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Let A ✓ M.

Definable closure dcl(A):
e 2 dcl(A) if there is '(x ; ā) 2 tp(e/A) such that e is the only
element in M satisfying '(x ; ā).

Equivalently, e 2 dcl(A) if and only if e = f (ā) for some definable
function f and tuple ā of elements of A.

Algebraic closure acl(A):
e 2 acl(A) if there is '(x ; ā) 2 tp(e/A) such that there are finitely
many elements in M satisfying '(x ; ā).
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Definable types

Definition

A type tp(ā/M) is definable if for every formula '(x̄ ; ȳ), there is a formula
d'(ȳ) with parameters in M, such that for any tuple b̄ 2 M:

M |= '(ā; b̄) () M |= d'(b̄)

Examples: ACF, (Q,).
Pushforward f⇤p.
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Stable theories

Definition

A theory T is stable if all types over all models of T are definable.

Examples:

ACF;

abelian groups;

DCF
0

: di↵erentially closed fields of char 0;

SCP
p,n: separably closed fields.

Some unstable theories:

Th(R, 0, 1,+,�, ⇤,);

valued fields.
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Independence (non-forking)

Definition

(T is stable) We say that ā is independent from b̄ over M, or tp(ā/Mb̄)
does not fork over M, written

ā |̂
M

b̄

if tp(ā/Mb̄) is according to the definition scheme of tp(ā/M).

Examples: ACF, divisible torsion free abelian groups.

In stable theories, we can generalize this definition to an arbitrary base set
A instead of M.
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Some properties of independence

Existence Let p 2 S(A) and A ✓ B , then there is q 2 S(B) extending
p and non-forking over A.

Algebraic closure c |̂
A

c if and only if c 2 acl(A).

Transitivity ā |̂
A

b̄, c̄ i↵ ā |̂
A

b̄ and ā |̂
A,¯b

c̄

Symmetry ā |̂
A

b̄ i↵ b̄ |̂
A

ā

Uniqueness if M is a model, p 2 S(M) and M ✓ B , then p has a unique
non-forking extension to a type over B .
If we replace M by an aribtrary subset A, then p may have
up to 2@0 non-forking extensions over B .
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Stable formulas

Definition

A formula '(x̄ ; ȳ) has the order property if for every n, we can find tuples
ā
1

, . . . , ā
n

and b̄
1

, . . . , b̄
n

such that:

'(ā
i

, b̄
j

) () i  j .

Fact

Let M be a structure (in a countable language), T = Th(M) and M � U
a monster model. The following are equivalent:

T is stable;

no formula '(x̄ ; ȳ) has the order property;

for any ā 2 U , B ⇢ U , tp(ā/B) is definable;
for any B ⇢ U , there are at most |B |@0 types over B .
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Example: Separably closed fields.
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Geometric stability theory

Definition

A definable set X is strongly minimal if any definable subset of X is finite
or cofinite.

Examples:

An infinite set with no structure;

A k-vector space V ;

An algebraically closed field.

If X is a strongly minimal set, the algebraic closure operator acl(A)
satisfies exchange and therefore gives rise to a dimension function dim(A)
on subsets of X .
We classify such sets X according to the behavior of acl :

Disintegrated acl(A) =
S

a2A acl({a});
Locally modular dim(A [ B) + dim(A \ B) = dim(A) + dim(B) for A,B

closed, dim(A \ B) � 1;

Not locally modular The condition above does not hold.
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Definition

A type p(x) is minimal if for every formula '(x), either p(U) \ '(U) or
p(U) \ '(U) is finite.

If p(x) is a minimal type, then as in the case of strongly minimal formulas,
one considers the algebraic closure operator acl(A) on subsets A ⇢ p(U)
and the associated dimension function.
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End of talk 2.
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