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∫
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Geometric difficulty: a numerical example
f(x, y) := max(0, x+ y − 1) on X = [0, 1]2

gδ := L2 projection of f on the space of PL functions on the grid (A)

|f(.)− gδ(.)| for δ = 1/100

(red ' 0.2)
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Parametrization by ”supporting planes”

Finite differences approach:

H is discretized using (fs, vs) ∈ R× Rd, s ∈ S s.t.

S := ε-sample of the domain X

∀s, t ∈ S, ft ≥ fs + 〈t− s|vs〉

Θ(ε−2d) constraints

restricted to grids

no complete convergence theory

[Ekeland—Moreno-Bromberg ’10]

[Oberman ’12]

s

Our goal: ”external” discretization of convexity constraints for various space of

functions (e.g. finite-element of order 1,2,3, tensor-product splines, etc.)
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Then, H := C0 convex functions on X = HLk for k ≥ 2.
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Uε = ε sampling of ∂X
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for z ∈ [x, y],

`xyz(g) = g(z)− ‖yz‖‖xy‖g(x)− ‖xz‖‖xy‖g(y)

M c
ε = {`xyz; ∃p, q ∈ Uε s.t. x, y, z ∈ cpq}
HMc

ε
= {g ∈ C(X); ∀` ∈M c

ε , `(g) ≤ 0}

Theorem: ∀g ∈ HMc
ε
,∃ḡ ∈ H s.t. ‖g − ḡ‖ ≤ cdLip(g)ε.

Definition:
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Finite-dimensional discretization

Linear interpolation operator: Iδ : C(X)→ Eδ ⊆ C(X) s.t.

(L0) Lip(Iδf) ≤ Lipf (L1) ‖f − Iδf‖∞ ≤ δLipf

(L2) ‖f − Iδf‖∞ ≤ 1
2δ

2Lip(∇f)

Examples: • Eδ = PL functions on a triangulation of X with edges O(δ)

• higher order Lagrange finite elements (P2, P3,. . .)

• tensor-product spline polynomials

When is the finite-dimensional polyhedron Eδ ∩HMc
ε
∩ BγLip

finite-dimensional subspace

Iδ = linear interpolation on triangles from vertex values.

a ”good approximation” of the convex set H ∩ BγLip ?
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Theorem: Suppose given a bounded convex set X, and an
interpolation operator Iδ : C(X)→ Eδ. Then

(1) h∞H (BγLip ∩ Eδ ∩HMc
ε
,BγLip ∩Hc) ≤ cdγε.

(2) Assuming ε = cdδ
1/3, one has

d∞H (BγLip ∩ Eδ ∩HMc
ε
,BγLip ∩Hc) ≤ cdγδ1/3
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c, Eδ ∩HMc
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Theorem: Suppose given a bounded convex set X, and an
interpolation operator Iδ : C(X)→ Eδ. Then

(1) h∞H (BγLip ∩ Eδ ∩HMc
ε
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2. Numerical details
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k−i fi + j−i

k−ifk

⇐⇒ ∀i ∈ {2, . . . , N − 1}, 2fi ≤ fi−1 + fi+1

# constraints < # variables

HN1 := {f ∈ H1; fi = +∞ if i ≤ 0 or i > N}

Consequence: the cone HN1 has N − 2 extreme rays f1, . . . , fN−2 and:

proxiHN1
g = arg minf∈HN1 ‖g − f‖2

Meyer ’99: simple and exact active set algorithm to solve this type of problems

= arg minα∈RN−2
+
‖g −

∑N−2
i=1 αifi‖2
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Application: projection on convex functions

u0 : (x, y, z) ∈ X 7→ x2

3 + y2

4 + z2

8

u = u0 + 1
40N (0, 1)

X = [−1, 1]3
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Application: projection on convex functions

u0 : (x, y, z) ∈ X 7→ x2

3 + y2

4 + z2

8

u = u0 + 1
40N (0, 1) v ' projH(u)

Parameters: δ = 1
80 (803 grid)X = [−1, 1]3

ε = 1
50

Niter = 104
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−up(x) + 1
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Application: principal-agent problem

minu∈H,u≥0

∫
X

1
2‖∇u(x)− x‖2 + u(x) dx

Ω = B(0, 1)

in green, 1D solution (radial problem)

Ω = [1, 2]2

Parameters: δ = 1
60 (602 grid)

ε = 1
50

Niter = 103
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3. Discretization of convexity-like constraints
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Definition: Given a convex body K, hK(u) := maxp∈K〈u|p〉

Lemma: A bounded function h on S is a support function

⇐⇒ its 1-homogeneous extension is convex

⇐⇒ ∀x, y ∈ Sd−1, ∀λ ∈ [0, 1], z := λx+ (1− λ)y,

`sxyz(h) = ‖z‖h(z/‖z‖)− λh(x)− (1− λ)h(y) ≤ 0.

Discretization: Uε = ε-sample of Sd−1.

cεu = ε-sample of the circle u⊥ ∩ Sd−1 for u ∈ Uε.

Ms
ε = {`sxyz;∃u ∈ Uε, x, y, z ∈ cεu}.

... similar type of theorems as for the discretization of convexity constraints ...
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Generalization: c-convex functions

(i) convex functions on Rd are c-convex for c = 〈.|.〉
(ii) h is the support function of a convex set

Definition: Given a cost function c : X × Y → R, a function φ on X is c-convex

Examples:

if ∃ψ : Y → R such that φ(x) = supy∈Y −c(x, y)− ψ(y).

⇐⇒ log(h) is c-convex for c(x, y) = − log(〈x|y〉+)
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Definition: Given a cost function c : X × Y → R, a function φ on X is c-convex

if ∃ψ : Y → R such that φ(x) = supy∈Y −c(x, y)− ψ(y).

(A0) X,Y ⊆ Rd bounded, c ∈ C4(X̄ × Ȳ ).

(A1) ∀y0 ∈ Y , the map x ∈ X̄ 7→ −∇yc(x, y0) is a diffeomorphism onto
its range, denoted Xy0 (and similarly for x0 in X).

(A2) the sets Xy0 and Yx0 are convex.

Hypothesis:

(NNCC) ∀(y0, y) ∈ Y , v ∈ Xy0 7→ c(expcy0 v, y0) − c(expcy0 v, y) is convex,
where expcy0 is the inverse of the map x 7→ −∇yc(x, y0).

Theorem: Assuming (A0)–(A2), Hc is convex iff (NNCC) holds.

[Figalli, Kim, McCann ’11]
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Definition: Given a cost function c : X × Y → R, a function φ on X is c-convex

if ∃ψ : Y → R such that φ(x) = supy∈Y −c(x, y)− ψ(y).

(A0) X,Y ⊆ Rd bounded, c ∈ C4(X̄ × Ȳ ).

(A1) ∀y0 ∈ Y , the map x ∈ X̄ 7→ −∇yc(x, y0) is a diffeomorphism onto
its range, denoted Xy0 (and similarly for x0 in X).

(A2) the sets Xy0 and Yx0 are convex.

Hypothesis:

(NNCC) ∀(y0, y) ∈ Y , v ∈ Xy0 7→ c(expcy0 v, y0) − c(expcy0 v, y) is convex,
where expcy0 is the inverse of the map x 7→ −∇yc(x, y0).

Proposition: Assuming (A0)–(A2) and (NNCC), φ belongs to Hc iff

∀y ∈ Y, φy : v ∈ Xy 7→ φ(expcy v) + c(expcy v, y) ∈ H
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Application: projection on support functions

h0 = support function of unit icosaedron

h = h0 + 1
40N (0, 1)

X = [−1, 1]3
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Application: projection on support functions

h0 = support function of unit icosaedron

h = h0 + 1
40N (0, 1) ' projHs(h)

Parameters: δ ' 1/20 (5k pts)X = [−1, 1]3

ε = 1
50

Niter = 104
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Application: convex bodies with constant-width

Definition: The width of K in direction u is

K has constant width α if wK(u) = α.

wK(u) = hK(u) + hK(−u).
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Definition: The width of K in direction u is

K has constant width α if wK(u) = α.

wK(u) = hK(u) + hK(−u).

Example: Reuleaux triangle

α
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Application: convex bodies with constant-width

Definition: The width of K in direction u is

K has constant width α if wK(u) = α.

wK(u) = hK(u) + hK(−u).

Example: Reuleaux triangle

Theorem: Reuleaux triangles minimize the volume over convex sets

of the plane with constant width α.

[Blaschke-Lebesgue]
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Application: convex bodies with constant-width

Definition: The width of K in direction u is

K has constant width α if wK(u) = α.

wK(u) = hK(u) + hK(−u).

Example: Reuleaux triangle

Theorem: Reuleaux triangles minimize the volume over convex sets

Bonnensen-Fenchel conjecture (3D):

of the plane with constant width α.

[Blaschke-Lebesgue]

Meissner’s body minimize the volume among convex sets with fixed constant width.
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Application: convex bodies with constant-width

h = support function of unit tetrahedron Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104
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Application: convex bodies with constant-width

h = support function of unit tetrahedron

Surface Volume Width Relative width error
L1 projection of h 2.6616 0.36432 0.951 ≤ 0.001
L2 projection of h 2.5191 0.34312 0.920 ≤ 0.003
L∞ projection of h 2.1351 0.28081 0.835 ≤ 0.001

Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104
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Application: convex bodies with constant-width

h = support function of unit tetrahedron Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104

' L2 projection of h on constant width



25

Application: convex bodies with constant-width

h = support function of unit tetrahedron Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104

' L∞ projection of h on constant width
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Application: convex bodies with constant-width

h = support function of unit tetrahedron Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104

' L1 projection of h on constant width
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Application: convex bodies with constant-width

h = support function of unit tetrahedron Parameters: δ ' 1/20 (5k pts)

ε = 1
50

Niter = 104

distance between ∆3 and the interpolation of the two Meissner bodies


