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Geometric problems: e.g. Meissner conjecture
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(nglu)(n;lv) >0fori=1,...,3.

4. for the grid (A), 525, = 0.
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S := e-sample of the domain X

H is discretized using (fs,vs) ER x R4, s € S s.t.

Vs, t €S, ft > fs+ (t — s|vs)

——0—0 000 0 0
S .
O(c729) constraints

Finite differences approach: [Oberman '12]

restricted to grids

no complete convergence theory

Our goal: "external” discretization of convexity constraints for various space of

functions (e.g. finite-element of order 1,2,3, tensor-product splines, etc.)
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Convexity constraints: Given X C R? convex, let Ly = {¢} where
lg) =g (2521 >\i$z’) — (2521 Aig(xi))
where x1,...,xr € X, and A\ € AF—1 .= {()\i)lSiSN = R]_{L; Zz A = 1}

Then, H := C° convex functions on X = H,_ for k > 2.

Proposition: Let M be an a-relaxation of Ly. Then,
Vg € Hy, Jg € Host. ||lg — gl < da(g)
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U. = € sampling of 90X

Cpq = €-sampling of p,q] (p,q € Ue)

Definition: MS = {{;y.; 3p,q € U. s.t. x,y,2 € cpq}
Hue = {g € C(X); V&€ Mg, {(g) < 0}

Theorem: Vg € Hye,dg € H s.t. ||g — g|| < cqLip(g)e.
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Finite-dimensional discretization

Linear interpolation operator: 75 : C(X) —

Fs | C C(X) S.t.

(LO) Lip(Zsf) < Lipf (L1)

S —ZLsflloc < OLipf

(L2) [|f = Zs flloo < 56°Lip(V f)

finite-dimensional subspace

Examples: e F;5 = PL functions on a triangulation of X with edges O(4)

Is = linear interpolation on triangles from vertex values.

e higher order Lagrange finite elements (P2, P3,...)

e tensor-product spline polynomials

When is the finite-dimensional polyhedron Es5 N H e N B

Lip

a "good approximation” of the convex set HNB;. 7
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Definition: The (half) Hausdorff distance between A, B C C(X

) is given by

h¥ (A, B) =min{r > 0;Vf € A, g€ B, ||f — gllLo(x) <7r}.

interpolation operator Zs : C(X) — Ejs. Then

L1p L1p

(2) Assummg g = cd51/3 one has

Lip L1p

(3) Assuming € = cd52/3, one has
hIo{O (B21,1 NHE, Es N %Mg) < Cd’y52/3.

Theorem: Suppose given a bounded convex set X, and an
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Theorem: Suppose given a bounded convex set X, and an
interpolation operator Zs : C(X) — Es. Then

(1) hif (B, N Es N Hase, BY;, NHE) < cqre.

Lip Lip

(2) Assuming € = c46'/3, one has

dH (ny N Es ﬂHMc B/ ﬂ?‘[c) < cd751/3

Lip Lip

Step 1: With S§ - — I(;(H.HZ), maneMg 6(85) < 82 — 52.
Step 2: For f € HN By, and f5 = Zsf one has || f — fs][cc < d and

0(f5) < 270, (using (L1))
— U(fs +nss5) < 270 4 n(0% — €%)
—>  f5+nss € ME with £ > 26 and n = 85 /e2

Moreover, ||fs + 155 — flloc = O(76 +78/?) = O(76'/?) with & = 51/
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Calculus of variation with convexity constraints

We want to minimize a functional over the set of convex functions:

mingey F'(g) <= min, F(g) +in(9)

< ming€E5 F(g) + ZHMsc (g)

I

(0ifre K

\ + oo If not

. ( .
< MINgcE; F\g) + E:p,qu{5 L,

(Psap)

K linear maps

Pro(9) == (g(p +ie(qg — p)/llqg — pl]))icz

H, = (discrete) convex functions from Z to R

(matrices)

. convex maps
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Zind+l = Zin T Sin — Yintl
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Proximal algorithm (SDMM)

min, gi1(L1x) + ... gm(Lmx), x € RY

(L;) are matrices

Q := >, L] L; is invertible

(g;) are convex functions

Definition: prox. g(z) = argmin, g(y) + vz — yl|?

Initialization (y1.0, z10) € R*M ..., (Ym.0, Zm,0) € R*Vm
For n=0,1,...

th = Q7 30 Li (Yim — Zin)

For 1 =1,...,m (v > 0)

Sin — szn
Yi,n+1 = |PrOX, gi(si,n =+ Zzn)
Zin+1 = Zin T Sin — Yint+1l

parallelizable
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Projecting on 1D discrete convex functions

HY ={fecHi; fi=+ocifi<0ori> N}

fEHY +=V0<i<j<k<N, f; <ELfi+ 12 f

= Vie{2,...,N -1}, 2f; < fi 1+ fina

# constraints < # variables

Consequence: the cone H;' has N — 2 extreme rays fi,..., fny—2 and:

PIoX; 9 = als N ¢ gy N lg — fll2
1
N -2

= arg minaeRf—a Hg — Zizl aifiHQ



Projecting on 1D discrete convex functions

HY ={fecHi; fi=+ocifi<0ori> N}

feHN —=V0<i<j<k<N, f; <Lf+Ii=tf
J k—1 k—1

= Vie{2,...,N -1}, 2f; < fi 1+ fina

# constraints < # variables

Consequence: the cone H;' has N — 2 extreme rays fi,..., fny—2 and:

PIoX; 9 = als N ¢ gy N lg — fll2
1

, N—2
= argming, - g — > . 1" aifill2

Meyer '99: simple and exact active set algorithm to solve this type of problems
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Application: projection on convex functions
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Application: projection on convex functions

Parameters: 0 = 5= (80° grid)

v ~ projq, (u)
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Application: principal-agent problem

Given a price menu p : RY — R,

up(z,y) = —p(y) — ||z — y||?

up(2) = maxy —p(y) — 5lle —yl*  Oup(x) := argmax, —p(y) — 5llz — y|*
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Application: principal-agent problem

Given a price menu p : RY — R,
up(z,y) = —py) — zllz — yl1?
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{1 is the distribution of agents

p(0) = 0 (<= u, > —%]|.]|?), or more generally p has a few fixed values.



18

Application: principal-agent problem

Given a price menu p : RY — R,

up(z,y) = —p(y) — ||z — y||?

up(z) = max, —p(y) — |z — y|

Goal: max, fX

p(Oup(z))

= 0(Qup(z)) d p(z)

where b = ||.||? is the cost of production

{1 is the distribution of agents

Ou, () := arg max, —p(y) — 5|z — y||?

up(z) + ||z — Oup(z) |7

p(0) = 0 (<= u, > —%]|.]|?), or more generally p has a few fixed values.
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Application: principal-agent problem

Given a price menu p : RY — R,

up(z,y) = —p(y) — ||z — y||?

up(z) = max, —p(y) — 5llz —ylI?  Ouy(z) := argmax, —p(y) — 5/lz — y|°
Goal: max,, [, p(Oup(z))|— b(Oup(x)) d pu(x)
= —up(z) + |l — Jup(2)||°
where b = ||.||? is the cost of production g g

{1 is the distribution of agents

p(0) = 0 (<= u, > —%]|.]|?), or more generally p has a few fixed values.

Goal': max, 53z [y —up(w) + Sz — Oup(2)[[* = 0y ()] d ()
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Application: principal-agent problem

Given a price menu p : RY — R,

up(z,y) = —p(y) — ||z — y||?

up(z) = maxy —p(y) — 5lle —yl*  Oup(z) := argmaxy, —p(y) — 5llz — y|3

Goal: max,, [, p(Oup(z))|— b(Oup(x)) d pu(x)

= —up(z) + |l — Jup(2)||°
where b = ||.||? is the cost of production g g

{1 is the distribution of agents

p(0) = 0 (<= u, > —%]|.]|?), or more generally p has a few fixed values.
Goal’: max,, 5 3 |2 [y —uple) + 3l — Dy (@2 — 419y (@) d ()
v =1up+ z|.]|? is convex

Goal”: minyey v>0 [y 5/IVo(z) — z||* + v(x) d p(x)



Application: principal-agent problem

MiNy, e3¢ u>0 fX %HVu(x) — ol +u(z)de

1 ! Hri Il

wAak AR A ul'lf"' *; Al o
R A

(2 =B(0,1)
in green, 1D solution (radial problem)

19

Parameters:

0 = 25 (60% grid)

£ = =5




Application: principal-agent problem

mingexu>0 [y 3l|Vu(z) — 2| + u(z) dz

RO A AT R P

(2 =B(0,1)
in green, 1D solution (radial problem)

19

Parameters: 0 = &= (60* grid)
£ =
50
Niter = 103




3. Discretization of convexity-like constraints
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Discretization: U. = e-sample of S¢~1.
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¢ = e-sample of the circle u NS4 for u € UL,.

Mz =6, ;Fuec U, x,y,z €c}.

TYZI

21



Support functions of convex sets

Definition: Given a convex body K, hg(u) := max,cx (u|p)

Lemma: A bounded function h on S is a support function

<= its 1-homogeneous extension is convex
— Vo,y € S, vAe0,1], z: =Xz + (1 - Ny,
loy=(h) = llzl|A(z/]|z]]) — Ah(z) — (1 = A)h(y) < 0.

TYZ

Discretization: U. = e-sample of S¢~1.
¢ = e-sample of the circle u NS4 for u € UL,.

Mz =6, ;Fuec U, x,y,z €c}.

TYZI

.. similar type of theorems as for the discretization of convexity constraints ...

21



22

Generalization: c-convex functions

Definition: Given a cost function ¢: X X Y — R, a function ¢ on X is c-convex

if 3 Y — R such that ¢(z) = sup,cy —c(z,y) — ¥ (y).




22

Generalization: c-convex functions

Definition: Given a cost function ¢: X X Y — R, a function ¢ on X is c-convex

if 3 Y — R such that ¢(z) = sup,cy —c(z,y) — ¥ (y).

Examples: (i) convex functions on R? are c-convex for ¢ = (.].)




22
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Definition: Given a cost function ¢: X X Y — R, a function ¢ on X is c-convex

if 3 Y — R such that ¢(z) = sup,cy —c(z,y) — ¥ (y).

Examples: (i) convex functions on R? are c-convex for ¢ = (.].)
(ii) h is the support function of a convex set

<= log(h) is c-convex for c(x,y) = — log({x|y)™)
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Generalization: c-convex functions

Definition: Given a cost function ¢: X X Y — R, a function ¢ on X is c-convex

if 3 Y — R such that ¢(z) = sup,cy —c(z,y) — ¥ (y).

Hypothesis:
(A0) X,Y C R? bounded, c € C*(X xY).

(A1) Vyo € Y, the mapz € X — —V c(x,yo) is a diffeomorphism onto
its range, denoted X,,, (and similarly for g in X).

(A2) the sets X,, and Y,, are convex.

(NNCC) V(yo,y) €Y, v € Xy, = c(expj, v,y0) — c(exp;, v,¥y) is convex,
where expy is the inverse of the map z — —V c(x, yo).

Theorem: Assuming (A0)—(A2), H. is convex iff (NNCC) holds.

[Figalli, Kim, McCann "11]
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Generalization: c-convex functions

Definition: Given a cost function ¢: X X Y — R, a function ¢ on X is c-convex

if 3 Y — R such that ¢(z) = sup,cy —c(z,y) — ¥ (y).

Hypothesis:
(A0) X,Y C R? bounded, c € C*(X xY).

(A1) Vyo € Y, the mapz € X — —V c(x,yo) is a diffeomorphism onto
its range, denoted X,,, (and similarly for g in X).

(A2) the sets X,, and Y,, are convex.

(NNCC) V(yo,y) €Y, v € Xy, = c(expj, v,y0) — c(exp;, v,¥y) is convex,
where expy is the inverse of the map z — —V c(x, yo).

Proposition: Assuming (A0)—(A2) and (NNCC), ¢ belongs to H.. iff
Vy ey, ¢, :v € Xy — ¢(expy v) + clexpy v,y) € H
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Application: convex bodies with constant-width

Definition: The width of K in direction u is
wK(u) — hK(u) -+ hK(—u)

K has constant width «a if wg(u) = a.
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Application: convex bodies with constant-width

Definition: The width of K in direction u is
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Application: convex bodies with constant-width

Definition: The width of K in direction u is
wi (u) = hi(u) + hg(—u).

K has constant width « if wg(u) = a.

Example: Reuleaux triangle

Theorem: Reuleaux triangles minimize the volume over convex sets

of the plane with constant width «.

[Blaschke-Lebesgue]



Definition: The width of K in direction u is
wi (u) = hi(u) + hg(—u).

K has constant width «a if wi(u) = a.

Example: Reuleaux triangle

Theorem: Reuleaux triangles minimize the volume over convex sets

of the plane with constant width «.

[Blaschke-Lebesgue]

Bonnensen-Fenchel conjecture (3D):

Meissner's body minimize the volume among convex sets with fixed constant width.
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h = support function of unit tetrahedron

Application: convex bodies with constant-width

Parameters:
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_ 1
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h = support function of unit tetrahedron

Application: convex bodies with constant-width

Parameters: 0 ~ 1/20 (5k pts)

1

¢ = 50
Niter — 104
Surface | Volume | Width | Relative width error
L' projection of h | 2.6616 | 0.36432 | 0.951 < 0.001
L? projection of h | 2.5191 | 0.34312 | 0.920 < 0.003
L projection of h | 2.1351 | 0.28081 | 0.835 < 0.001
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h = support function of unit tetrahedron

~ 1 projection of h on constant width
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Application: convex bodies with constant-width

Parameters: 0 ~ 1/20 (5k pts)

_ 1
€= 50

Niter — 104

h = support function of unit tetrahedron

~ L1 projection of h on constant width
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h = support function of unit tetrahedron

10

Application: convex bodies with constant-width

Parameters: 0 ~ 1/20 (5k pts)
1
S =50
Niter — 104
10 .
—— ! norm
i¢ norm

0,1

0,2

0,3

0,4

0,5

0.6

0.7 0,8 0,3

1

distance between A3 and the interpolation of the two Meissner bodies




