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Poonen Conjecture

A = semiabelian variety over [,
X < A subvariety

Z = U a)

acX, V<X B
dim Y>0, semiabelian over Fq

r € (X —2Z)(Fy), degx = [Fy(x) : Fy] = d
Then

ord x > qdc

for some absolute constant ¢ > O.
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Special case: A = Gm(Fp) x Gm(Fp)
Theorem (Voloch)

f(X,Y) € Fp[X, Y] absolutely irreducible
(under some natural condition on f)

(z,y) € V(f) such that

degr =d = [Fy(z) : Fg] > 0
Then Ve > 0,30 > O such that

either ordz > d? € or ord y > exp(d(log d)2)
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

forany f(X,Y) € Fp[X, Y] irreducible, deg f = d
16| F(X,Y) with ¢ = ¢(X,Y) = AX*YP — 1 or
AYP — X X\ €Ty.
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

forany f(X,Y) € Fp[X, Y] irreducible, deg f = d
16| F(X,Y) with ¢ = ¢(X,Y) = AX*YP — 1 or
AYP — X% X\ € TFp. Then

#{(:n,y) €Ty x Fp: f(z,y) =0,

ordx + ordy < p2/<89d2+3d+14)} < 1143 + d
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Theorem (Lang-lhara-Serre-Tate) over C
V. irreducible curve in A = Gy, X G
V' has infinitely many torsion points.
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Theorem (Lang-lhara-Serre-Tate) over C

V. irreducible curve in A = Gy, X G

V' has infinitely many torsion points.

Then V is a translate of a subgroup of A by a torsion
point, i.e.

V={(z,y) : 2" =ny°}

for some root of unity 7.
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Theorem (Beukers-Smyth)
feClX,Y], deg f =d
V (f) has more than 11d? torsion points
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Theorem (Beukers-Smyth)
feClX,Y], deg f =d
V (f) has more than 11d? torsion points

Then V (f) has infinitely many torsion points,
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Theorem (Beukers-Smyth)

feCl|X,Y],deg f =d

V(f) has more than 11d? torsion points

Then V() has infinitely many torsion points, hence
3| f(X,Y) with ¢ = ¢(X,Y) = AX2YP — 1 or
AYP — X for some A € C
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Theorem (Conway-Jones)
U = {roots of unity}

Let aq, -+ ,an € Q\ {0}
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Theorem (Conway-Jones)
U = {roots of unity}
Let aq,--- ,an € Q\ {0}. Then

n
+ {nondeg solutions of Y a;x; = 1in U}
i=1

=O< exp (cn3/2(log n) 1/2)>.
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A solution (x1,--- ,xm) of the equation
m
Y cix;=1,c;, € C
i=1
Is called nondegenerate, if
>, cix; 7= 0
icl
for all subsets I C {1,--- ,m}.
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Theorem (Evertse-Schlickewei-Schmidit)
< {(C* ), rank [ =17
c1,---,cm € C\ {0}
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Theorem (Evertse-Schlickewei-Schmidit)
< {(C* ), rank [ =17

c1,---,cm € C\ {0}

Then

m
# {nondeg solutions of > c;x; = 1 in I‘}
i=1

< exp ((r 4 1)(6m)3™)
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Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

forany f(X,Y) € Fp[X, Y] irreducible, deg f = d
16| F(X,Y) with ¢ = ¢(X,Y) = AX*YP — 1 or
AYP — X% X\ € TFp. Then

#{(:n,y) €Ty x Fp: f(z,y) =0,

ordx + ordy < p2/<89d2+3d+14)} < 1143 + d
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Fixa € N, a# —1, square
Define f(p) = ordy(a)
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Fixa €N, a# —1, square

Define f(p) = ordy(a)

Artin Conjecture

f(p) = p — 1 for infinitely many primes p
Hooley GRH = Artin

Gupta-Murty #{a : Artin fails} < oo
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Fixa €N, a# —1, square
Define f(p) = ordy(a)
Artin Conjecture
f(p) = p — 1 for infinitely many primes p
Hooley GRH = Artin
Gupta-Murty #{a : Artin fails} < oo
Heath-Brown
#{a : a = prime and Artin fails} <2
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Fixa €N, a# —1, square
Define f(p) = ordy(a)
Artin Conjecture
f(p) = p — 1 for infinitely many primes p
Hooley GRH = Artin
Gupta-Murty #{a : Artin fails} < o
Heath-Brown

#{a : a = prime and Artin fails} < 2
e.g. among 2, 3, 5, at least one of them is a

primitive root for > (6 )2 primes p < x
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Fixa €N, a# —1, square
Define f(p) = ordy(a)

Theorem (Erdos-Murty)
For any function e(z) — 0 as z — o©
1/2+¢(p)

p
f(p) > 0a

except for o (log ~) many primes p < x
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Proof of Erdos-Murty .

f(p) = ordp(a) < z = p| ;. (a" —1) =B

30



Proof of Erdos-Murty .

f(p) = ordp(a) < z = p| ;. (a" —1) =B

the number of prime factors of B is bounded by

log B ¢ 2
0( 09 >=o v ' l=0pl "
loglog B t<~1l0gt l0g z
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Proof of Erdos-Murty .

f(p) = ordp(a) < z = p| ;. (a" —1) =B

the number of prime factors of B is bounded by

log B ¢ 2
0( 09 >=o v ' l=0pl "
loglog B t<~1l0gt l0g z

1/2
log x

Then f(p) < ,‘g;/i holds for O <(|05‘7$)3> primes

Take z =
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Lemma (Erdos-Murty)
o > 0O fixed.
e(x) = any functions. t. limg—soce(x) =0

Hp <z:3dd|p—1, de (335,565+€($)H = 0( * )
log x
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Lemma (Erdos-Murty)
o > O fixed.
e(x) = any functions. t. limg—oce(x) =0

Hp <z:3dd|p—1, dEe (335,335_'_6(“5)}‘ =0 (IOZ x)

r1/24e(z)
Take 6 = 1/2 . Then f(p) < holds
l0og x
X : : xr
foro( ) primes in | —, x|.
l0g x 2
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)
Ve > 0, dm = m(e) such that
forx € Z andforT'= T (x) > O,
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)
Ve > 0, dm = m(e) such that
forx € Z and for T'= T'(x) > 0O, we have

max{ordy(z + 1),--- ,ordy(z 4+ m)} > T17¢
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Theorem (Bourgain-Garaev-Konyagin-Shparlinski)
Ve > 0, dm = m(e) such that
forx € Z and for T'= T'(x) > 0O, we have

max{ordy(z + 1),--- ,ordy(z 4+ m)} > T17¢

T
log T’

for all primes p < T except < e many excep-

tions
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Theorem (C)

(1). For most primes p, let ¢ = p" for some m.

Let 5 € IFqgn satisfy some natural condition.
Then

C

1 __c
ord (6 + 5) > 101 logn  forsome c > 0
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Theorem (C)

(1). For most primes p, let ¢ = p" for some m.

Let 5 € IFqgn satisfy some natural condition.
Then

1 __c
ord (6 + 5) > pl logn  for some ¢ > O

(2). For almost all primes p,
Vs € Fj with ordp(s) > 3,

max{ordy(s),ordp(s + 1)} > p1/4+€,

where e = ¢(p) — 0 as p — oo.
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recall

Theorem (C-Kerr-Shparlinski-Zannier)

Fixed d, for almost all prime p,

forany f(X,Y) € Fp[X, Y] irreducible, deg f = d
16| F(X,Y) with ¢ = ¢(X,Y) = AX*YP — 1 or
AYP — X X € Fp. Then

#{(xay) S FP X Fp : f(il?,y) — O)
ordx + ordy < e(p)pz/(89d2+3d+14)} <11d3+d

for any function e(z) — 0 as z — oo.
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FX,Y) =5, 40 XY
30| f(X,Y) with ¢ = ¢(X,Y) = AXYP — 1
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FX,Y) =5, 40 XY

30| f(X,Y) with ¢ = ¢(X,Y) = AXYP — 1
More generally, consider f(X,Y) and ¢(X,Y) with
common factor of positive degree in Y
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FX,Y) =5, 40 XY

30| f(X,Y) with ¢ = ¢(X,Y) = AXYP — 1

More generally, consider f(X,Y) and ¢(X,Y) with

common factor of positive degree in Y

(new) variables: A = {A; ;j}i+icas X, Y, A

Instead of f(X,Y) =%, ,,a;;X"Y7 and
H(X,Y) =2X2YP — 1, we study
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FX,Y) =5, 40 XY
30| f(X,Y) with ¢ = ¢(X,Y) = AXYP — 1
More generally, consider f(X,Y) and ¢(X,Y) with
common factor of positive degree in Y
(new) variables: A = {A4; ;j}i+ica X, Y, A
Instead of f(X,Y) =%, ,a;;X"Y7 and

H(X,Y) =AX2YP — 1, we study
F=FAXY)= Y A ;XY

i+j<d

P =D, (X,Y,A) =AXYP -1
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variables: A = {4; ;}iti<a, X, Y, A

. . d , .
F=FAXY)= > A ; XY/ =3 fi(AX)Y’
i+j<d j=0

® =, (X, Y,\) = AXY? 1
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variables: A = {4; ;}iti<a, X, Y, A
) . d ., .
F=FAX,Y)= Y A XY= fi(AX)Y/
i+j<d j=0
® =D, (X,Y,A) = AXYP 1

gcd, (F,®) #1 <= Res, (F,®)=0
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F = Z;Z:o fi(AX)YI, &=AXxYt-1

Res, (F, ®)

—det

fo(A, X) f1(4,X)
0 fo(A, X)

O O
O O
—1

fo(A4, X)

O
O
AXY 0
NX?
NX?
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variables: A = {4; ;}iti<a, X, Y, A

5 L d 5 .
i+j<d j=0

D = D, (X, Y,A) = AXY" - 1
gCcd(F,P) #1 <= Res, (F,P) =0
Write

Res, (F,®) =x"_ G X", Gpqp € ZIA,A]

r,a,b
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variables: A = {4; ;}iti<a, X, Y, A

5 L d 5 .
i+j<d j=0

D = D, (X, Y,A) = AXY" - 1
gCcd(F,P) #1 <= Res, (F,P) =0
Write

Res, (F,®) =x"_ G X", Gpqp € ZIA,A]

Ia,,b — <Gr,a,b r=20,---,R)

r,a,b
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variables: A = {4; ;}iti<a, X, Y, A
B 4 .
F=FAX,Y)= Y A XY= fi(AX)Y/
=0

1+5<d J=
D = D, (X, Y,A) = AXY’ - 1
gCcd(F,P) #1 <= Res, (F,P) =0
Write
Res, (F,®) =5 G X", Gpqp € Z[A,A]
INa,b — <ér,a,b r=20,---,R)
Iopy=(Ggqp:s=0,---,8) elimination ideal
Gs,a,b S Z[g]
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F=5%_ _,A4;XY, &=AX%Y"-1
gcd,, (F, P) ;& 1 <= Res,(F,P)=0
Res, (F,P) = G X",

r,a,b

—_—

ia,b — <Gr,a,b LT = Oa T 7R>= (N;fr',a,b S Z[A: /\]
Inpy =(Gsap:5=0,--+,8), Gsap € Z[A]
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_ b
F=5%,_,4;XY, &=AXY"-1
gcd, (F,P) #1 <= Res, (F,®)=0
Res, (F,P) = G X",

r,a,b

~ —_

Iy =(Grap:7=0,--+,R), Gp..p€Z[AN]
Ia,b — <Gs,a,b s =20, 7S>= Gs,a,b S Z[g]
Va,b — V(Ia,b)a Va,b — V(Ia,b)
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_ b
F=5%,_,4;XY, &=AXY"-1
gcd, (F,P) #1 <= Res, (F,®)=0
Res, (F,P) = G X",

r,a,b

~ —_

Ia,b — <Gra b1 =20, R>= (N;r,a,b S Z[A: AY

~

a,b — <Gs,a,b s =0, 7S>= Gs,a,b S Z[g]

Va b — (ia,b)a Va,b — V(Ia,b)
= (i) i4i<q € Va lifted to (@, N) € V,,
if @ € V (leading coeff of Gm p In A, Vr)

@l

93



_ b
F=5%,_,4;XY, &=AXY"-1
gcd, (F,®P) #1 <= Res, (F,®)=0
Res, (F,P) = G X",

r,a,b

~ ——

Iop = <Gr,a,b 1 =0, ,R), Gpqyp € ZL[AN]
Inpy={(Gsqap:5=0,---,8), Ggap € Z[A]
Var=VUup), Vap=VUup)
0= (ajj);y<q € Vap lifted to (@, \) € V3,
if @ ¢ V(leading coeff of G, in A, Vr)
(@,\) € V,, means

9Cdy (i eq @i XY, AXOYF 1) £ 1
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Let f(X,Y) = ¥ a;,; XV € C[X,Y]
i+j<d
f(X,Y) = 0 has K solutions (a:l,yl), e (a:K,yK)

ordx, =m,, ordy, =n,
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Let f(X,Y) = ¥ a;,; XV € C[X,Y]

1+j<d
f(X,Y) = 0 has K solutions (a:l,yl), e (a:K,yK)
ordx, =m,, ordy, =n,
Then ((ai,j)i+j§d7 (aih,yh)h:17...,[(> IS a solution
to the system
| A XiyT =
z’+%:§d Wheh
<CDmh(Xh):O h=1--- K
P, (Y,)=0

o6



mth cyclotomic polynomial
m by S
Cbm — H (X — € WZE)

s=1
gcd(s,m)=1

di(zx) =a—1

br(z) =ax+1

dy(x) =224+ 2x+1

Py(z) =22+ 1

Pe(x) =%+ a3+ 2242+ 1
Pg(x) =22 —x+1
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Given K = K(d), my,---

,mK7 n].’...
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Given K = K(d), my, -+ ,Mp, Ny, - , Ny

variables: A = {A; j}iti<ar { X YVituer . x
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Given K = K(d), my, -+ ,Mp, Ny, - , Ny
variables: A = {A; j}iti<ar { X YVituer . x
W =Wm_,;m_ n, - n, defined over C by
T AXY] =0

1P, (X,) =0 h=1,--- K
D, (V) =0
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Given K = K(d), my, -+ ,Mp, Ny, - , Ny
variables: A = {A; j}iti<ar { X YVituer . x
W =Wmn_ . m n, defined over C by

.
| A X'VI =0
z‘+%:§d bl hoh

(P, (X,) =0 h=1 ... K

If K > 11d?, then W C U_,_, Vap U V1, where

Va,b — V(Ia,b): Vi=V( 1II (Xhl — Xhz))
h1<ho<K
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Proof.

Take P = ((aj;)itj<d> (T Ypdper.. k) EW
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Proof.

Take P = ((aj;)itj<d> (T Ypdper.. k) EW

Let f(X,Y) = ¥ a;; X'V € C[X, Y]
i+j<d
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Proof.

Take P = ((aj;)itj<d> (T Ypdper.. k) EW
Let f(X,Y) = 3 a;j XY/ € CIX,Y]
i+j<d
f(X,Y) = 0 has K solutions (z,,y,), -+ ,(z_,y,.)

ord x, = m,, ordy, =n,
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Proof.

Take P = ((ai,j)i+j§da (zy, yh>h=1,---,K) cW

Let f(X,Y) = Y a;,; X'V eC[X,Y]
f(X,Y)=0 h:sr]lg(d solutions (z,y,), -+, (z,,y,)
ord z, =m,, ordy, =n,

Two possibilities:

¢ Jhy #h, and z, ==z, == PeW
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Theorem (Beukers-Smyth)

feCl|X,Y],deg f =d

V(f) has more than 11d? torsion points

Then V() has infinitely many torsion points, hence
Jo|f(X,Y) with ¢ = AX2YP —1 or A\YP — X for
some A € C

66



Proof.

Take P = ((a;)itj<d (T Y)pe1.. k) €W

Let f(X,Y) = Y a;; X"V’ € C[X,Y]

f(X,Y)=0 h:sr]sgcc)ilutions (azl,yl), e ,(:UK,yK)

ordxz, =m,, ordy, =n,

Two possibilities:

e Jh, = h, and Ty, =Ty, = PeVvy

e Otherwise, V(f) has > 11d? torsion points hence

3| f(X,Y) with ¢ = AX?2YP — 1 or A\YP — X< for some

AeC
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Proof.

Take P = ((a;)itj<d (T Y)pe1.. k) €W

Let f(X,Y) = Y a;; X"V’ € C[X,Y]

f(X,Y)=0 h:sr]sgcc)ilutions (azl,yl), e ,(:UK,yK)

ordxz, =m,, ordy, =n,

Two possibilities:

e Jh, = h, and Ty, =Ty, = PeVvy

e Otherwise, V(f) has > 11d? torsion points hence

3| f(X,Y) with ¢ = AX?2YP — 1 or A\YP — X< for some
AeC

Resy (f,¢) =0
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FX,Y)= ¥ a;: X'V, ¢=2XYF -1
1+j<d
Resy(fa ¢) =0
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fGY)= % 0 ;i XY, ¢=2XYF -1
1+7<d
Res, (f,¢) =0

Write Resy(f: Qb) — Z7~R:O GT,O&ﬁXT
ér,a,ﬁ ((ai,j)i+j§d7 )\> —=QOforr=20,---,R.
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FX,Y)= ¥ a;: X'V, ¢=2XYF -1
1+7<d

Resy(fa ¢) =0

Write Res,.(f, ¢) = Zfzo éwj s X"

ér,a,ﬁ ((a’i,j)i+j§d7 )\) =Q0forr=20,---,R. Hence

Gs,0,8 ((ai,)itj<a) = 0fors =0,--- 8,

and P & Va,ﬁ QED
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\V/Gs,a,b S Ia,bv

Va,,b C V(Gs,a,b)
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\V/Gs,a,b S Ia,bv Va,,b C V(Gs,a,b)

Define

Gy= I Gs,a,b(g) 11 (Xhl_Xh2)7
a,b<d h1<ho

where G, ,(A) is any generator of I,
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\V/Gs,a,b S Ia,bv Va,,b C V(Gs,a,b)

Define

Gy= I Gs,a,b(g) 11 (Xhl_Xh2)7
a,b<d h1<ho

where G, ,(A) is any generator of I,

e (Gyvanisheson W
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Quantitative Nullstellensatz

((immediate from Krick-Pardo-Sombra)
Fi,....Fy, G € Z[Xl,...,Xn],
D = maxdeg F; > 3, H = max log |coeff F}|
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Quantitative Nullstellensatz

((immediate from Krick-Pardo-Sombra)

Fi,...,Fy, G€Z[Xq1,...,Xn],

D = maxdeg F; > 3, H = max log |coeff F}|
GG vanishes on the variety

Fi(X1,...,Xn)=...= Fn(X1,...,Xp) =0
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Quantitative Nullstellensatz

((immediate from Krick-Pardo-Sombra)

Fi,...,Fy, G € Z[X1,...,Xn],

D = maxdeg F; > 3, H = max log |coeff Fj|
G vanishes on the variety

Fi(X1,....Xpn)=...=Fy(X1,...,Xn) =0
— 3b,rcZT, Q1,....Qn €Z[X1,..., Xm]
bGT:FlQ]_—l——I—FNQN

logb < C(n)D"TY(H 4+ log N + D)
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36, = b(my, - ,mp,nqg, - ,n.) € Z\ {0},
HTEEZ_I_
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36, = b(my, - ,mp,nqg, - ,n.) € Z\ {0},
37, € ZT such that

bGEZ \U A XZYJ
( Zl( Z+]Z<d i (&)

_l_PhCDmh(Xh) _I_ thbnh(yh))a

79



36, = b(my, - ,mp,nqg, - ,n.) € Z\ {0},
37, € ZT such that

K
.
bGyl= % (W, ¥ A, X'y
e h—l idi<a ()
where W, Py, Qp, € Z[A, {Xp, Yy} p=1... k.
l0g by < C(d) TV

with an absolute constant ¢ > O.
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For prime p such that

ng <p7 bg(mla e

for all m, - --

7mK’fn/1,...

g TN gry TV y = " - 7nK)) =1

,n, <T,and for all ¢
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For prime p such that

ng <p7b£(m17"° g TN gry TV y = " - 7nK)) =1
forall my,--- ,my,ny,---,n, <T, and for all £
Assume f =%, . a, . X"Y7 has K > 11d?

solutions (z,,vy,) € Fp x Fp with , 7 ¥, and

orde, =m,,ordy, =n, <1, h=1,--- , K
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For prime p such that

ng (p7bg(m17”' s MM gry Ty * - 7nK)) =1

forallmy, - ,mg,ny, -+ ,n, <T,andforall £
Assume f =%, . a, . X"Y7 has K > 11d?
solutions (z,,vy,) € Fp x Fp with z, 7 ), and
orde, = m,,ordy, =n, <1, h=1,--- | K
LetA,L.. X, =uz,,Y, =y, in

zg’

bGeZ v, A AX'ZYﬁ7
/ Zl( Z+§<d i (&)
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For prime p such that
ng <p7b£(m17"° g TN gry TV y = " - 7nK)) =1

forall my,--- ,my,ny,---,n, <T, and for all £
g

it i<d ”XZYJ has K > 11d

solutions (z,,vy,) € Fp x Fp with T, 7 T, and

orde, =m,,ordy, =n, <1, h=1,--- , K

Let A, ; = X, =uz,,Y, =y, in (&)

7,]7

— RHS= 0

Assume f = %
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For prime p such that
ng (pabg(mla'” s MM gry Thqy = * 7nK)) =1

forallmy, - ,mg,ny, -+ ,n, <T,andforall £
2

iticq @ XY has K > 11d

solutions (z,,y,) € Fp x Fp with T o= T, and

Assume f = %

orde, = m,,ordy, =n, <1, h=1,--- | K
Let A, ; = a, ;,, X, = x,,Y, =y, In (&)
—> RHS=0

— Gﬁ((ai,j)iﬂéd’ (xh)hzl,---,K) =0
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Claim. @ = (a;;);; <4 € Va for some (a,b)
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Claim. @ = (a;;);; <4 € Va for some (a,b)
Proof. Ifd & V,p,V(a,b), then

V(a,b), 3G, (@) = 0 for some s
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Claim. @ = (a;;);; <4 € Va for some (a,b)
Proof. Ifd & V,p,V(a,b), then

V(a,b), 3G, (@) = 0 for some s

Let Gy(A, { X, =1 K)

= I Geap(A) T (Xp, — Xp,)
a,b<d hi<ho

88



Claim. @ = (a;;);; <4 € Va for some (a,b)
Proof. Ifd & V,p,V(a,b), then

V(a,b), 3G, (@) = 0 for some s

Let Gy(A, { X, =1 K)

= I Geap(A) T (Xp, — Xp,)
a,b<d hi<ho

Then Gg((ai,j)i+j§d> (xh)hzl,...,}(> 0 —<
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FIX,Y)= ¥ a;; XV, &=x2x%"-1
1+j<d
gcd(f,®) #1 <= Res, (f,P)=0
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FIX,Y)= ¥ a;; XV, &=x2x%"-1
1+j<d
gcd(f,®) #1 <= Res, (f,P)=0

Res, (f, ®) = zfzo G, o5 X"
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FIX,Y)= ¥ a;; XV, &=x2x%"-1
1+j<d
gcd(f,®) #1 <= Res, (f,P)=0

Res, (f, ®) = zfzo G, o5 X"

a= (a;j);y,<q € Va,p can belifted to (@, \) € V,,
if @ ¢ U, , = V(leading coeff of G, in A, Vr).
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FIX,Y)= ¥ a;; XV, &=x2x%"-1
1+j<d
gcd(f,®) #1 <= Res, (f,P)=0

Res, (f, ®) = zfzo G, o5 X"

a= (a;j);y,<q € Va,p can belifted to (@, \) € V,,
if @ ¢ U, , = V(leading coeff of G, in A, Vr).

(@,\) €V, means &|f >
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Theorem’ (C-Kerr-Shparlinski-Zannier)

f17°'°7fm S Z[X177Xn]
Y =V(f1,...,fm) irreducible over C
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Theorem’ (C-Kerr-Shparlinski-Zannier)
f1,..., fm € Z| X1, ..., Xn]

Y =V (f1,...,fm) irreducible over C

Assume V does not contain curve parametrized by
X1 =p1Tk1, ... X, = ppTFn, where

01, ..., pn areroots of unity, and k4,...,k, € Z.
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Theorem’ (C-Kerr-Shparlinski-Zannier)

fi,..., fm € Z[ X1, ..., X4]

Y =V (f1,...,fm) irreducible over C

Assume V does not contain curve parametrized by
X1 =p1TF1, ... X, = ppTFn, where

po1,-..,pn are roots of unity, and kq,...,kn € Z.
Then 3C' = C' (V) s.t. for almost all p

#{(a:l,...,:cn) cVp CFy:
max{ordxzq,...,ordxz,} < e(p)pl/Qn} <C
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