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and Hilbert spaces to the Wasserstein metric.
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Gradient flow and discrete gradient flow

e Analogously, define the discrete gradient flow sequence of E in W, as

1
fp is @ minimum of v — 2—W22(un,1, V)+E@W), m=u
T

e Unlike in the Euclidean case, v — W2 (u,v) is not convex [AGS, Example
9.1.5]. This is a recurring problem when trying to extend results from Banach
and Hilbert spaces to the Wasserstein metric.

e To compensate for this, | follow [AGS] and require E to be convex along
generalized geodesics (a class of curves in P,(R?)—uwill define soon).
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Banach space (X, || -1|)
® Contraction inequality: ||J-x — Jry|| < |[|x — y||
® Proximal maps at different time steps: if 0 < h <7, J.x = J, [%hJTX + gx]
©® Combine these to get a recursive inequality:

h h
|47 — Jx]| = || Jn [T "X + Jflx} — Jx by @
T
—h h
< [T IIx + Jf_lx} — "X by @
T n m—1 n— 1 m—1
< IIJ =y X+ = IIJ x— x|
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Goal

® Contraction inequality: ||J;x — Jry|| < |[|x — yl|

® Proximal maps at different time steps: if 0 < h < 7, J-x = Jj, [0 x + £x]

©® Combine these to get a recursive inequality:

—h h
[|42x — J7x]|| = || Jn [T ——Jix + TJ;’_IX} —Jx by ®
h h
< T IIx + fJf_lx—J,’,”*lx by @
< TP = i+ 2 ||J" = K|

6
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1) Contraction Inequality
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1) Contraction Inequality

The Ws analogue of ||J-x — Jry|| < ||x —yl| is

Almost contraction inequality [C.]
W3 (Jrps, Jrv) < W3 (p,v) + 7%|0E|? (1) J

where [0E|(u) := limsup,_,, % is the metric slope.

This is proved using the discrete variational inequality [AGS, Theorem 4.1.2]:

1

S WE (o) = WR ()] < Ew) — ECrp) — -

W3 (11, Jrpa)
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©® Contraction inequality: W2(J,p, Jyv) < W2(u,v) + 72|0E > (1)
(2]
(3]
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Goal

o
® Proximal maps at different time steps: if 0 < h < 7, J.x = Jj [%”JTX + fx]
(3]
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2) Proximal maps at different time steps

The W5 analogue of J.x = Jy, [Z=2J.x + Ex] is
Proximal maps at different time steps [Jost, Mayer, C ]

Ifo<h<r, J.,.u =Jy [(%tiTﬂ u gid) #u] = Jy I:MZJT;L}

10 /30



2) Proximal maps at different time steps
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2) Proximal maps at different time steps

The W5 analogue of J.x = Jy [Z=0J-x + Ex] is
Proximal maps at different time steps [Jost, Mayer, C ]

Ifo<h<r, J.,_/J, =Jp [(TTfht;J[l'o u gid) #u] =Jy I:/J'ZJTM}

This is analogous to the Banach space result since, for a € [0, 1],

aJ-x + (1 — a)x is the Banach space geodesic from x to J,x at time «

(oztlJ[“ + (1 — a)id)#u is the Wasserstein geodesic from p to J,p at time a.
This follows from the Euler-Lagrange equation characterizing the minimizer J; p.

Euler-Lagrange equation [AGS, C.]

v is the unique minimizer of 5= WZ(u,v) + E(v) if and only if L(t* —id) € 9E(v)
is a strong subdifferential.
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Euler-Lagrange equation

Definition (Subdifferential)
& € L?(p) belongs to OE(p) in case

E(w) — E(r) > [(€) ~id)du+ o(Waluev)) a5 v
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Euler-Lagrange equation

Definition (Subdifferential)
& € L?(u) belongs to OE () in case

E(v) — E(u) > /(S,tz —id)dp + o(Wa(p,v))  as v -2 p.

If E is convex, we may drop o(Wa(u,v)). Hence, 0 € 0E(pr) = 1 minimizes E.

Definition (Strong subdifferential)
If, in addition,

E(t#n) — E(n) = /<§,t —id)dp + o(|[t —id|[;2(y) ast L), g

£ is a strong subdifferential.

[AGS, Lemma 10.1.2], following a method introduced by [Otto], prove

1 1
v minimizes 2—W22(M,u)+E(y) = —(tY—id) € OE(v) is a strong subdifferential.
T T
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Euler-Lagrange equation

To prove the converse,

1 1
Z(tt—id) € OE(v) is a strong subdifferential = v minimizes 2—W22(u,1/)+E(u),
T T

define the quadratic perturbation @, ,(v) := 2= WZ(u,v) + E(v).

T
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Euler-Lagrange equation

To prove the converse,

1 1
Z(tt—id) € OE(v) is a strong subdifferential = v minimizes 2—W22(u,u)+E(u),
T T

define the quadratic perturbation &, ,(v) 1= 5= WZ(p,v) + E(v).

We'd like to use that 1(t# —id) € OE(v) to conclude 0 € 9, ,(v), hence v
minimizes ¢, ,. However, this argument doesn’t work since @, is not convex.

Again, we confront the problem that v+ WZ2(u,v) is not convex.



Goal

(1]
® Proximal maps at different time steps: if 0 < h < 7, J.x = Jj [%”JTX + fx]
Will come back to this.

(3]
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Goal

©® Combine these to get a recursive inequality:

—h h
1% — Jx|| = ||y [T Jnx + Jﬁ_lx} — Jx
T T
—h h
< ||z x4+ = — T ix
T T
T—h h
< Jn _Jmfl o Jn—l _Jmfl
S ———[ox = ST A {7 X = Sy

by ®

by @
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3) Recursive Inequality

Combining
@ the almost contraction inequality and
® the relation between proximal maps at different time steps

we get

n m J—'rHl J7 m
WE(J2 g, I ) = WR (22,0, Jw)

T—
e

n—1 n
< W2 T I ) + WROEP(IT )

-

by ®

by @
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3) Recursive Inequality

Combining
@ the almost contraction inequality and

@® the relation between proximal maps at different time steps
we get

n—1 n
W3 (7, Jim) = W3 ("™ 7), ) by @
s me m—
S WE(u, T T ) + ROEP(U ) by @
To follow the Banach space case, we would like to bound the first term by a
convex combination of W2(J" 1y, " 1) and W2(Ju, 7 1), but this again

requires the convexity of
v Wip,v)
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Generalized geodesics

[AGS] ran into the same problem. Their solution was to consider convexity along
a different class of curves. While v — W2 (1, v) is not convex along all geodesics,
it is convex along all generalized geodesics with base 1 [AGS, Lemma 9.2.1].
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Generalized geodesics

[AGS] ran into the same problem. Their solution was to consider convexity along
a different class of curves. While v — W2 (1, v) is not convex along all geodesics,
it is convex along all generalized geodesics with base ;1 [AGS, Lemma 9.2.1].

Definition (Generalized geodesic)

The generalized geodesic from o to uy with base w is
Ho = (1 — @)t + atl) #w.

Note that if w = pg or w1, this is the standard geodesic from pg to pg.

The assumption that E is convex along generalized geodesics means that E is
convex along all generalized geodesics, with any base.

On its own, the convexity of v W2 ,v) alon eneralized geodesics with base
y 2 \H g8 g
1 is not enough to control

Jn= J m—
WA, )
n—1

. J —J"
since p7 !

is not a generalized geodesic with base J,’,"_l/,a. For this reason,

consider a related notion, also introduced by [AGS, Equation 7.3.2]. 15/30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

16 /30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

Properties of the Transport Metric [C.]

o W, is a metric

16 /30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

Properties of the Transport Metric [C.]

o W, is a metric

o Wo(u,v) < Wa (1, v), and equality holds if w =y or w=v

16 /30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

Properties of the Transport Metric [C.]

o W, is a metric

o Wo(u,v) < Wa (1, v), and equality holds if w =y or w=v

o Ui Wﬁw(u, v) is convex along generalized geodesics with base w

16 /30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

Properties of the Transport Metric [C.]
o W, is a metric
o Wo(u,v) < Wa (1, v), and equality holds if w =y or w=v
o Ui Wﬁw(u, v) is convex along generalized geodesics with base w
e The geodesics of W, are the generalized geodesics with base w

16 /30



Transport Metric

Definition (Transport Metric)

Given w, the transport metric from p to v with base w is

1/2
W) = ( [ 16 = e )

Properties of the Transport Metric [C.]

o W, is a metric

Wa(u,v) < Wha (i, v), and equality holds if w = por w = v

v Wﬁw(u, v) is convex along generalized geodesics with base w

The geodesics of W, are the generalized geodesics with base w
O, (v) = 5= W2 (p,v) + E(v) is convex in W,
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Goal

o
® Proximal maps at different time steps: if 0 < h < 7, J.x = Jj [%”JTX + fx]
(3]
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Euler-Lagrange equation

We want to prove
1 . . . . A 1. s

—(th—id) € OE(v) is a strong subdifferential = v minimizes 2—W2 (1, V)+E(v),
T T

so we will have an Euler-Lagrange equation that characterizes J; .
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Euler-Lagrange equation

We want to prove

1 . . . . S 1. 5

—(th—id) € OE(v) is a strong subdifferential = v minimizes 2—W2 (1, V)+E(v),
T T

so we will have an Euler-Lagrange equation that characterizes J; .

To do this, define what it means for £ € 95, E(1t) and show

Lemma ([C.])

® E convexin Wa,, and 0 € 05, E(n) = p minimizes E.
® & € OE(p) strong subdifferential = £ otf, € 0, E(p).
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Euler-Lagrange equation

We want to prove
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We want to prove
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=(tt—id) € OE(v) is a strong subdifferential = v minimizes Q—sz(u,v)—FE(u),
T T

so we will have an Euler-Lagrange equation that characterizes J. .

To do this, define what it means for £ € 05, E(1) and show

Lemma ([C.])
® E convex in W, and 0 € 0, ,,E(1) = p minimizes E.
® & € OE(p) strong subdifferential = £ otf, € 9, E(p).

Sketch of Proof.
e By @, L(id—t)) €y, E(v)
o 2t —id) € Dy, W3 (u,v)
e By additivity of 95, = (t; —id) + L(id —t;) =0 € 92, ¥, . (v)

e &, is convex in Wr,, = v must be a minimizer, by @




Proximal maps at different time steps

Thus, we have shown,

Euler-Lagrange equation [AGS, C.]

v is the unique minimizer of -~ W2 (, v) + E(v) if and only if L(t* —id) € 9E(v)
is a strong subdifferential.

19/30



Proximal maps at different time steps

Thus, we have shown,

Euler-Lagrange equation [AGS, C.]

v is the unique minimizer of -~ W2 (, v) + E(v) if and only if L(t* —id) € 9E(v)
is a strong subdifferential.

v

With this, we can now prove
Proximal maps at different time steps [Jost, Mayer, C ]

10 < h <7, dopu = Jy [(Z2eSr0 + Bid) ] = Jp [ ]

19/30



Proximal maps at different time steps

Thus, we have shown,
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With this, we can now prove
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10 < h <7, dopu = Jy [(Z2eSr0 + Bid) ] = Jp [ ]

Sketch of Proof.
o Define v := (id + h&)#J, u, where £ := %(ti# —id)
e Use cyclic monotonicity and the EL equation to conclude J,pu = Jpv

e Rewrite v as (Z=2t/7# + 2id) #y1 to conclude the result
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Goal

(1]
@ Proximal maps at different time steps: if 0 < h < 7,J-x = Jy [0 U x + 2x]
(3]
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Goal

©® Combine these to get a recursive inequality:

[[97x = Jg'x|| =

—h h
Iy {T J"x + J;’_lx} — Jmx
T

T

T—h
T
T—h

T

IN

h
IIx + fJf_lx — J,Tflx
T

IN

h
(17 = x|+ 175 = x|

by ®

by @
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Recursive Inequality

Proof.

Combining the contraction inequality with the relation between proximal maps at
different time steps, we get

W3 (J2 4, IF 1)
Jn—l Jn .
= sz(Jh(NJ_th ), I )

< W2( 2 H%J iz Jm 1 )+h2|aE|2(J,T71/L)

< W] (ui LTI ) 4+ RIGEP(IT )
h n— m— h n m— m—

< ;Wjﬂ_lu(JT TR )+—W2Jn v (s I ) + WPOE(Jf L)
h _ m— n m— m—

= ;W22(J;’ TR )+—W2J,, s (I, I )+ R OE (5 )

Now we need to go from the transport metric back to the W, metric.
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Recursive Inequality

Lemma (Controlling transport metric in terms of W, [C.])

m— n T m— n m n
W22’J_’I’_*1H(Jh 1:“’7 J'rlu’) < F (W22(Jh 1:“’7 JTIU’) - W22(Jh My J‘ru))
+ WR(IP I ) + ThIOE (4 )
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Recursive Inequality

Lemma (Controlling transport metric in terms of W, [C.])

m— n T m— n m n
W227J;’_*1M(Jh 1:“7 J‘r:u) < F (W22(Jh 1:“’7 JTM) - W22(Jh My J‘r/’[’))
+ WR(IP I ) + ThIOE (4 )

We can now finish the proof.
Proof.
Plugging this into the previous inequality, rearranging, and simplifying gives

n m h - n— T—h — n
W3 (7, i) < —WE (I, 77 ) + ———Wa (I o, S7) + 20%1 0 (1)

O

v
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Goal

©® Combine these to get a recursive inequality:

[[97x = Jg'x|| =

—h h
Iy {T J"x + J;’_lx} — Jmx
T

T

T—h
T
T—h

T

IN

h
IIx + fJf_lx — J,Tflx
T

IN

h
(17 = x|+ 175 = x|

by ®

by @

23/30



Goal

©® Combine these to get a recursive inequality:

n m h n— m— T—h n m—
W3 (7, I ) < W (7 s S )+ ——— W5 (7w, 7 )
+ 22(0E (1)
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Goal

©® Contraction inequality: W2(J, i, Jrv) < W2(p,v) + 72|0E|? (1)
® Proximal maps at different time steps: if 0 < h < 7,
S = Iy (T2t i) ) = By [
® Combine these to get a recursive inequality:
2¢n, m h o n-1, mo1 T—h o oin me1
W2 (JT,LLv Jh /L) < ; W2 (JT Ky Jh ,u) + T W2 (JT/J,, Jh :U')
+ 21 |OE(1)
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Exponential formula

e lterating the recursive inequality in a manner similar to [Rasmussen] gives

W3 (J2p, I ) < [(nm — mh)? + Thm + 2h*m] |OE|*(n)
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Exponential formula

e lterating the recursive inequality in a manner similar to [Rasmussen] gives

W3 (J2p, I ) < [(nm — mh)? + Thm + 2h*m] |OE|*(n)

e Therefore, taking 7 = £ and h = £ with m > n, so h < 7, we obtain

[N )
W2 (Jt/n/" t/mu) 2; [OE[*(n)

and the sequence J . is Cauchy

e Since W5 is complete [AGS, Prop 7.1.5], lim,_ Jf/,,# exists

e This gives a rate of convergence of
Wa(Jj i (5)) < O (5 ) 19| (1)

e This rate is not as good as the optimal rate showed by [AGS, Theorem 4.0.4]
Wa(Jgi: 11(5)) < O () [OE| (1)

e This rate improves upon the metric space result of [Clément, Desch]

Wa(J7) s 1(5)) < O (5i72) [OE|(u)
(though their result holds in greater generality)



Generalizations and directions for future work

The previous results continue to hold if...
e £ )-convex along generalized geodesics, A € R
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Generalizations and directions for future work

The previous results continue to hold if...
e E )-convex along generalized geodesics, A € R
e variable time steps T;
o E(u) < oo for measures i that give mass to small sets
Directions for future work...
e Gradient flow for irregular functionals
e How does the gradient flow behave as a regularization is removed?

e How can we tune time steps in the discrete gradient flow to avoid
irregularities?
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