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Computations in the
homotopy groups of spheres

Mark Behrens
(MIT)
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Homotopy groups of spheres in low dimensions

i' —_—
1 234 5 6 7 8 9 10 11 12
1| Z0o00D 0 0 0 0 0 0 0 0
2|l 0ozz721, 1 I, I Z, Z, Z,- 7, I,x1I,
3|l 00272, 7, I, I, Z, Z, Z,- 7, I,x1I,
41 0002 7, T, IxIy, I,xI, I,xT, T,yxI; ;- I,
s | o000 7 7, Z, Z,, Z, Z, 7, I,
6| 0000 0 7 Iy Z, Zs O Z I
7l 0000 0 0 7 Z, Z, Z,, 0 0
8| 0000 0 0 O i Z, Z, Z,, O
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Infinite subgroups completely understood

i' —_—
1 234 5 6 7 8 9 10 11 12
1 |@Z000 0 0 0 0 0 0 0 0
2 | o@®1I, 7, I, I, Z, Z, Z,- 7, I,x1I,
3| 0o0@z, 7, 7,, I, Z, Z, Z,- 7, I,x1I,
4| 00 0@ 7, T, @xIy, I,xI, I,xT, TyxI; I,z I,
s | 0000 @ 7, Z Z,, Z, Z, 7, I
6| 0000 0 @ I Z, Zs O 7 I
7l 0000 0 0 ¥ Z, Z, Z,, 0 0
8| 0000 0 0 O i Z, Z, Z,, O
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Values stabilize along diagonals:

Tt (S¥) =7, (S¥Y) fork>>0

n+k+1

i' —_—
1 234 5 6 7 8 9 10 11 12
1 |@Z000 0 0 0 0 0 0 0 0
2 | o@®1I, 7, I, I, Z, Z, Z,- 7, I,x1I,
3| o0o0@z, 7, 7,, I, Z, Z, Z,- 7, I,x1I,
4| 000 2, 7, @xI;, I,xZ, I,xI, L,yxI3 Iz I,
s | 0000 @ I T Z, Z, Z, 7, I
6| 0000 0 @ 1, Ios O 7 I
7l 0000 0 0 ¥ . y |
8| 0000 0 0 O i : ) :
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1 2 3 4 5 6 7 8 0 10 11 12
n 1 >0 00 0O 0 0 0 [ 0 0 0
| 2| o@®I, 2, I, Z, Z, Z, Z,- 7, I,xI,
3| oowmz, 7, I,, I, Z, Z, Z,- 7, I,x1,
4| 0008 2, 7, @xI;, I,xT, I,xL, T,yx¥y I,z I,
5| 0000 @ I T Z, Z, Z, 7, Iy
6| 0000 0 @& I, 0 7 7
7l 0000 0 0 @ Z,, j
8 0000 0 0 0 i Fi £ Figy
\ gK 5\ \ ‘S\ s
7'C° TZ‘ 7{2 3 ﬂ?
Stable homotopy groups:
m S = limm , (S¢) k—o0
Primary decomposition:
T, = @ (7)) eg.: WP=Ly,=Zg+ L,

p prime



Stable Homotopy Groups of Spheres at the prime 2
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Computation: Mahowald-Tangora-Kochman
Picture: A. Hatcher

* Each dot represents a factor of 2, vertical lines indicate additive
extensions
e.g.: (d3Ts)(2) =78, (md8Ts)I(2) =ZI2 &
7.2
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Stable Homotopy Groups of Spheres at the prime 2
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Computation: Nakamura -Tangora
Picture: A. Hatcher

Stable Homotopy Groups of Spheres at the prime 3 B I
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Computation: D. Ravenel
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EHP spectral sequence (p=2)
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EHP spectral sequence (p=2)
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EHP spectral sequence (p=2)
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EHP spectral sequence (p=2)
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Adams spectral sequence
ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip

Figere Alla The Adams spectral sequence for p=2, 1—s= 29, *—S
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Adams spectral seqguence

ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip

-1
Figere Alla The Adams spectral sequence for p=2, 1—s= 29,

-Many differentials
-ddr differentials go back by 1 and up by r

19
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Adams spectral sequence
ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip

-1 —»

Figere Alla The Adams spectral sequence for p=2, 1—s= 29,

-Many differentials
-ddr differentials go back by 1 and up by r
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Adams spectral sequence
ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip

A
1 L)
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z }-
A
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L . L 1 1

o L1 1
a 2 4 L] ] » " 40 “° “
L]
- 1
‘ HI 1 Im T Figere A3ls The Adams spectral sequence for p=2, 1—5=29, *—S
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Adams spectral sequence
ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip

o L1 1
a 2 4 n 2 " 40 “° “
L]
- 1
‘ HI 1 Im 7 Figere A3ls The Adams spectral sequence for p=2, 1—5=29, *—S
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Adams spectral sequence
ExtiATs,t (Z/p ,L/p)= (mlt—sTs )ip
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8 Adams-Novikov spectral sequence (p=2)
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Adams-Novikov spectral sequence (p=2)
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Adams-Novikov spectral sequence (p=2)
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