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Poonen Conjecture

A = semiabelian variety over Fq
X < A subvariety
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Poonen Conjecture

A = semiabelian variety over Fq
X < A subvariety

Z =
⋃

a∈X , Y<X
dimY>0, semiabelian over Fq

aY

x ∈ (X − Z)(Fq), degx = [Fq(x) : Fq] = d

Then

ord x > qdc

for some absolute constant c > 0.
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Special case: A = Gm(Fp)× Gm(Fp)
Theorem (Voloch)

f(X,Y ) ∈ Fp[X,Y ] absolutely irreducible

(under some natural condition on f )
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Special case: A = Gm(Fp)× Gm(Fp)
Theorem (Voloch)

f(X,Y ) ∈ Fp[X,Y ] absolutely irreducible

(under some natural condition on f )

(x, y) ∈ V (f) such that

degx = d = [Fq(x) : Fq]� 0

Then ∀ε > 0, ∃δ > 0 such that

either ordx > d2−ε or ord y > exp(δ(log d)2)
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

for any f(X,Y ) ∈ Fp[X,Y ] irreducible, deg f = d

@φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1 or

λY β −Xα, λ ∈ Fp.
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

for any f(X,Y ) ∈ Fp[X,Y ] irreducible, deg f = d

@φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1 or

λY β −Xα, λ ∈ Fp. Then

#
(x, y) ∈ Fp × Fp : f(x, y) = 0,

ordx+ ordy < p2/(89d2+3d+14)
 < 11d3 + d

11



Theorem (Lang-Ihara-Serre-Tate) over C
V : irreducible curve in A = Gm × Gm
V has infinitely many torsion points.
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Theorem (Lang-Ihara-Serre-Tate) over C
V : irreducible curve in A = Gm × Gm
V has infinitely many torsion points.

Then V is a translate of a subgroup of A by a torsion

point, i.e.

V = {(x, y) : xr = η ys}

for some root of unity η.
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Theorem (Beukers-Smyth)

f ∈ C[X,Y ], deg f = d

V (f) has more than 11d2 torsion points
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Theorem (Beukers-Smyth)

f ∈ C[X,Y ], deg f = d

V (f) has more than 11d2 torsion points

Then V (f) has infinitely many torsion points,
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Theorem (Beukers-Smyth)

f ∈ C[X,Y ], deg f = d

V (f) has more than 11d2 torsion points

Then V (f) has infinitely many torsion points, hence

∃φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1 or

λY β −Xα for some λ ∈ C
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Theorem (Conway-Jones)

U = {roots of unity}
Let a1, · · · , an ∈ Q \ {0}.
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Theorem (Conway-Jones)

U = {roots of unity}
Let a1, · · · , an ∈ Q \ {0}. Then

#

nondeg solutions of
n∑
i=1

aixi = 1 in U


=O

(
exp

(
cn3/2(logn)1/2)).
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A solution (x1, · · · , xm) of the equation

m∑
i=1

cixi = 1, ci ∈ C

is called nondegenerate, if

∑
i∈I

cixi 6= 0

for all subsets I ⊆ {1, · · · ,m}.
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Theorem (Evertse-Schlickewei-Schmidt)

Γ < 〈C∗, ·〉, rank Γ = r

c1, . . . , cm ∈ C \ {0}
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Theorem (Evertse-Schlickewei-Schmidt)

Γ < 〈C∗, ·〉, rank Γ = r

c1, . . . , cm ∈ C \ {0}
Then

#

nondeg solutions of
m∑
i=1

cixi = 1 in Γ


< exp

(
(r + 1)(6m)3m

)
.
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

for any f(X,Y ) ∈ Fp[X,Y ] irreducible, deg f = d

@φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1 or

λY β −Xα, λ ∈ Fp. Then

#
(x, y) ∈ Fp × Fp : f(x, y) = 0,

ordx+ ordy < p2/(89d2+3d+14)
 < 11d3 + d
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Fix a ∈ N, a 6= −1, square

Define f(p) = ordp(a)
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Fix a ∈ N, a 6= −1, square

Define f(p) = ordp(a)

Artin Conjecture

f(p) = p− 1 for infinitely many primes p

Hooley GRH ⇒ Artin

Gupta-Murty #{a : Artin fails} <∞
Heath-Brown

#{a : a = prime and Artin fails} ≤ 2
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Fix a ∈ N, a 6= −1, square

Define f(p) = ordp(a)

Artin Conjecture

f(p) = p− 1 for infinitely many primes p

Hooley GRH ⇒ Artin

Gupta-Murty #{a : Artin fails} <∞
Heath-Brown

#{a : a = prime and Artin fails} ≤ 2

e.g. among 2,3,5, at least one of them is a

primitive root for � x
(logx)2 primes p ≤ x
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Fix a ∈ N, a 6= −1, square

Define f(p) = ordp(a)

Theorem (Erdős-Murty)

For any function ε(z)→ 0 as z →∞

f(p) ≥
p

1/2+ε(p)

log p

except for o
(

x
logx

)
many primes p ≤ x
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Proof of Erdős-Murty .

f(p) = ordp(a) < z =⇒ p| ∏t<z(at − 1) := B
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Proof of Erdős-Murty .

f(p) = ordp(a) < z =⇒ p| ∏t<z(at − 1) := B

the number of prime factors of B is bounded by

O

 logB

log logB

 = O

 ∑
t<z

t

log t

 = O

 z2

log z


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Proof of Erdős-Murty .

f(p) = ordp(a) < z =⇒ p| ∏t<z(at − 1) := B

the number of prime factors of B is bounded by

O

 logB

log logB

 = O

 ∑
t<z

t

log t

 = O

 z2

log z



Take z = x1/2

logx .

Then f(p) < x1/2

logx holds for O
(

x
(logx)3

)
primes
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Lemma (Erdős-Murty)

δ > 0 fixed.

ε(x) = any function s. t. limx→∞ ε(x) = 0

∣∣∣∣{p < x : ∃d| p− 1, d ∈ (xδ, xδ+ε(x)
}∣∣∣∣ = o

 x

logx


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Lemma (Erdős-Murty)

δ > 0 fixed.

ε(x) = any function s. t. limx→∞ ε(x) = 0
∣∣∣∣{p < x : ∃d| p− 1, d ∈ (xδ, xδ+ε(x)

}∣∣∣∣ = o

 x

logx



Take δ = 1/2 . Then f(p) <
x1/2+ε(x)

logx
holds

for o
 x

logx

 primes in
 x

2
, x

.
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)

∀ε > 0, ∃m = m(ε) such that

for x ∈ Z and for T = T (x)� 0,
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)

∀ε > 0, ∃m = m(ε) such that

for x ∈ Z and for T = T (x)� 0, we have

max{ordp(x+ 1), · · · ,ordp(x+m)} > T1−ε
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)

∀ε > 0, ∃m = m(ε) such that

for x ∈ Z and for T = T (x)� 0, we have

max{ordp(x+ 1), · · · ,ordp(x+m)} > T1−ε

for all primes p < T except < ε T
logT many excep-

tions
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Theorem (C)

(1). For most primes p, let q = pm for some m.

Let β ∈ Fq2n satisfy some natural condition.

Then

ord
β +

1

β

 > p
1− c

logn for some c > 0
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Theorem (C)
(1). For most primes p, let q = pm for some m.
Let β ∈ Fq2n satisfy some natural condition.
Then

ord
β +

1

β

 > p
1− c

logn for some c > 0

(2). For almost all primes p,
∀s ∈ F∗p with ordp(s) > 3,

max{ordp(s),ordp(s+ 1)} > p1/4+ε,

where ε = ε(p)→ 0 as p→∞.
39



recall

Theorem (C-Kerr-Shparlinski-Zannier)
Fixed d, for almost all prime p,
for any f(X,Y ) ∈ Fp[X,Y ] irreducible, deg f = d

@φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1 or
λY β −Xα, λ ∈ Fp. Then

#
(x, y) ∈ Fp × Fp : f(x, y) = 0,

ordx+ ordy < ε(p)p2/(89d2+3d+14)
 < 11d3 + d

for any function ε(z)→ 0 as z →∞.
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f(X,Y ) =
∑
i+j≤d ai,jX

iY j

∃φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1
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f(X,Y ) =
∑
i+j≤d ai,jX

iY j

∃φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1

More generally, consider f(X,Y ) and φ(X,Y ) with

common factor of positive degree in Y
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f(X,Y ) =
∑
i+j≤d ai,jX

iY j

∃φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1

More generally, consider f(X,Y ) and φ(X,Y ) with

common factor of positive degree in Y

(new) variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

Instead of f(X,Y ) =
∑
i+j≤d ai,jX

iY j and

φ(X,Y ) = λXαY β − 1, we study
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f(X,Y ) =
∑
i+j≤d ai,jX

iY j

∃φ|f(X,Y ) with φ = φ(X,Y ) = λXαY β − 1

More generally, consider f(X,Y ) and φ(X,Y ) with

common factor of positive degree in Y

(new) variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

Instead of f(X,Y ) =
∑
i+j≤d ai,jX

iY j and

φ(X,Y ) = λXαY β − 1, we study

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1
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variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j =
d∑

j=0
fj( ~A,X)Y j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1
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variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j =
d∑

j=0
fj( ~A,X)Y j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1

gcd
Y

(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0
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F =
∑d
j=0

fj( ~A,X)Y j, Φ = ΛXaY b−1

ResY(F,Φ)

=det



f0( ~A,X) f1( ~A,X) · · · · · · · 0
0 f0( ~A,X) · · · · · · · 0
0 0 · · · · · · · ·
... ... ... ... ... ... ... ... ... ...
0 0 · · · f0( ~A,X) · · · ·
−1 · · · · · ΛXa 0 · ·
0 −1 · · · · · ΛXa · ·
· · · · · · · · · ·
0 0 · −1 · · · · · ΛXa


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variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j =
d∑

j=0
fj( ~A,X)Y j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1

gcd(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

Write

ResY (F,Φ) =
∑R
r=0

G̃r,a,bX
r, G̃r,a,b ∈ Z[ ~A,Λ]

48



variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j =
d∑

j=0
fj( ~A,X)Y j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1

gcd(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

Write

ResY (F,Φ) =
∑R
r=0

G̃r,a,bX
r, G̃r,a,b ∈ Z[ ~A,Λ]

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉
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variables: ~A = {Ai,j}i+j≤d, X, Y, Λ

F = F ( ~A,X, Y ) =
∑

i+j≤d
Ai,jX

iY j =
d∑

j=0
fj( ~A,X)Y j

Φ = Φa,b(X,Y,Λ) = ΛXaY b − 1

gcd(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

Write

ResY (F,Φ) =
∑R
r=0

G̃r,a,bX
r, G̃r,a,b ∈ Z[ ~A,Λ]

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉
Ia,b = 〈Gs,a,b : s = 0, · · · , S〉 elimination ideal

Gs,a,b ∈ Z[ ~A]
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F =
∑
i+j≤dAi,jX

iY j, Φ = ΛXaY b − 1

gcd
Y

(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

ResY (F,Φ) =
∑R

r=0
G̃r,a,bX

r ,

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉, G̃r,a,b ∈ Z[ ~A,Λ]

Ia,b = 〈Gs,a,b : s = 0, · · · , S〉, Gs,a,b ∈ Z[ ~A]
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F =
∑
i+j≤dAi,jX

iY j, Φ = ΛXaY b − 1

gcd
Y

(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

ResY (F,Φ) =
∑R

r=0
G̃r,a,bX

r ,

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉, G̃r,a,b ∈ Z[ ~A,Λ]

Ia,b = 〈Gs,a,b : s = 0, · · · , S〉, Gs,a,b ∈ Z[ ~A]

Ṽa,b = V (Ĩa,b), Va,b = V (Ia,b)
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F =
∑
i+j≤dAi,jX

iY j, Φ = ΛXaY b − 1

gcd
Y

(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

ResY (F,Φ) =
∑R

r=0
G̃r,a,bX

r ,

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉, G̃r,a,b ∈ Z[ ~A,Λ]

Ia,b = 〈Gs,a,b : s = 0, · · · , S〉, Gs,a,b ∈ Z[ ~A]

Ṽa,b = V (Ĩa,b), Va,b = V (Ia,b)

~a= (ai,j)i+j≤d ∈ Va,b lifted to (~a, λ) ∈ Ṽa,b,
if ~a 6∈ V (leading coeff of G̃r,a,b in Λ, ∀r)
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F =
∑
i+j≤dAi,jX

iY j, Φ = ΛXaY b − 1

gcd
Y

(F,Φ) 6= 1 ⇐⇒ ResY (F,Φ) = 0

ResY (F,Φ) =
∑R

r=0
G̃r,a,bX

r ,

Ĩa,b = 〈G̃r,a,b : r = 0, · · · , R〉, G̃r,a,b ∈ Z[ ~A,Λ]

Ia,b = 〈Gs,a,b : s = 0, · · · , S〉, Gs,a,b ∈ Z[ ~A]

Ṽa,b = V (Ĩa,b), Va,b = V (Ia,b)

~a= (ai,j)i+j≤d ∈ Va,b lifted to (~a, λ) ∈ Ṽa,b,
if ~a 6∈ V (leading coeff of G̃r,a,b in Λ, ∀r)
(~a, λ) ∈ Ṽa,b means

gcd
Y

( ∑
i+j≤d ai,jX

iY j, λXαY β − 1
)
6= 1
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Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has K solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh, ord yh = nh
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Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has K solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh, ord yh = nh

Then
(
(ai,j)i+j≤d, (xh, yh)h=1,··· ,K

)
is a solution

to the system

∑
i+j≤d

Ai,jX
i
h
Y j
h

= 0

Φm
h
(Xh) = 0 h = 1, · · · ,K

Φnh
(Yh) = 0
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mth cyclotomic polynomial

Φm =
m∏
s=1

gcd(s,m)=1

(X − e2πi sm)

Φ1(x) = x− 1

Φ2(x) = x+ 1

Φ3(x) = x2 + x+ 1

Φ4(x) = x2 + 1

Φ5(x) = x4 + x3 + x2 + x+ 1

Φ6(x) = x2 − x+ 1
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Given K = K(d), m1, · · · ,mK, n1, · · · , nK
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Given K = K(d), m1, · · · ,mK, n1, · · · , nK
variables: ~A = {Ai,j}i+j≤d, { Xh, Yh}h=1,··· ,K
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Given K = K(d), m1, · · · ,mK, n1, · · · , nK
variables: ~A = {Ai,j}i+j≤d, { Xh, Yh}h=1,··· ,K

W = Wm
1
,··· ,m

K
,n

1
,··· ,nK defined over C by



∑
i+j≤d

Ai,jX
i
h
Y j
h

= 0

Φmh
(Xh) = 0 h = 1, · · · ,K

Φn
h

(Yh) = 0
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Given K = K(d), m1, · · · ,mK, n1, · · · , nK
variables: ~A = {Ai,j}i+j≤d, { Xh, Yh}h=1,··· ,K

W = Wm
1
,··· ,m

K
,n

1
,··· ,nK defined over C by



∑
i+j≤d

Ai,jX
i
h
Y j
h

= 0

Φmh
(Xh) = 0 h = 1, · · · ,K

Φn
h
(Yh) = 0

If K > 11d2, then W ⊂ ∪a,b≤d Va,b ∪ V1, where

Va,b = V (Ia,b), V1 = V (
∏

h1<h2≤K
(Xh1

−Xh2
))
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W

Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W

Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has K solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh , ord yh = nh
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W

Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has K solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh , ord yh = nh

Two possibilities:

• ∃h1 6= h2 and xh1
= xh2

=⇒ P ∈ V1
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Theorem (Beukers-Smyth)

f ∈ C[X,Y ], deg f = d

V (f) has more than 11d2 torsion points

Then V (f) has infinitely many torsion points, hence

∃φ|f(X,Y ) with φ = λXαY β−1 or λY β−Xα for

some λ ∈ C
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W

Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh , ord yh = nh

Two possibilities:

• ∃h1 6= h2 and xh1
= xh2

=⇒ P ∈ V1

• Otherwise, V (f) has > 11d2 torsion points hence

∃φ|f(X,Y ) with φ = λXαY β − 1 or λY β − Xα for some

λ ∈ C
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Proof.

Take P =
(
(ai,j)i+j≤d, ( xh, yh)h=1,··· ,K

)
∈W

Let f(X,Y ) =
∑

i+j≤d
ai,jX

iY j ∈ C[X,Y ]

f(X,Y ) = 0 has solutions (x
1
, y

1
), · · · , (x

K
, y

K
)

ord xh = mh , ord yh = nh

Two possibilities:

• ∃h1 6= h2 and xh1
= xh2

=⇒ P ∈ V1

• Otherwise, V (f) has > 11d2 torsion points hence

∃φ|f(X,Y ) with φ = λXαY β − 1 or λY β − Xα for some

λ ∈ C

ResY (f, φ) = 0
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, φ = λXαY β − 1

ResY (f, φ) = 0
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, φ = λXαY β − 1

ResY (f, φ) = 0

Write ResY (f, φ) =
∑R
r=0

G̃r,α,βX
r

G̃r,α,β

(
(ai,j)i+j≤d, λ

)
= 0 for r = 0, · · · , R.
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, φ = λXαY β − 1

ResY (f, φ) = 0

Write ResY (f, φ) =
∑R
r=0

G̃r,α,βX
r

G̃r,α,β

(
(ai,j)i+j≤d, λ

)
= 0 for r = 0, · · · , R. Hence

Gs,α,β
(
(ai,j)i+j≤d

)
= 0 for s = 0, · · · , S ,

and P ∈ Vα,β QED

71



∀Gs,a,b ∈ Ia,b, Va,b ⊂ V (Gs,a,b)
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∀Gs,a,b ∈ Ia,b, Va,b ⊂ V (Gs,a,b)

Define

G` =
∏

a,b≤d
Gs,a,b( ~A)

∏
h1<h2

(Xh1
−Xh2

),

where Gs,a,b( ~A) is any generator of Ia,b
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∀Gs,a,b ∈ Ia,b, Va,b ⊂ V (Gs,a,b)

Define

G` =
∏

a,b≤d
Gs,a,b( ~A)

∏
h1<h2

(Xh1
−Xh2

),

where Gs,a,b( ~A) is any generator of Ia,b

• G` vanishes on W
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Quantitative Nullstellensatz

((immediate from Krick-Pardo-Sombra)

F1, . . . , FN , G ∈ Z[X1, . . . , Xn],

D = max degFi ≥ 3, H = max log |coeff Fi|
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Quantitative Nullstellensatz

((immediate from Krick-Pardo-Sombra)

F1, . . . , FN , G ∈ Z[X1, . . . , Xn],

D = max degFi ≥ 3, H = max log |coeff Fi|
G vanishes on the variety

F1(X1, . . . , Xn) = . . . = FN(X1, . . . , Xn) = 0

76



Quantitative Nullstellensatz
((immediate from Krick-Pardo-Sombra)

F1, . . . , FN , G ∈ Z[X1, . . . , Xn],
D = max degFi ≥ 3, H = max log |coeff Fi|
G vanishes on the variety

F1(X1, . . . , Xn) = . . . = FN(X1, . . . , Xn) = 0

=⇒ ∃ b, r ∈ Z+, Q1, . . . , QN ∈ Z[X1, . . . , Xm]

bGr = F1Q1 + . . .+ FNQN

log b ≤ C(n)Dn+1(H + logN +D)
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∃ b` = b`(m1, · · · ,mK, n1, · · · , nK) ∈ Z \ {0},
∃ r` ∈ Z+
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∃ b` = b`(m1, · · · ,mK, n1, · · · , nK) ∈ Z \ {0},
∃ r` ∈ Z+ such that

b`G
r
`
` =

K∑
h=1

(Ψh

∑
i+j≤d

Ai,jX
i
h
Y j
h

+PhΦmh(Xh) +QhΦnh(Yh)),

(♣)
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∃ b` = b`(m1, · · · ,mK, n1, · · · , nK) ∈ Z \ {0},
∃ r` ∈ Z+ such that

b`G
r
`
` =

K∑
h=1

(Ψh

∑
i+j≤d

Ai,jX
i
h
Y j
h

+PhΦmh(Xh) +QhΦnh(Yh)),

(♣)

where Ψh, Ph, Qh ∈ Z[ ~A, {Xh, Yh}h=1,··· ,K].

log b` ≤ C(d) T cd
2

with an absolute constant c > 0.
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For prime p such that

gcd
(
p, b`(m1, · · · ,mK, n1, · · · , nK)

)
= 1

for all m1, · · · ,mK, n1, · · · , nK < T, and for all `
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For prime p such that

gcd
(
p, b`(m1, · · · ,mK, n1, · · · , nK)

)
= 1

for all m1, · · · ,mK, n1, · · · , nK < T, and for all `

Assume f =
∑
i+j≤d ai,jX

iY j has K > 11d2

solutions (xh, yh) ∈ Fp × Fp with xh1
6= xh2

and

ordxh = mh,ordyh = nh < T, h = 1, · · · ,K
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For prime p such that

gcd
(
p, b`(m1, · · · ,mK, n1, · · · , nK)

)
= 1

for all m1, · · · ,mK, n1, · · · , nK < T, and for all `
Assume f =

∑
i+j≤d ai,jX

iY j has K > 11d2

solutions (xh, yh) ∈ Fp × Fp with xh1
6= xh2

and
ordxh = mh,ordyh = nh < T, h = 1, · · · ,K
Let Ai,j = ai,j, Xh = xh, Yh = yh in

b`G
r
`
` =

K∑
h=1

(Ψh

∑
i+j≤d

Ai,jX
i
h
Y j
h

+PhΦmh(Xh) +QhΦnh(Yh)),

(♣)
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For prime p such that

gcd
(
p, b`(m1, · · · ,mK, n1, · · · , nK)

)
= 1

for all m1, · · · ,mK, n1, · · · , nK < T, and for all `

Assume f =
∑
i+j≤d ai,jX

iY j has K > 11d2

solutions (xh, yh) ∈ Fp × Fp with xh1
6= xh2

and

ordxh = mh,ordyh = nh < T, h = 1, · · · ,K
Let Ai,j = ai,j, Xh = xh, Yh = yh in (♣)

=⇒ RHS= 0
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For prime p such that

gcd
(
p, b`(m1, · · · ,mK, n1, · · · , nK)

)
= 1

for all m1, · · · ,mK, n1, · · · , nK < T, and for all `

Assume f =
∑
i+j≤d ai,jX

iY j has K > 11d2

solutions (xh, yh) ∈ Fp × Fp with xh1
6= xh2

and

ordxh = mh,ordyh = nh < T, h = 1, · · · ,K
Let Ai,j = ai,j, Xh = xh, Yh = yh in (♣)

=⇒ RHS= 0

=⇒ G`((ai,j)i+j≤d, (xh)h=1,··· ,K) = 0
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Claim. ~a = (ai,j)i+j≤d ∈ Va,b for some (a, b)
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Claim. ~a = (ai,j)i+j≤d ∈ Va,b for some (a, b)

Proof. If ~a 6∈ Va,b, ∀(a, b), then

∀(a, b), ∃Gs,a,b(~a) 6= 0 for some s
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Claim. ~a = (ai,j)i+j≤d ∈ Va,b for some (a, b)

Proof. If ~a 6∈ Va,b, ∀(a, b), then

∀(a, b), ∃Gs,a,b(~a) 6= 0 for some s

Let G`( ~A, {Xh}h=1,··· ,K)

=
∏

a,b≤d
Gs,a,b( ~A)

∏
h1<h2

(Xh1
−Xh2

)
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Claim. ~a = (ai,j)i+j≤d ∈ Va,b for some (a, b)

Proof. If ~a 6∈ Va,b, ∀(a, b), then

∀(a, b), ∃Gs,a,b(~a) 6= 0 for some s

Let G`( ~A, {Xh}h=1,··· ,K)

=
∏

a,b≤d
Gs,a,b( ~A)

∏
h1<h2

(Xh1
−Xh2

)

Then G`((ai,j)i+j≤d, (xh)h=1,··· ,K) 6= 0 →←
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, Φ = λXaY b − 1

gcd(f,Φ) 6= 1 ⇐⇒ ResY (f,Φ) = 0
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, Φ = λXaY b − 1

gcd(f,Φ) 6= 1 ⇐⇒ ResY (f,Φ) = 0

ResY (f,Φ) =
∑R
r=0

G̃r,α,βX
r
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, Φ = λXaY b − 1

gcd(f,Φ) 6= 1 ⇐⇒ ResY (f,Φ) = 0

ResY (f,Φ) =
∑R
r=0

G̃r,α,βX
r

~a= (ai,j)i+j≤d ∈ Va,b can be lifted to (~a, λ) ∈ Ṽa,b,
if ~a 6∈ Ua,b = V (leading coeff of G̃r,a,b in Λ, ∀r).
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f(X,Y ) =
∑

i+j≤d
ai,jX

iY j, Φ = λXaY b − 1

gcd(f,Φ) 6= 1 ⇐⇒ ResY (f,Φ) = 0

ResY (f,Φ) =
∑R
r=0

G̃r,α,βX
r

~a= (ai,j)i+j≤d ∈ Va,b can be lifted to (~a, λ) ∈ Ṽa,b,
if ~a 6∈ Ua,b = V (leading coeff of G̃r,a,b in Λ, ∀r).

(~a, λ) ∈ Ṽa,b means Φ|f →←
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Theorem’ (C-Kerr-Shparlinski-Zannier)

f1, . . . , fm ∈ Z[X1, . . . , Xn]

V = V (f1, . . . , fm) irreducible over C
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Theorem’ (C-Kerr-Shparlinski-Zannier)

f1, . . . , fm ∈ Z[X1, . . . , Xn]

V = V (f1, . . . , fm) irreducible over C
Assume V does not contain curve parametrized by

X1 = ρ1T
k1, . . . , Xn = ρnT kn, where

ρ1, . . . , ρn are roots of unity, and k1, . . . , kn ∈ Z.
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Theorem’ (C-Kerr-Shparlinski-Zannier)
f1, . . . , fm ∈ Z[X1, . . . , Xn]

V = V (f1, . . . , fm) irreducible over C
Assume V does not contain curve parametrized by
X1 = ρ1T

k1, . . . , Xn = ρnT kn, where
ρ1, . . . , ρn are roots of unity, and k1, . . . , kn ∈ Z.
Then ∃C = C(V) s.t. for almost all p

#
(x1, . . . , xn) ∈ Vp ⊂ Fnp :

max{ordx1, . . . ,ordxn} < ε(p)p1/2n
 < C
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