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Smooth Metric Measure Spaces

A smooth metric measure space is a triple (M", g, e~ "dvol,).

It occurs naturally as collapsed measured Gromov-Hausdorff
limit. As e — 0,

(M x F", dvolg. ) "X (M", e~ dvoly,,),
where g. = g + (ce 7 )’gr.

By O'Neill's formula, the Ricci curvature of the warped product
metric g. in the M direction is

Ricp + Hessf — — df ® df.
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— the m-Bakry-Emery Ricci tensor.
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m-Bakry-Emery Ricci tensor
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Rice Therefore for smooth metric measure spaces (M", g, e~ dvoly),
Curvature . . . 5
the corresponding Ricci tensor is

1

Y Ricf’ = Ric + Hessf — —df @ df for 0 < m < o0,
m

— the m-Bakry-Emery Ricci tensor.

When m = oo, denote Rics = Ricz® = Ric + Hessf
When m = 0, assume f is constant, and Rics = Ric.

If my > my, then Ric{™ > Ricy™?.

So Ricf’ > Ag implies Ricy > A\g.
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Bakry-Emery 1 2 D) .
A¢|Vul|® = [Hess u|” + (Vu, V(Aru)) + Rics(Vu, Vu).

Ricci Tensor —

When m is finite

l 2 (Af(u))2 s m
2Af| U‘ n 4F < u, (Afu)> 4F ICr ( u, U)



Monotonicity

Formulas for

Bakry-Emery
Ricci

Curvature Theorem (Qian1997, Laplacian comparison)

If Ric]' > (n+ m — 1)H, then A¢(r) < ALF™(r).

Bakry-Emery
Ricci Tensor



Monotonicity

Formulas for

Bakry-Emery
Ricci

Gt Theorem (Qian1997, Laplacian comparison)

If Ric]' > (n+ m — 1)H, then A¢(r) < ALF™(r).
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Theorem (Qian1995, Gradient Estimate)

If Ric’ > 0, and u is a positive function with Afu =0 on
B(x, R), then on B(x, )

C(n+m)'

I <
[Viogu| = ——
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There are counter examples!

Bakry Emery Many results do extend when f or V£ are bounded!

Ricci Tensor

Theorem (Wei-Wylie2009, JDG)
If Ricr > (n— 1)H and |f| < k then

Af(r) < A"Z,Hk(r) (for H > 0 assume r < 7/4vV'H)
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et Definition

Curvature
G = G(xo, ") is the Green's function of A¢ (with pole at xg) if

AfG = —by,.

Green's
Function

G always exists. (Malgrange1955, Li-Tam1987)

After normalization, near the pole, for n > 3,

G(y) = d* "(x0,¥)(1 + o(1)),

IVG(y)l = (n—2)d*"(x0,y)(1 + o(1)).
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NOﬂparabOIiC @A mdr < 0.

Moreover G — 0 at infinity.
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Is there G > 0 — f-nonparabolic?

All nontrivial steady gradient Ricci solitons are f-nonparabolic.
(Dai-Sung-Wang-Wei)

Green's

Function When f = 0 and Ric > 0, (Varopoulos 1981)
o0 r
N li _— .
onparabolic < /1 VolB(xo, 1) dr < oo

Moreover G — 0 at infinity.

Same result also holds when Ricf’ > 0 (m finite) or Ricy > 0
and f is bounded.
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Green's
Function

Gradient Estimate

For (R", go) with f =0, b

1
k -

Vk>2 keR,let b= G2—*

=5
= rz—2, where r = d(x, x).
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Proposition (Song-W-Wu)

If a smooth metric measure space (M", g, e~fdvol) (n > 3) has
Green's Ricf’ > 0, then for k = n+ m, 3ryg > 0, such that

Function

IVb(y)| < C(n,m,ry) on M\ B(xo, ro).
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Vk>2 k€R, let b= GTF,
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For (R", go) with f =0, b = r¥=2, where r = d(x, xo).
Proposition (Song-W-Wu)

If a smooth metric measure space (M", g, e~fdvol) (n > 3) has
Ricf’ > 0, then for k = n+ m, 3ryg > 0, such that
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Green's
Function

Gradient Estimate

Vk>2 k€R, let b= GTF,

n—2

For (R", go) with f =0, b = r¥=2, where r = d(x, xo).

Proposition (Song-W-Wu)

If a smooth metric measure space (M", g, e~fdvol) (n > 3) has
Ricf’ > 0, then for k = n+ m, 3ryg > 0, such that

IVb(y)| < C(n,m,ry) on M\ B(xo, ro).

m (Colding 2012) obtained the sharp estimate that if
Ricpm > 0 (n > 3), then |[Vb| <1 for f =0,k = n.

m This can not be true when k > n as |Vb(y)| — oo as
Y — Xo.

m For Ricy > 0, |Vb(y)| may not be bounded as y — oo (for
any k).
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The f-Laplacian of b and |V b|
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Vq,B8 € R,

Af(b%9|Vb|P)
G _ fb2q—2|w|ﬁ—2{ |Hess 22 + Ricr(V2, V2)
+2(k — 2 +2q)(Vb?, V|Vb|?) 4 4(8 — 2)b?|V|Vb||?

{?(k 2+2q) — 4k} |Vb|4}

(holds for any positive f-harmonic function G, not just Green's
function.)
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Vfﬁ’p(r) is only well defined when

C(n, k,p) = (n—2)(k —p) — B(k —n) > 0.
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Ratio of Area and Volume: As, V¢

Monotonicity For any /’ 5, p c R, r > 0’ consider

Formulas for
Bakry-Emery

Ricci
Curvature Af(r) _ rll/ ’vb|13+leif7
b=r
vV b|2+8
VE2(r) = r”_l/ [Vl e .
b<r bp

Monotonicity

Formulas \/fﬂ’p(r) is only well defined when

C(n, k,p) = (n—2)(k —p) — B(k —n) > 0.

When k =1 =n,3 =2,p =0, these reduce to A(r), V(r) in

Colding2012.
When k =/ = n, p = 2, these are Ag, V3 in Colding-Minicozzi.
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Lemma

7 p—1 3, 1
(V7PY(r) = == V7P + S AL,

Monotonicity

k—1-2
Formulas (Af)/(r) = + pA?

. (")

o1 /b (ar(p??|vB]?) e
<r
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Bakry-Emery Theorem

Ricci

Curvature When k > 2, C‘(n7 k,p) > 0, fOI’ anyOé G R,

(A7 — aVPPY(r) =

B—2
pp=1-1 W{ ’Hessb2‘2 + Rice(Vb%,Vb?)
b<r 4bP
Monotonicity 1
Formules +4(8 — 2)b2\V|VbH2}e_f + - </\1Af(r) + X2 vfﬂ’f’(r)> :
where

M = 3k—p—I-2—a,
Ao = (p+2=2k)(k—p)—Bk—alp—1).
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Formulas for
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Second Monotonicity Formula

/
Forc,d € R, let g(r) = r° (rdAf(r)> . Then for0 < r < r,

g(r2) —g(n)
— / ﬁbc+d_’_1]Vb|5_2{\Hessb2\2 + Rics(Vb?, Vb?)
rn<b<nr

+A3|Vb|* 4+ 4(8 — 2)b2V|Vb||2}e—f

+)\4/ bete=1(V b, V|VbPle~f,
n<b<r

4
Ao = glk+d—l+c—1)(k+d—1)—4k

AN = 3k—2/-3+c+2d.
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Ricr(VH2, V12) = RicP (V42, Vi) + v 2V 1

m

Monotonicity for
Ricf’ > 0
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b=, Vf
Rics(Vb?,Vb?) = Ric?(Vb?, Vb?) + <v,,nv>
AR P (AB?)?
|Hess b?|2 = ‘Hess B2 — —g| + (n)’
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Curvature 2 f2
Rics(Vb?,Vb?) = Ric?(Vb?, Vb?) + Vb, V)

m

Ab2g 2 N (Ab?)?

n

|Hess b?|? = |Hess b* —

I

we have

Monotonicity for
RICf >0

(D522 | (VP2 VF)?
n m
(Br?)? 4k

— |Vb|*.
n+m n+m

|Hess b%|° + Ricr(V 5%, Vb?)

v




Monotonicity for Ricy’ > 0

Monotonicity

Formulas for
Bakry-Emery Theorem
Ricci

Curvature If M"(n > 3) has Ricf’ > 0, then, fork > n+m, 3> 2,
k<I<2k—2 a=3k—p—I—2and C(nk,p) >0,

(A7 = aV7P)(n)

b|f—2 Ab?
> ppm1- LV | { 'Hessb2 - —9g
b<r 4pP n

Monotonicity for
Ricf’ > 0



Monotonicity for Ricy’ > 0

Monotonicity

Formulas for
Bakry-Emery Theorem
Ricci

Curvature If M"(n > 3) has Ricf’ > 0, then, fork > n+m, 3> 2,
k<I<2k—2 a=3k—p—I—2and C(nk,p) >0,

2
}efz 0.
When m =0 (i.e. f is constant and Ric > 0), and
p=0,6=2, k=1=n, this is the first monotonicity formula
in Colding2012.

(A7 = aV7P)(n)

b|f—2 Ab?
> ppm1- LV | { 'Hessb2 ——g
b<r 4pP n
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Curvature If M"(n > 3) has Ricf’ > 0, then, fork > n+m, 3> 2,
k<I<2k—2 a=3k—p—I—2and C(nk,p) >0,

2
}efz 0.
When m =0 (i.e. f is constant and Ric > 0), and
p=0,6=2, k=1=n, this is the first monotonicity formula
in Colding2012.

(A7 = aV7P)(n)

b|f—2 Ab?
> ppm1- LV | { 'Hessb2 ——g
b<r 4pP n

Monotonicity for
Ricf’ > 0

L.-F. Wang2013 proved this when p=0,8=2, k=1= n+ m.
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(A7Y(r) < 0 and (V{PY(r) < .

Monotonicity for
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Theorem

If M"(n > 3) has Ricy’ > 0, then for § > 2, k=1=n+m,
(A7)(r) < 0and (V7PY(r) < =

In fact

2
@

2

A
Hess b — Tbg -

onmrenety for (Af)/(r) < _frk—3/ b2—2k|vb‘5—2
b>r

R\cf >0
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Theorem
lfl\/l”(n>3) has Ricf’ > 0, then for 3 > 2, k =1=n-+m,

AZY(r) <0 and (V7P Sm
f —2°
In fact
Ab2 |
(Af)’(r)g—%k—3 / b2\ |02 | Hess b? — 20 4| e~
R\cf :0 bZr n

Again this reduces to a formula in Colding when k =/ = n and
f is constant.
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Theorem
If M"(n > 4) has Rics > 0, then

for 3=2,p=0,k>12,/ = 2k — 1, we have
(A7 = Gk = 1)VPPY(r) = 0;

Monotonicity for
>

Ricy >
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Theorem
If M"(n > 4) has Rics > 0, then

for 3=2,p=0,k>12,/ = 2k — 1, we have
(A7 = Gk = 1)VPPY(r) = 0;

VAWGHOW  for 3 =2,k > 12,/ =3(k—1), . > r1 >0, we have

(A7) (r2) = (A7) (n).

R,;o
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Theorem
If M"(n > 4) has Rics > 0, then

for 3=2,p=0,k>12,/ = 2k — 1, we have

(A7 = Gk =)VP*Y(n) 2 0;

for 3=2,k>12,/=3(k—1), n>r >0, we have
(A7) (r2) = (A7) (r):

Here [ > k.



When k=/=n
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Theorem

When k=1=n,=2, for0< r < n,

3 "(A7) () — p~"(A7)(n)

_ b2_2n{
/r1§b§r2 2

I'\?/I ;wtiun[\) ity for <Vb2, Vf>2 }ef

2
+ Rice(V b2,V b?)

Ab?
Hess b* — Tg

+4|Vb[> (Vb2 VF) + -



Bryant Soliton
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For the Bryant soliton, when k = | = n, 3 = 2, for
rn>r>>0,

b N

3 >
—~
> >
N A"
N N—

=35
O
N N—r
IN 1V
H\W l—‘\w

| |

3> 3
~—~ —
> >
O D
N N—

S
~—~ —~
=
N N
NN
=) 3)

Vol
(&3]

Monotonicity for r- 2
icp >
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Monotonicity for
Rics > 0

For a positive function f on M with [, f =1, Shannon entropy

So = —/ flogf,
M
Fisher information "
e [ IVF
v f
If v > 0 is a solution of the heat equation
(81_- — A)U =0

with [, u =1, then
n n
S(t):SO(t)——Iogt:—/ ulogu— —logt
2 y 2

F(t) = tho(t) - 5.

Let W =S + F, then W and S are nonincreasing when
Ric > 0.



