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1. Model. Place the lattice inside two metal plates (see graph). Each
edge has an conductance Cy,. Then the effective conductance on the

lattice Ay, is

Ryly= inf  Qay,(f) =ON1/0) " E o),

Floay 1, =¢
Here for a finite set A C Z¢,d > 2,

QA(f) = Z Czy(f(x) - f(y))2

(z,y)eB(A)

B(A): edges with one endpoint in A.
Cpy = Cya € (0,00): conductance.
Tay = 1/Chy.

2. Homogenization: whenever (Cy, ) is stationary ergodic and EC,, < oo,
. . of of
lim inf infQn(f)/N¥ 2= inf / pRe dz
¥ JACRA ij—=1

IR EL
N—=oo flaa y=¢ floa,= O0x; 0x;

almost surely. (Ref: Jikov-Kozlov-Oleinik)
3. Simplest nontrivial problem:

- linear boundary condition: ¢(z) =t - z.



- cubic box

Subadditive ergodic theorem=—= im0 inf |, —¢.. QA+}” exists.(Kunnemann)
Theorem(B.-Salvi-Wolff)

Suppose d > 2, (Cyy)z~y is iid and elliptic with small ellipticity con-

trast. Then

( inf Qay(f)—E  inf QAN(f)>/\AN\1/2

f‘aAN:t‘I faANZt-x
— N(0,02) as N — co.

o? € (0,00) when t # 0.
(Related works: Benjamini-Rossignol (Wehr lower bound), Gloria-
Otto)

. Homogenization again.
Let the operator (“random Laplacian”)

Lf(x):= Y Culf(y) — f(2)).
yry~x
Fact: infy, _y., Qa(f) is achieved at f(z) =t - W, (z), where W(x)

satisfies
LUp(z) =0, Vel

{ Up(z) =z, z€0A.
We need to find ¥ : Q x Z¢ — R such that:
(1) Lp(w,-) = 0;
(2) {¢Y(w,z+ 2) —P(w, x)},eza is stationary.
(3) Y(w,x + 2) — Y(w,z) € L3(R) for all 2.
(4) Y(w,z) —x = o(|z|) as |z| — oc.
Look for functions of type ¥ (w,z) = x + Vz¢(w), where Vo (w) =
¢(me) - ¢(w)

. Limiting effective resistance
Idea: replace W5 by v inside the Dirichlet energy.

Lemma 1 [Q(f + ) = Qu(f)] < Qa(h) +2Qa(f)2Qa(h)?.
Lemma 2. Suppose Lh = 0 in A. Then

Q) =5 30 Kale,y)(hia) — hiy))

z,y€OA

=

where K, (+,-) > 0.

Applying the Lemmas to f(z) =t Up(x) and h(z) =t - (Y(w,z) —
U(z)), we get (by the ergodic theorem)
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6. Proof of the Gaussian fluctuation
Assume that (Cyy) is iid and elliptic.
Suppose we order the edges B(A) as: e(1),e(2),...,e(n), where n =
B(A)).
Define Fj, := 0(Ce(jy(w) : j = 1,...,k). Then

QA(t-Wp) — E[QA(t-WA)] =Y EIQa(t- n)|Fk] — EIQA(t - va)| Firi]
k=1

3

= ZA,k>
k=1

and Var Qa(t-p) => 7, Ezzzx,k'

For the Gaussian limit, we need to verify the two conditions of Lindeberg-
Feller:

D E[Z/Q\,k|fk—1
in prob.

° %22:1 E[Z/Q\,kl\z,\,k\ze\/ﬁu:k—ﬂ — 0 for all € > 0.

in prob.
] —"at.

Computation shows:

Zyk=FE [/ dP(Cyy) / 8Q§é m q)pA) dC|Fy

For e(k) = (2,9), 5¢2s = |t [Vay) — Va(@)]].

Now we order the edges such that:
(x,1) < (y,j) if either x < y or v =y and i < j,

then

Ik =

C;,z«ke
/dP(C;: x—i—ek)/ ’ ‘t'w(TwaekHQ‘fx,k] .

Cz,z+ek

‘We can then show
Zyx € L*(P)

for any elliptic iid conductances when d > 3 (Gloria-Otto), and d > 2
when the conductances have small contrast (Meyers).



