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Basic definitions

structure M = (M;R
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formula 9x8yR
1

(x , y) _ ¬R
2

(x , y)

language L

satisfaction M |= '
ā 2 M, M |=  (ā)

theory T : (consistent) set of sentences

model M |= T

definable set  (x̄) �!  (M) = {ā 2 M |x̄ | : M |=  (ā)}
usually definable set means definable with parameters:
✓(x̄ ; b̄) �! ✓(M; b̄) = {ā 2 M |x̄ | : M |= ✓(ā; b̄)}
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Compactness

Theorem (Compactness theorem)

If all finite subsets of T are consistent, then T is consistent.
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Uses of compactness

Transfer from finite to infinite.

From infinite to finite:
Approximate subgroups (see tutorial on multiplicative

combinatiorics)
Szemered́ı’s theorem (Elek-Szegedy, Towsner ...)

Obtaining uniform bounds
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Understanding definable sets of M

Th(M): set of sentences true in the structure M.

Elementary equivalence: M ⌘ N if Th(M) = Th(N).

Example: If K and L are two algebraically closed fields of the same
characteristic, then K ⌘ L.

A theory T is complete if it is of the form Th(M).

Elementary extension: M � N if M ✓ N and for all '(x̄) and ā 2 M,
M |= '(ā) () N |= '(ā).
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Theorem (Löwenheim-Skolem)

Assume that L is countable, M infinite.

Let  � |M|, then there is an elementary extension M � N, where
|N| = .

If A ✓ M, then there is M
0

� M containing A, |M
0

| = |A|+ @
0

.

• Monster model U ,C,M, ...
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Types

Let B ⇢ M and ā 2 Mk .

Definition

The type of ā over B is the set of formulas

{'(x̄ ; b̄) : b̄ 2 B |¯b|,M |= '(ā; b̄)}.

Fact

The tuples ā, b̄ 2 Uk have the same type over B ⇢ U i↵ there is an
automorphism � : U ! U fixing B pointwise such that �(ā) = b̄.

The set of types over B (in a given variable x̄) is denoted by S
x̄

(B). It is a
totally disconnected compact space.
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Quantifier elimination

Definition

A theory T eliminates quantifiers in a language L if every L-formula is
equivalent modulo T to a formula without quantifiers.

Examples:

Th(C; 0, 1,+,�, ⇤) eliminates quantifiers;

Th(R; 0, 1,+,�, ⇤) does not eliminate quantifiers:

'(x) ⌘ 9y(x2 = y)

Th(R; 0, 1,+,�, ⇤,) eliminates quantifiers.

If T eliminates quantifiers and M,N |= T , then

M ✓ N =) M � N.
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Examples

(N;);

(C; 0, 1,+,�, ⇤);
(R; 0, 1,+,�, ⇤,).
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Imaginaries

Let X ✓ Mk be a definable set and E ✓ X 2 a definable equivalence
relation. Then X/E is an imaginary sort of M.

We say that M eliminates imaginaries if every imaginary sort is definably
isomorphic to a definable set.

Examples: C, R eliminate imaginaries.

Codes of definable sets
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End of talk 1.
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