
Results on maximal Cohen-Macaulay (MCM) modules over local CohenMacaulay rings coming from two different projects. The first studies different invariants of resolving subcategories of MCM modules. The second project is about the cone of MCM modules in the Grothendieck group modulo numerical equivalences.
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Foreword

Thank you for the invitation!

Outline of the talk ( joint work with R. Takahashi and K.
Kurano):

1 Size of CM(R) and singularities of SpecR .
2 Classification of resolving subcategories of mod(R) over

complete intersections.
3 NEF and CM cones in G (R) modulo numerical equivalences.
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1. Smaller CM(R) = better singularities

Set-up: R ,CM(R),CMV (R),⌦CM(R).

We know fairly well what “good” singularities mean.

What is “small”?

Theorem

(Auslander-Buchsbaum-Serre) R is regular if and only if
CM(R) = {freemodules}. In particular there is only one

indecomposable object in it.

So, we count (the indecomposable objects): Auslander,
Buchweitz-Greuel-Schreyer, Knörrer on finite type. Many
other people count, too.
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1. Smaller CM(R) = better singularities

Iyama-Wemyss (built on works by Wunram, Artin-Verdier,
Esnault) : rational surface singularities and finite ⌦CM type.

Counting gets harder after a while. Most singularities are of
“wild” representation type.

New ways to measure size: inspired by definition of dimension
of triangulated categories (Bondal-Van den Bergh, Rouquier).

Ball of radius n: [X ]n. Dimension of a subcategory.

Hailong Dao Cohen-Macaulay cones and subcategories



1. Smaller CM(R) = better singularities

Iyama-Wemyss (built on works by Wunram, Artin-Verdier,
Esnault) : rational surface singularities and finite ⌦CM type.

Counting gets harder after a while. Most singularities are of
“wild” representation type.

New ways to measure size: inspired by definition of dimension
of triangulated categories (Bondal-Van den Bergh, Rouquier).

Ball of radius n: [X ]n. Dimension of a subcategory.

Hailong Dao Cohen-Macaulay cones and subcategories



1. Smaller CM(R) = better singularities

Iyama-Wemyss (built on works by Wunram, Artin-Verdier,
Esnault) : rational surface singularities and finite ⌦CM type.

Counting gets harder after a while. Most singularities are of
“wild” representation type.

New ways to measure size: inspired by definition of dimension
of triangulated categories (Bondal-Van den Bergh, Rouquier).

Ball of radius n: [X ]n. Dimension of a subcategory.

Hailong Dao Cohen-Macaulay cones and subcategories



1. Smaller CM(R) = better singularities

Iyama-Wemyss (built on works by Wunram, Artin-Verdier,
Esnault) : rational surface singularities and finite ⌦CM type.

Counting gets harder after a while. Most singularities are of
“wild” representation type.

New ways to measure size: inspired by definition of dimension
of triangulated categories (Bondal-Van den Bergh, Rouquier).

Ball of radius n: [X ]n. Dimension of a subcategory.

Hailong Dao Cohen-Macaulay cones and subcategories



1. Smaller CM(R) = better singularities

Counting this way is like going to a fine sushi restaurants:

Figure : Extensions = sushi pieces, direct summands = soy sauce, etc
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1. Smaller CM(R) = better singularities

Not counting this way is like enjoying a bu↵et:

Figure : Happier times
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1. Smaller CM(R) = better singularities

Examples:

Proposition

Let (R ,m, k) be a Cohen-Macaulay local ring.

(1) If R has finite Cohen-Macaulay representation type then
dimCM(R) = 0. The converse is true of R is hensenlian and
Gorenstein.

(2) Suppose R is a complete local hypersurface with an
algebraically closed coe�cient field of characteristic not two. If
R has countable Cohen-Macaulay representation type, then
dimCM(R) = 1.

(3) Suppose dimR = 2, k is algebraically closed of char 0 and R is
hensenlian, normal with rational singularity. Then
dimCM(R)  1. It is 0 if and only if R has simple (quotient,
Du Val, Kleinian,...) singularities.
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1. Smaller CM(R) = better singularities

Proof.

(of 3) By Iyama-Wemyss, there exists X 2 CM(R) such that
⌦CM(R) = addX . Let M 2 CM(R) be any maximal
Cohen-Macaulay module and let M_ denote HomR(M,!R). We
have an exact sequence:

0! ⌦(M_)! Rn ! M_ ! 0

Applying HomR(�,!R) we get

0! M ! !n
R ! (⌦(M_))_ ! 0

It follows that CM(R) = [X_ � !R ]1.
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1. Smaller CM(R) = better singularities

Theorem

(D, Takahashi) Let R be a Cohen-Macaulay local ring and
V ✓ SpecR is closed. Consider the following conditions.

(a) dimCMV (R) is finite.

(b) Sing(R) ✓ V (equivalently, CMV (R) = CM(R)).

Then (a)) (b). The implication (b)) (a) also holds if R is
complete, equicharacteristic and with perfect residue field or
essentially of finite type over any field.
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1. Smaller CM(R) = better singularities

Corollary

Let R be a Cohen-Macaulay local ring with maximal ideal m.
Consider the following conditions.

(a) dimCMm(R) is finite.

(b) R has isolated singularity.

Then (a)) (b). The implication (b)) (a) also holds if R is
complete, equicharacteristic and with perfect residue field or
essentially of finite type over any field.

Corollary

If CMm(R) has finite type then R has isolated singularity.
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Questions/Remarks

Other ways to measure: radius, etc.

What about dimCM(R) for Gorenstein quotient singularities?
It is known to be 1 in dimension 3 and bounded above by
d � 2 in higher dimensions. For other singularities? For cones
over curves of higher genus?
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2. CM(R) is resolving

As a subcategory of mod(R), CM(R) is closed under: direct
summands, extensions, and syzygies.

Such a subcategory is called resolving.

A fundamental:

Question

Given two modules M,N, how do we know if we can build N from
M using direct summands, extensions, and syzygies. Can the
answer be known only by looking at computable invariants of M
and N?

The answer is yes if we can completely classify all resolving
subcategories of mod(R) using computable invariants.
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2. CM(R) is resolving

Amazingly, the answer is YES for complete intersections.

Theorem

(the Village) Let R = S/(x) where S is a regular ring and
x = x1, . . . , xc is a regular sequence on S. Set
Y = Proj S [y1, · · · , yc ]/(

P
xiyi ). Then one has a 1-1

correspondence

⇢
Resolving subcategories

of mod R

�
����!
 ����

⇢
Specialization closed
subsets of SingY

�
⇥

⇢
Grade consistent

functions on SpecR

�
.
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2. CM(R) is resolving

Example: M,N finite length modules. Then N can be built
from M using direct summands, extensions, and syzygies if
and only if the support variety of N sits inside that of M.

Can one estimate how many steps we need using computable
invariants?

What about other rings? Conjecture: can’t be classified just
with geometric objects in general.
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2. CM(R) is resolving
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3. Cohen-Macaulay cones

Figure : How the story started
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3. Cohen-Macaulay cones

Let X be a projective variety over a field. A cycle is a formal sum
of subvarieties of X . The Chow group of X , CH(X ) is the free
abelian group of all cycles modulo rational equivalences. When X
is smooth, it turns out that we can turn it into a commutative ring
with a suitable intersection product. A cycle is said to be
numerically trivial if its product with all cycle of the complimentary
dimension is zero. By CH(X ) we denote the Chow group of X
modulo the subgroup generated by numerically trivial elements.
Important fact : dimQ CH(X )Q is finite. It is an Artinian
Q-algebra!
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3. Cohen-Macaulay cones

We shall play this game over local rings.

Slight problem: there is no intersection theory for CH(R)!

Switch to Grothendieck groups.

Use Serre’s intersection multiplicities.

Hailong Dao Cohen-Macaulay cones and subcategories



3. Cohen-Macaulay cones

We shall play this game over local rings.

Slight problem: there is no intersection theory for CH(R)!

Switch to Grothendieck groups.

Use Serre’s intersection multiplicities.

Hailong Dao Cohen-Macaulay cones and subcategories



3. Cohen-Macaulay cones

We shall play this game over local rings.

Slight problem: there is no intersection theory for CH(R)!

Switch to Grothendieck groups.

Use Serre’s intersection multiplicities.

Hailong Dao Cohen-Macaulay cones and subcategories



3. Cohen-Macaulay cones

We shall play this game over local rings.

Slight problem: there is no intersection theory for CH(R)!

Switch to Grothendieck groups.

Use Serre’s intersection multiplicities.

Hailong Dao Cohen-Macaulay cones and subcategories



Generalized Serre’s intersection multiplicity

Let (R ,m) be a (comutative noetherian) local ring and M,N be
R-modules. All modules are finitely generated.

Definition

(Serre, 1961) Assume that pdM <1 and M ⌦ N has finite
length. One defines:

�R(M,N) =
X

i�0

(�1)i`(TorRi (M,N))

as the (generalized) intersection multiplicity of the pair M,N.

When R is regular and contains a field, Serre proved that this
definition gives what one expects from intersection theory
(vanishing, positivity, etc..).
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3. Cohen-Macaulay cones

One can define G(R), the Grothendieck group modulo
numerical equivalences.

Kurano: G(R)Q is finite dimensional under very mild
conditions.

Chan-Kurano: one can define the NEF cone and CM cone
C (R) in G(R)R.

Slight problem: the cone C (R) is hard to compute.

Example: C (R) for R = C[[x , y , u, v ]]/(xy � uv), due to
Dutta-Hochster-McLaughlin and Knörrer.
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3. Cohen-Macaulay cones

Theorem

Let R be a local hypersurface with isolated singularity and
dimR = 3. Assume that SpecR admits a resolution of singularity.

1 G(R) = Z[R]� A2(R) ⇠= Z[R]� Cl(R).

2 If R = k[[x , y , u, v ]]/(xy � f (u, v)) (cAn singularities) then
C (R) is generated by the all the rays R�0[(x , g)] where g is a
irreducible factor of f .

Proof: su�cient criteria for numerical functions on G(R) that arise
from perfect complexes with finite length homologies,
positive-definiteness of Hochster’s theta invariant, Knörrer’s
periodicity.
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Remarks

Let’s revisit the first example. Let R = k[x , y , u, v ]/(xu � yv).
What is the “singularity” of R?

Naive: isolated point (x , y , u, v).

Geometric: blowing up I = (x , y) gives the Atiyah’s flop.

Arithmetic: Cl(R) = Z[I ].
K-theoretic: G(R)Q = CH(R)Q = G(R)Q = Q[R]�Q[R/I ].

Non-commutative: HomR(R � I ) has finite global dimension.

Commutative algebra: M = R/I serves as a counter-example
to many statements of the homological conjectures (if the
ring is not regular and we don’t make extra assumptions).

Thus, various di↵erent points of view suggests that the true
singularity of R is actually “concentrated” in (the class of) I !
Similar pictures exist for R = k[[x , y , u, v ]]/(xy � f (u, v)), due to
the work of many.

Hailong Dao Cohen-Macaulay cones and subcategories



Remarks

Let’s revisit the first example. Let R = k[x , y , u, v ]/(xu � yv).
What is the “singularity” of R?

Naive: isolated point (x , y , u, v).

Geometric: blowing up I = (x , y) gives the Atiyah’s flop.

Arithmetic: Cl(R) = Z[I ].
K-theoretic: G(R)Q = CH(R)Q = G(R)Q = Q[R]�Q[R/I ].

Non-commutative: HomR(R � I ) has finite global dimension.

Commutative algebra: M = R/I serves as a counter-example
to many statements of the homological conjectures (if the
ring is not regular and we don’t make extra assumptions).

Thus, various di↵erent points of view suggests that the true
singularity of R is actually “concentrated” in (the class of) I !
Similar pictures exist for R = k[[x , y , u, v ]]/(xy � f (u, v)), due to
the work of many.

Hailong Dao Cohen-Macaulay cones and subcategories



Remarks

Let’s revisit the first example. Let R = k[x , y , u, v ]/(xu � yv).
What is the “singularity” of R?

Naive: isolated point (x , y , u, v).

Geometric: blowing up I = (x , y) gives the Atiyah’s flop.

Arithmetic: Cl(R) = Z[I ].

K-theoretic: G(R)Q = CH(R)Q = G(R)Q = Q[R]�Q[R/I ].

Non-commutative: HomR(R � I ) has finite global dimension.

Commutative algebra: M = R/I serves as a counter-example
to many statements of the homological conjectures (if the
ring is not regular and we don’t make extra assumptions).

Thus, various di↵erent points of view suggests that the true
singularity of R is actually “concentrated” in (the class of) I !
Similar pictures exist for R = k[[x , y , u, v ]]/(xy � f (u, v)), due to
the work of many.

Hailong Dao Cohen-Macaulay cones and subcategories



Remarks

Let’s revisit the first example. Let R = k[x , y , u, v ]/(xu � yv).
What is the “singularity” of R?

Naive: isolated point (x , y , u, v).

Geometric: blowing up I = (x , y) gives the Atiyah’s flop.

Arithmetic: Cl(R) = Z[I ].
K-theoretic: G(R)Q = CH(R)Q = G(R)Q = Q[R]�Q[R/I ].

Non-commutative: HomR(R � I ) has finite global dimension.

Commutative algebra: M = R/I serves as a counter-example
to many statements of the homological conjectures (if the
ring is not regular and we don’t make extra assumptions).

Thus, various di↵erent points of view suggests that the true
singularity of R is actually “concentrated” in (the class of) I !
Similar pictures exist for R = k[[x , y , u, v ]]/(xy � f (u, v)), due to
the work of many.
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3. Cohen-Macaulay cones

Theorem

Let R be a Cohen-Macaulay domain. The boundary of the closure
of C (R) has no intersection with the hyperplane H generated by
the torsion modules except at the origin.

Corollary

The set of projections of MCM modules of a given rank on H is
finite. In particular, the set of representatives of MCM modules of
a fixed rank in G(R) is finite.
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3. Cohen-Macaulay cones

Corollary

Let R be a local hypersurface with isolated singularity and
dimR = 3. Assume that SpecR admits a resolution of singularity.
The set of MCM elements in the class group of R is finite. In
particular, the set of ACM line bundles on a smooth surfaces in P3

is finite.

Other applications: Lower bounds for the betti numbers, length of
socle, etc of system of ideals whose associated cycles has a limit
that is non-zero in G(R): I n, I (n), I [q].
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