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Homotopy'groups'of'spheres'in'low'dimensions'
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Infinite'subgroups'completely'understood'



Values!stabilize!along!diagonals:!
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Stable!homotopy!groups:!!!

! ! !!π
n

s
!:=!!lim!π

n+k
(S

k
)!!!k→∞!

Primary!decomposiGon:!
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•  Each!dot!represents!a!factor!of!2,!verGcal!lines!indicate!addiGve!

extensions!

! ! !e.g.:! ! ("↓3↑% )↓(2) = ℤ↓8 , ! ("↓8↑% )↓(2) = ℤ↓2 ⨁ 
ℤ↓2 

!

•  VerGcal!arrangement!of!dots!is!arbitrary,!but!meant!to!suggest!paQerns
!
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ComputaGon:!MahowaldTTangoraTKochman!

Picture:!A.!Hatcher!



•  Each!dot!represents!a!factor!of!2,!verGcal!lines!indicate!addiGve!

extensions!

! ! !e.g.:! ! ("↓3↑% )↓(2) = ℤ↓8 , ! ("↓8↑% )↓(2) = ℤ↓2 ⨁ 
ℤ↓2 
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•  VerGcal!arrangement!of!dots!is!arbitrary,!but!meant!to!suggest!paQerns
!
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ComputaGon:!Nakamura!TTangora!

Picture:!A.!Hatcher!
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ComputaGon:!D.!Ravenel!

Picture:!A.!Hatcher!
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EHP!spectral!sequence!(p=2)!
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EHP!spectral!sequence!(p=2)!
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EHP!spectral!sequence!(p=2)!
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EHP!spectral!sequence!(p=2)!
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Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !



19!

Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !

TMany!differenGals!

T /↓0 !differenGals!go!back!by!1!and!up!by!r!!



20!

Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !

TMany!differenGals!

T /↓0 !differenGals!go!back!by!1!and!up!by!r!!



21!

Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !
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Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !
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Adams!spectral!sequence!

'()↓*↑%,) ( ℤ∕, , ℤ∕,)⇒("↓)−%↑% )↓,  !

"↓)−%↑% !



AdamsTNovikov!spectral!sequence!(p=2)!



AdamsTNovikov!spectral!sequence!(p=2)!



AdamsTNovikov!spectral!sequence!(p=2)!



ANSS!(p=3)!



ANSS!(p=3)!



ANSS!(p=3)!



ASS!(p=3)!



ANSS!(p=3)!



(π!S)(p) : p = 5 

Computation: Ravenel 
Picture: Hatcher 



(π!S)(p) : p = 5 

Computation: Ravenel 
Picture: Hatcher 



(π!S)(p) : p = 5 

Computation: Ravenel 
Picture: Hatcher 







(π!S)(p) : p = 5 



Greek letter notation: 



(π!S)(p) : p = 5 



(π!S)(p) : p = 5 



v1 – torsion in the v2 – family:  



Greek letter notation: 
(Miller-Ravenel-Wilson) 



β-family notation:%



β-family notation:%



Description of the β-family: 
(Miller-Ravenel-Wilson ‘77) 



Description of the β-family: 



KO!Hurewicz!homomorphism!

47 



Hurewicz image of TMF (p = 3) 

48 



Hurewicz image of TMF (p = 2) 49 
































