POINCARE DUALITY AND FORMAL MODULI

DAVID AYALA

AsstrAcT. What is Poincaré duality for factorization homology? Our answer has
three ingredients: Koszul duality, zero-pointed manifolds, and Goodwillie cal-
culus. We introduce zero-pointed manifolds so as to construct a Poincaré duality
map from factorization homology to factorization cohomology; this cohomology
theory has coefficients the Koszul dual coalgebra. Goodwillie calculus is used
to prove this Poincaré/Koszul duality when the coefficient algebra is connected.
The key technical step is that Goodwillie calculus is Koszul dual to Goodwillie-
Weiss calculus.

This was a chalk talk. The speaker’s lecture notes can be found at the bottom.

Joint with John Francis. This is duality for factorization homology. It’s akin
to topological chiral homology (Lurie), blob homology (Morrison-Walker), and
higher Hochschild homology (Dundas et. al)

1. MoOTIVATION

1.1. Factorization homology. Let M be an n-manifold. Let A be a Disk,-algbra
in Ch®, S pec’, etc.

Then factorization homology takes A to a symbol fM A € Chor S pec or wherever
A lives.

Examples: any generalized homology, HH., THH

Unlike the examples above, f_ A is not homotopy invariant. It still satisfies a ver-
sion of excision called ®-excision, which is a local-to-global expression.

In the next talk you’ll see how to interpret this symbol in terms of physics.

Take A to be a connective E,-ring spectrum. Can look at perfect A-modules Perfy
and equivalences between them. That’s a category and we can take its classifying
space BPerf{"". There is a ‘pre-trace’ map from this space to the spectrum fMA
for all framed manifolds. What’s meant by pre-trace is that in the category of
A-modules it’s generated by finitely many elements.

Date: April 7,2014. Prepared by David White, Wesleyan University.
1



2 DAVID AYALA

1.2. Poincaré Duality for Factorization homology. Let’s work in C hg. Then for
M some closed manifold we can look at the linear dual of factorization homology.
There is then a canonical comparison map

- [

which can be realized as some kind of completion at the augmentation ideal, where
D is Koszul dual. We’ll need to introduce this D and explain the map above.

2.

Consider the category ZM fld,, of zero-pointed manifolds. The objects are locally
compact Hausdorff pointed spaces M, such that the complement of the basepoint
M = M, — * is a topological n-manifold. The morphisms are maps f : M. — M,
which are based continuous maps such that f’s restriction f~!(M’) — M. is an
open embedding.

The category is pointed via the manifold which is just one point (i.e. this ob-
ject is initial and terminal). Hence we have an augmentation functor in the usual
way. ZM fld,, is a topological category via the compact open topology on mapping
spaces. The wedge sum maps it a symmetric monoidal topological category. We
will regard ZM fld,, as a symmetric monoidal co-category. Everywhere from now
on that we say category we mean co-category.

There are subcategories

Mfld, ., c ZMfld, given as the full subcategory of manifolds with a disjoint
basepoint.

Disk, . ¢ Mfld, , given as full subcategory of manifolds which are finite unions
of R}’s.

Mfld} c ZMfld, given as full subcategory of one-point compactifications of n-
manifolds.

Disk} ¢ Mfld, . as one-point compactification of finite unions of (R")*’s.
There are operations

For any M a compact n-manifold with d we get M [ ] ot *

There is an equivalence — : ZM fld, = ZM fld,” : — via (M,)* — *

There is an equivalence Fun®(M fld,, .,C®) — Fun®%8(M fId,,C®) for any sym-
metric monoidal functor C?.

Define Algpig, (C) to be Fun®(Disk,, C®)

auskh (C) — Algg,(C)"oP™ is an equivalence.

Example: Alg,"
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Definition 2.1. For any M, in ZM fld, and any augmented Disk,-algebra A in C®
and any augmented Disk,-coalgebra C we may define

factorization homology fM‘ A is defined to be colim(Disk, + /M. — Disk, + — C)
where the last map is coming from A.

and factorization cohomology fM* A is defined to be colim(Disk, + /M. — Disk, +
C) where the last map is coming from A.

With this definition in mind, we can form the following functors:

LKE® RKE®
Alg™é (C /T® ZMfld,C® Alg™S (C
8 pisk, (C) =—— Fun®(ZM fld, C®) — coAlg ), (C)
LKE jf oS- RKE

Fun(ZMfld,C)

here RKE and LKE are for right (left) Kan extension, and RKE® and LKE? are for
functors which respect ®.

Theorem 2.2 (AF). (1) If C has sifted colimits (resp. cosifted limits) then LKE
(resp RKE) exists and are factorization homology (resp cohomology) func-
tors.

(2) If ® distributes over the types of colimits (resp limits) above then LKE®
(resp RKE®) exist.

Note: LKE® often exists, e.g. in chain complexes over a field. But RKE® is more
subtle.

Example: Let’s work in C hg. Then for any dg-algebra A,

j-3 A=~HH.A ®HH.(HH,.A) HH,.(A)
S\

Example: Let’s work in spaces and let M be compact and framed. Then f e~
Map(M, C) the mapping space into the underlying space of C.

Inside of the latter example we can consider M which are finite wedge sums
of RM™*. So fM(A) is a Disk,-coalgebra for such M. A complicated point-set
topology fact states that this coalgebra agrees with the n-fold Bar. Furthermore,
Bar” : Alg7# . (C) = coAlgt . (C) is left adjoint to Koszul duality.

Example: BarA =~ 1 ®,4 1. This is a geometric way of implementing the formula
for [, (A).

Summarizing:
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We’ve defined factorization homology and cohomology. Both are formal ways of
extending from the easy case of M = V(R")*. These respect the structure encoded
by the operads Disk, and E,,.

Formally, for A some augmented Disk,-algebra in C®, we may construct

M
fA—)f Bar'(A)
M,

and we don’t need to make any choices.

The left-hand side can be realized as a configuration space (via Dold-Kan). The
right-hand side can be realized as a mapping space. The map between them can be
realized as the scanning map.

Theorem 2.3 (AF). If C® is a topos with Cartesian product (denoted X*) or is a
stable presentable category with direct sum (denoted .®) then (1) and (2) of the

previous theorem are satisfied and Poincaré Duality is an equivalence provided by
the map A — CoBar(Bar(A)).

Atiyah Duality is a corollary with .7 taken to be spectra.

Non-abelian Poincaré Duality (Lurie, Salvatore) is a corollary with C taken to be
spaces, i.e. the oco-category of Kan-complexes.

Example: C® is C hg. Then the above theorem does not apply. We calculate a free
algebra. Let V be a Top(n)-module in C. These are the ingredients for computing
FV the free augmented Disk,-algebra and its factorization homology

f FV =~ @ Confl:fr(M*) &3 Top(n) Ve
M.

i>0

Note: Configurations in M, is a zero-pointed manifold together with the infor-
mation of what to do as any of the points of M are approaching the point * of
M..

So now we’re looking at the filtration for the quotient and a natural question asks
. M;
whether the same filtration can be used on f .

3. GOODWILLIE-WEISS FILTRATION AND CONSEQUENCES
Let Di sk,ﬁ’; denote the full subcategory generated as with Disk, . but with at most
i-many disks in M.

We get a map Disk,ff+ /M. — Disk, . /M,.. We can then stitch these together to get
a truncation tower
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”'_)Tgi_lf _)Tsif - .
M. M,

and the colimit of this tower is weakly equivalent to fM . Likewise we can recover

M. . i M
f as the limit of a tower of 7=/ f . Furthermore, we get a fiber sequence

‘ ‘ oM, . M.,
Mapz"ZT”p(")(Confl.fr(M*)ﬁ,C®’) — TSlf C— =1 f C

Comparing layers yields

Conf{"(M.) ®s,ropm V' = Map™"P(Conf{"(M.)™, (RM)" @ V)P
This map is a weak equivalence by our earlier Atiyah duality corollary to Poincaré
Duality.

Theorem 3.1 (AF). The Poincaré Duality map induces an equivalence of towers
from P, fM, the Goodwillie tower of the functor fM D Alg 5, (C) = C, to the

Dis
Goodwillie-Weiss tower 7=* f M. Bar(-).

As a corollary we get Poincaré Duality: fM A—> f M Bar(A) and it factors through
P [, A.

Some questions: what sort of analyticity do these maps have? Why don’t we get
Poincaré Duality in general? Is it related to the failure of the Goodwillie tower to
converge?
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