . .σak 〉

+
Ω ,

〈σa0σa1 . . .σak 〉
+
Ω

〈σa0σa1 . . .σak 〉
+
Ω =

∏k
j=0|ϕ

′ (aj) |
1
8 · 〈σφa0σφa1 . . .σφak 〉

+
φΩ.

φ : Ω → φΩ



• ∼
• ∼
• +− + ∼
• +

Ωδ

Ω k

*(δ)−
k+1
2 · E+

Ωδ
[σa0σa1 . . .σak ] −→

δ→0
〈σa0σa1 . . .σak 〉

+
Ω ,

*(δ)
*(δ) := ECδ [σ0δσ1δ ]



• ∼
• ∼
• +− + ∼
• +

Ωδ

Ω k

*(δ)−
k+1
2 · E+

Ωδ
[σa0σa1 . . .σak ] −→

δ→0
〈σa0σa1 . . .σak 〉

+
Ω ,

*(δ)
*(δ) := ECδ [σ0δσ1δ ]

∼ *(δ) ∼ C · δ
1
4 δ → 0

C



〈σa0σa1 . . .σak 〉
+
Ω

∼

〈σa〉+C+
=

2
1
4

(2 Im a)
1
8

= 2
1
4 · (radconfΩ (a))−

1
8

〈σaσb〉+C+
=

√
ξab + ξ−1

ab

(2 Im a)
1
8 (2 Im b)

1
8

, ξab :=

∣∣∣∣
b − a

b − a

∣∣∣∣

1
2

=
〈σa〉+Ω 〈σb〉+Ω

(1− exp[−2dhypΩ (a, b)])1/4

[ 〈σaσbσc〉+C+
= . . . (explicit) . . . , etc . . . ]



〈σa0σa1 . . .σak 〉
+
Ω

k # 2 〈σa0 . . .σak 〉
+
Ω := exp[

∫
L(a0, . . . , ak) ]

LΩ(a0, . . . , ak) :=
∑k

j=0Re [AΩ(aj ; a0, ..., âj , ..., ak)daj ],

AΩ(a; a1, ..., ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σaσa1 . . .σak 〉
+
Ω ∼ 〈σa〉+Ω · 〈σa1 . . .σak 〉

+
Ω a → ∂Ω.



〈σa0σa1 . . .σak 〉
+
Ω

k # 2 〈σa0 . . .σak 〉
+
Ω := exp[

∫
L(a0, . . . , ak) ]

LΩ(a0, . . . , ak) :=
∑k

j=0Re [AΩ(aj ; a0, ..., âj , ..., ak)daj ],

AΩ(a; a1, ..., ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σaσa1 . . .σak 〉
+
Ω ∼ 〈σa〉+Ω · 〈σa1 . . .σak 〉

+
Ω a → ∂Ω.

AΩ(a; a1, . . . , ak)
k × k

∫
LΩ(a0, . . . , ak)

k

AΩ



〈σa0σa1 . . .σak 〉
+
Ω

k # 2 〈σa0 . . .σak 〉
+
Ω := exp[

∫
L(a0, . . . , ak) ]

LΩ(a0, . . . , ak) :=
∑k

j=0Re [AΩ(aj ; a0, ..., âj , ..., ak)daj ],

AΩ(a; a1, ..., ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σaσa1 . . .σak 〉
+
Ω ∼ 〈σa〉+Ω · 〈σa1 . . .σak 〉

+
Ω a → ∂Ω.

k # 2 ∼

〈σa0 . . .σak 〉
+
C+

=
k∏

m=0

1

(2 Im am)
1
8

[
2−

k+1
2

∑

µ0,...,µk=±1

∏

s<m

(ξasam)
µsµm

2

] 1
2



〈σa0σa1 . . .σak 〉
+
Ω

k # 2 〈σa0 . . .σak 〉
+
Ω := exp[

∫
L(a0, . . . , ak) ]

LΩ(a0, . . . , ak) :=
∑k

j=0Re [AΩ(aj ; a0, ..., âj , ..., ak)daj ],

AΩ(a; a1, ..., ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σaσa1 . . .σak 〉
+
Ω ∼ 〈σa〉+Ω · 〈σa1 . . .σak 〉

+
Ω a → ∂Ω.

k # 2 ∼

〈σa0 . . .σak 〉
+
C+

=
k∏

m=0

1

(2 Im am)
1
8

[
2−

k+1
2

∑

µ0,...,µk=±1

∏

s<m

(ξasam)
µsµm

2

] 1
2

k a0, . . . , ak ∈ iR+



V
λ
Ωδ

V
1
Ωδ

V
i
Ωδ

V
λ
Ωδ

V
◦

Ωδ

V
•

Ωδ

V
m
Ωδ

V
c
Ωδ

δ

◦

2δ

√
2δ

Vm
Ωδ

Vc
Ωδ

= V1
Ωδ

∪ V i
Ωδ

∪ Vλ
Ωδ

∪ Vλ
Ωδ



1

2δ

(
E+
Ωδ

[σa+2δσa1 . . .σak ]

E+
Ωδ

[σaσa1 . . .σak ]
− 1

)
−→
δ→0

Re AΩ(a; a1, . . . , ak),

1

2δ

(
E+
Ωδ

[σa+2iδσa1 . . .σak ]

E+
Ωδ

[σaσa1 . . .σak ]
− 1

)
−→
δ→0

− Im AΩ(a; a1, . . . , ak).



1

2δ

(
E+
Ωδ

[σa+2δσa1 . . .σak ]

E+
Ωδ

[σaσa1 . . .σak ]
− 1

)
−→
δ→0

Re AΩ(a; a1, . . . , ak),

1

2δ

(
E+
Ωδ

[σa+2iδσa1 . . .σak ]

E+
Ωδ

[σaσa1 . . .σak ]
− 1

)
−→
δ→0

− Im AΩ(a; a1, . . . , ak).

E+
Ωδ

[σaσa1 . . .σak ] ∼ *k+1(δ,Ωδ) · 〈σaσa1 . . .σak 〉
+
Ω

*k+1(δ,Ωδ) Ω
a, a1, . . . , ak



*k+1(δ,Ωδ)

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]
−→
δ→0

BΩ(a; b) = exp[−1
2d

hyp
Ω (a, b)]



*k+1(δ,Ωδ)

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]
−→
δ→0

BΩ(a; b) = exp[−1
2d

hyp
Ω (a, b)]

1 = lim
b→a

lim
δ→0

E+
Ωδ

[σaσb]

ECδ [σaσb]
⇒ *2(δ,Ωδ) ∼ *(δ)

*(δ) := ECδ [σ0σ1])



*k+1(δ,Ωδ)

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]
−→
δ→0

BΩ(a; b) = exp[−1
2d

hyp
Ω (a, b)]

1 = lim
b→a

lim
δ→0

E+
Ωδ

[σaσb]

ECδ [σaσb]
⇒ *2(δ,Ωδ) ∼ *(δ)

*(δ) := ECδ [σ0σ1])
a, a1, . . . , ak ∂Ω

*k+1(δ,Ωδ) ∼ *1(δ,Ωδ)*k(δ,Ωδ) ⇒ *k+1(δ,Ωδ) ∼ *(δ)
k+1
2 .



a ∈ Ω

F (z) :=
1

Z+
Ωδ

[σaσa1 . . .σak ]

∑

γ∈CΩδ(a+
δ
2 ,z)

x#edges(γ)
crit · φa;a1,...,ak (γ, z) ,

φa;a1,...,ak (γ, z) := e−
i
2wind(p(γ)) · (−1)#loops(γ\p(γ)) · sheet (p (γ) , z).

a

z

a+
δ

2

• wind (p (γ))
p (γ) : a+ δ

2 ! z
• #loops

a, . . . , ak
• sheet (p (γ) , z) = +1 p(γ)

z −1

Z+
Ωδ

[σaσa1 . . .σak ] =
∑

ω∈CΩδ
x#edges(ω)
crit (−1)#loops(ω)



a ∈ Ω

F (z) :=
1

Z+
Ωδ

[σaσa1 . . .σak ]

∑

γ∈CΩδ(a+
δ
2 ,z)

x#edges(γ)
crit · φa;a1,...,ak (γ, z) ,

φa;a1,...,ak (γ, z) := e−
i
2wind(p(γ)) · (−1)#loops(γ\p(γ)) · sheet (p (γ) , z).

a

z

a+
δ

2

• wind (p (γ))
p (γ) : a+ δ

2 ! z
• #loops

a, . . . , ak
• sheet (p (γ) , z) = +1 p(γ)

z −1

Z+
Ωδ

[σaσa1 . . .σak ] =
∑

ω∈CΩδ
x#edges(ω)
crit (−1)#loops(ω)



a ∈ Ω

F (z) :=
1

Z+
Ωδ

[σaσa1 . . .σak ]

∑

γ∈CΩδ(a+
δ
2 ,z)

x#edges(γ)
crit · φa;a1,...,ak (γ, z) ,

φa;a1,...,ak (γ, z) := e−
i
2wind(p(γ)) · (−1)#loops(γ\p(γ)) · sheet (p (γ) , z).

F
(
a+ 3δ

2

)
=

E+
Ωδ

[σa+2δ . . .σak ]

E+
Ωδ

[σa . . .σak ]

k = 1

F
(
b+ δ

2

)
=

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]

• wind (p (γ))
p (γ) : a+ δ

2 ! z
• #loops

a, . . . , ak
• sheet (p (γ) , z) = +1 p(γ)

z −1

Z+
Ωδ

[σaσa1 . . .σak ] =
∑

ω∈CΩδ
x#edges(ω)
crit (−1)#loops(ω)



a ∈ Ω

F (z) :=
1

Z+
Ωδ

[σaσa1 . . .σak ]

∑

γ∈CΩδ(a+
δ
2 ,z)

x#edges(γ)
crit · φa;a1,...,ak (γ, z) ,

φa;a1,...,ak (γ, z) := e−
i
2wind(p(γ)) · (−1)#loops(γ\p(γ)) · sheet (p (γ) , z).

F
(
a+ 3δ

2

)
=

E+
Ωδ

[σa+2δ . . .σak ]

E+
Ωδ

[σa . . .σak ]

k = 1

F
(
b+ δ

2

)
=

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]

• wind (p (γ))
p (γ) : a+ δ

2 ! z
• #loops

a, . . . , ak
• sheet (p (γ) , z) = +1 p(γ)

z −1

Z+
Ωδ

[σaσa1 . . .σak ] =
∑

ω∈CΩδ
x#edges(ω)
crit (−1)#loops(ω)



a ∈ Ω

F (z) :=
1

Z+
Ωδ

[σaσa1 . . .σak ]

∑

γ∈CΩδ(a+
δ
2 ,z)

x#edges(γ)
crit · φa;a1,...,ak (γ, z) ,

φa;a1,...,ak (γ, z) := e−
i
2wind(p(γ)) · (−1)#loops(γ\p(γ)) · sheet (p (γ) , z).

F
(
a+ 3δ

2

)
=

E+
Ωδ

[σa+2δ . . .σak ]

E+
Ωδ

[σa . . .σak ]

k = 1

F
(
b+ δ

2

)
=

Efree
Ω•

δ
[σa+δσb+δ]

E+
Ωδ

[σaσb]

•

F 2

a, . . . , ak
•
a, . . . , ak

=⇒



AΩ(a; a1, . . . , ak)

f = f[Ω,a;a1,...,ak ] Ω
a, a1, . . . , ak

limz→a
√
z − a · f (z) = 1, limz→aj

√
z − aj · f (z) ∈ iR;

Im [f (z)
√

νout(z) ] = 0 z ∈ ∂Ω.



AΩ(a; a1, . . . , ak)

f = f[Ω,a;a1,...,ak ] Ω
a, a1, . . . , ak

limz→a
√
z − a · f (z) = 1, limz→aj

√
z − aj · f (z) ∈ iR;

Im [f (z)
√

νout(z) ] = 0 z ∈ ∂Ω.

AΩ f a

f[Ω,a;a1,...,ak ](z) =
1√
z − a

+ 2AΩ(a; a1, . . . , ak)
√
z − a + . . .



AΩ(a; a1, . . . , ak)

f = f[Ω,a;a1,...,ak ] Ω
a, a1, . . . , ak

limz→a
√
z − a · f (z) = 1, limz→aj

√
z − aj · f (z) ∈ iR;

Im [f (z)
√

νout(z) ] = 0 z ∈ ∂Ω.

AΩ f a

f[Ω,a;a1,...,ak ](z) =
1√
z − a

+ 2AΩ(a; a1, . . . , ak)
√
z − a + . . .

φ : Ω → φΩ

f[Ω,a;a1,...,ak ](z) = (φ′(z))1/2 · f[φΩ,φa;φa1,...,φak ](φz)

AΩ(a; a1, . . . , ak) = φ′(a) · AφΩ(φa;φa1, . . . ,φak) +
1

8

φ′′(a)

φ′(a)
.



AΩ(a; a1, . . . , ak)

φ : Ω → φΩ

AΩ(a; a1, . . . , ak) = φ′(a) · AφΩ(φa;φa1, . . . ,φak) +
1

8

φ′′(a)

φ′(a)
.

AΩ(a; a1, . . . , ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σa0σa1 . . .σak 〉
+
Ω =

∏k
j=0|ϕ

′ (aj) |
1
8 · 〈σφa0σφa1 . . .σφak 〉

+
φΩ.



AΩ(a; a1, . . . , ak)

φ : Ω → φΩ

AΩ(a; a1, . . . , ak) = φ′(a) · AφΩ(φa;φa1, . . . ,φak) +
1

8

φ′′(a)

φ′(a)
.

AΩ(a; a1, . . . , ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σa0σa1 . . .σak 〉
+
Ω =

∏k
j=0|ϕ

′ (aj) |
1
8 · 〈σφa0σφa1 . . .σφak 〉

+
φΩ.



AΩ(a; a1, . . . , ak)

φ : Ω → φΩ

AΩ(a; a1, . . . , ak) = φ′(a) · AφΩ(φa;φa1, . . . ,φak) +
1

8

φ′′(a)

φ′(a)
.

AΩ(a; a1, . . . , ak) = ( ∂
∂ Re a − i ∂

∂ Im a ) log〈σaσa1 . . .σak 〉
+
Ω

〈σa0σa1 . . .σak 〉
+
Ω =

∏k
j=0|ϕ

′ (aj) |
1
8 · 〈σφa0σφa1 . . .σφak 〉

+
φΩ.


