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Discussion of the proof of Theorem 1

SL(3, R)-representations of the figure-eight knot

v SR e WG TR R YT

group

Let K = the figure-eight knot and I' = m;(S® \ K).

I' admits a presentation coming from the fact that

S3\ K is a once-punctured torus bundle over S*.

Let generators for the fibre group F' be z and y and

let z be the stable letter.

Then T is presented as:

=y, gzt =929 > ;
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Define a map fr : I' — SL(3, Z[T]) by

-14T° -7 T
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Can check by matrix muliplication that B is a ho-

momorphism. .
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Some comments about the reps (z,

1. The representations 31 are never faithful.

R e T e

Amazingly the following relation holds in G (I") (in-

deed B (F)) for every value of the parameter T' (X =
Br(z), Y = Br(y)):

D XYy Xy XX TlYYY XYY XY CLX =

|

i
!
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Now focus on the case when T > 0 is an mteger

By Margulis’s normal subgroup theorem, Sr(I') has

finite index if and only if G7(F') has finite index, and

Theorem 1 follows from:

Clalm With T > 0 as above, ﬁT( ) has finite index

in SL(3 Z) fm_d_m'r>o 6T( ) L.

The proof of the claim will follow from showing for
those T as above, Br(F) is Zariski dense in SL(3,R)

and the following result of Venkataramana
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Theorem:(Venkataramana) Suppose that n = 3 and

e i ]

z € SL(n,Z) is a unipotent matriz such that T — 1

A T

has matriz rank 1.
T T S

Suppose that Y € SL(n, Z) z's a,nothe‘r - unipotent such

that x cmd y generate a free abelzan group N of rank

P e eed

2.

T hen any Zamskzdensesubgroup of SL(n, Z) con-

tazmng N mrtually, 18 of ﬁmte znde:v m SL(n Z)

We have already seen that (7 (F) contains unipo-

tents.

Need to ewnsuve 'l‘\aea Weve m'\po'lwn'h

as In ch\lc\'avamm'( Thw .
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Let Xt = Br(z) and Y7 = Br(y).
We have the following unipotent elements in G (F).

( %'“ LA & o @] o _ g %II i ﬁ"; 7 E
. 3 - A48 s VN y S
]

-

by = X.El.YT.YT.YT.XT.YT.YT.XT.YZTl.XT
by = XT.YT_I.XT.YT.YT.XT.YT.YT.YT.X;I

We can make things more visible.

Let P =

Nete -( c,,¢, ] =¥
C&h: :1:'.)\\‘* vown\ 2 { ) <cg; Y 2 2



Showing Zariski density

A key ingredient is the following result of Lubotzky

(special case where with n = 3).

Proposition:(Lubotzky) Let G < SL(3,Z) be gen-

erated by A C SL(3,Z). Assume that for some odd

prime p > 3, the image of A in SL(3,p) under the

reduction modulo p surjects G_onto SL(3,p).

Then G is a Zariski dense subgroup of SL(3,R).

We apply this in the following way with our next

result.
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Theorem :(Long-R) Let G be a finitely generated

non-solvable subgroup of SL(3,Z). Suppose that there

e &

is an element g € G whose characteristic polynomzal

———

#‘_’
is Zi-irreducible and non-cyclotomic.

Then for infinitely many primes p, reduction modulo
T injinet b, 1€ _

p surjects G onto SL(3,Dp).
L

Zariski density is then proved by exhibiting explicit

elements.
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Another family of representations

Define a map pi : I — SL(3, Z[k]) by

I | \
J ! \

Then py, is a homomorphism. These are also Zariski

dense, wWhen h. €.

- When k=0, 12,3, %,5 /,b."r) hes Hiwite
i nelex.
- p (C) s thely Vivhaally § S0P
0
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Coherence

Suppose that for some k € 7 we_can arrange that:

. pi(F) is of infinite indez in pr(I)

B e e v——

pi(F) is not free

= EE— .

the virtual cohomological dimension of py(T') s 2.

B 7 ST

T heq_ SL(S@ is not coherent.

Proof: It is a theorem of Bieri that in a group of co-

homological dimension 2, any finitely presented nor-

mal subgroup is free or it is of finite index.

Apply this to px(T).

pr(F) is not free and infinite index in pi(I'); i.e. we

have an infinite index normal subgroup of pi(I") that

is finitely generated but not free.
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By passing to a torsion-free subgroup of finite index
Ay in p(T) it follows from standard properties of
cohomological dimension that Ay has cohomological
dimension 2. The only possibility from Bierl’s re-
sult is that Fi N Ay is not finitely presented. This

completes the proof.
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Remarks on surface groups

Similar methods can be used to show:
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Theorem 2:(Long-R-Thistlethwaite) The'm exists an

e

mﬁmte famzly of non- conjugate Zamskz dense purely

R i

semzszmple subgmups of SL(3, Z) zsomorphzc to the

(3 3 4) tmangle g'roup

o Ry T e TR T
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One corollary of this is:

Corollary: There exists an infinite famzly of non-

R

e

conjugate Zariski dense, infinite index, freely mde-

composable, purely semisimple subgmups of SL(3 Z)

i mmatcane

“isomorphic to a ﬁ:ved group G which is word hyper-

RmE——R —
bolic and has Property FA.
T e e S -

This is in contrast to word hyperbolic groups, Map-

ping Class groups.

P\l«\n‘ Sewar Siwup'c' > ‘lil$d\~c‘i' &c\'c oVveys”

.
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F_i_nal Comments

1. Does there exist an orientable finite volume hyper-
bolic 3-manifold M for which w1 (M) admits a faith-

ful representation into SL(3,7Z)?

Indeed, one might ask:

1°. Does there exist a compact orientable hyperboliz-
able 3-manifold M which is not an I-bundle over a
surface and for which w1 (M) admits a faithful rep-

resentation into SL(3,Z)?

Or replace Z by R and require discreteness.

SR T—— e T e TSR Yo ST

. Does there exist a compact orientable hyperboliz-

able 3-manifold M which is not an I-bundle over a
| surface and for which m (M) admits a faithful dis-

crete representation into SL(3,R)?
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