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Presentation by Jennifer Park

1 Motivation

Hilbert’s Tenth Problem over R; H10R: Is there an algorithm to decide, given a polynomial
equation f(xy,--- ,x,) = 0with f(xy,--- ,z,) € Rlxy,- -, x,], whether or not it has a solution
with z1,--- ,x, € R.

H10(Q) (and H10K for K a number field) are open.

A possible approach to produce a negative result for these question: Suppose that we can find
a polynomial p € K[t,y1, - , Y] such that Ox = {a € K |3b € K™ p(a,b) = 0}.

Claim: If such a p exists, and if H10QOk is known to have a negative answer then HIOK also
has a negative answer.

Proof. Suppose for contradiction that there is an algorithm for HIOK and let f € Ok|xy,- -, ,).
Consider the system of equations f(x1, -+ ,2,) = 0, p(x1, Y11, * s Y1m) = 0y cees D(Tys Yn1s -+ 5 Yrum ) —
0. Then by taking a degree two extension of K, K (,/c), for two polynomials f, g we can express
f=0Ag=0as Nm(f + /cg) = 0, which is again a polynomial. Then do induction. [

Definition 1. A C R is Diophantine if In € Z. and p € R[t,y1,--- ,y,] such that A = {a €
R|3b € R" f(a,b) = 0}

Theorem 1. (Robinson, 1949) There is a polynomial q € Q[t, x1, T2, Y1, , Y7, 21, , 2] Such
that 7. = {te @|va17a23b17"' ,b7v01,"' ,Ce € @g(t7a17a27b17"' 7b77017”' 766) :0}

Theorem 2. (Poonen, 2009) There is a polynomial h € K|t, x1,x2, 41, ,y7] satisfying O =
{t < K]Val,agElbl, s ,b7 c K h(t,al,ag,bl, cee ,b7> = O}

Theorem 3. (Koenigsman) There is a polynomial f € Q[t,xy, -, x4s] satisfying Z = {t €
Q|Vay, - ,aus € Q h(t,a1, -+ ,aus) = 0}. Q\ Z is Diophantine.

Theorem 4. Park, 2012 K \ Ok is Diophantine.

2 Q) Z is Diophantine
The idea is to use the following Diophantine sets as building blocks: for a,b € Q*

Sap = {221 € Q : Fxg, 73,74 € Q 27 — ax3 — ba3 + abx] = 1}

The trace of norm one elements of a,b: T,;, = S, + Sap. Which is diophantine as it is
{1+ 29| F21, 20 € Sap}-
Koenigmann showed: () (1.1, +71_3,) = N L)
peQX p=3 mod &,p prime

m (TQ,p + T—2,p) = m Z(p)
peQ* p=5 mod 8,p prime

ﬂ (T—l,p + TQ,p) - ﬂ Z(p)
peQ* p=T7 mod 8,p prime



ﬂ (T—p,q + TQILq) = ﬂ Z(P)

peQX p=1 mod 8,p prime
Using this you can show that Z,) is diophantine. Then

7. = Zig N ﬂ [(T—Lp + T_27p) n---1
peQ*

which gives a vV definition of Z in Q.
To get an V definition:

Proposition1l. 1. T,,+ 1., = N L(y).-

p prime,(a,b)p=(c,d)p=—1

2. Ifthe Jacobson radical of the ring T, , + 1. 4 is Diophantine then U Ly is
p prime,(a,b)p=(c,d)p=—1
defined with one universal quantifier.

3. Most of the rings appearing above have diophantine Jacobson radical, and

Z:Z(g)ﬂ m ( U Z(Z)"')

p,g€Q* £ prime,(—1,0)p,=(—2,0)p=—1

3 Over Number Fields

Biggest obstruction: how to generalize things like p = 3 mod 8? Look more closely at the Hilbert
symbol.

Sup(K) :={2x1 € K : wg,x3,74 € K 2% — ax3 — bz + abzi =1}

If V/—1,v/-2¢€ Kthen () (T_1,(K)+ T ,,(K)) =K.

peQ
Question: What number theoretic construction gives
Ta,b<K) + Tc,d<K) = ﬂ (OK)p
p prime, (a,b)p=(c,d)p=—1
q—1
ayp(b)
What is known is that if a,b € K* then (a,b), = ((—1)*»@*»®)red,( ) )
Vpa

for g = |F,|.

Suppose that a is a p-adic unit. Then (a, p), = —1 if and only if v(p) is odd and red,(a) in IF,,
is not a square.

red,(a) € F2 if and only if a € (K*)? if and only if p, splits in K (\/a)/K.

Artin Homomorphism: Given L/K a finite extension, L = K (y/a) we have the morphism
Y I°* — Gal(L/K) = {£1} that maps p — (a/p) Legendre symbol = 1 is a is a square mod p
and —1 otherwise.

And consider the map v : I°* — Gal(K (y/a,Vb)/K) = {41} mapping p — [(a/p), (/)]

(Legendre symbols).
Using these maps we can show
Proposition2. (| 7, .(K)+T,,(K) = N (Ok)y
pEKX pprime,w(p):(—l,—l)

Given this proposition, much of Koenigsman’s previous argument goes through and the result
is proved.



