
FROM PERTURBATION TO OBSERVATION: MEASURING
THE RESPONSE OF NEUTRON STARS

JOCELYN READ

Need GR to calculate structure of neutron stars since they’re so dense.
Equation of state: described by fluid equation. Density goes up, but we don’t

know which is correct. On outside, neutrons, protons, electrons, but inside, where
it’s more dense, it could be quarks. But for this talk, it’s just an unknown function
we want.

We get a family of stars, the radius and masses, for each model equation of
state. Can go back and forth between the two.

We do some perturbations for GR, can only been done when they’re far away
from each other. λ is a constant, somewhat like the love number.

We can then relate tidal deformability with equations of state.
More tidal effects mean they fall faster, so bigger (i.e. higher radius) (since

more tides) means inspiral quicker.
Post-Newtonian approximation doesn’t work very well for late times of inspiral,

so this only works for a while. So, then we have to do full inspiral numerically.
Less compact versions of equations of state have this hyper-massive object that

sits there for a while, while more dense ones immediately collapse to BHs.
Frequency of peak amplitude has tight dependence on perturbative constant.

That’s odd.
Consider space of signals, parameterized by something like a line (actually 7

parameters). We have a true signal, and a measured signal (thanks to noise).
Define a measured loudness. How well can we distinguish a signal from noth-
ing? Define an inner product. Use that to define a norm. We say things are
distinguishable from noise if the norm is bigger than 1. In reality want more.

You fit the observed to the closest parameters, but there’re errors, of course,
because of noise. May not be linear scaling of error with linear amount of noise.
There’s also the fact that our model waveform family is different from the true
waveform family.

The spikes in sensitivity are resonant modes of the equipment.
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Outline

• Neutron stars

• Inspiral effects and characteristic parameters

• Numerical simulation of merger

• Gravitational wave detection and parameter estimation

• Measurements in Advanced LIGO and impact of current model uncertainties
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• 1-2 solar masses
• ~10-15 km radius

• average density of matter 
higher than nuclear density

• Observed: radio pulsars, 
isolated blackbody emission, 
high-energy flares
• Challenging to determine 

exact size

Neutron stars
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Advanced LIGO/
VIRGO expects to see 

~40 NS-NS 
coalescences

each year
(0.4 to 400)

http://arxiv.org/abs/
1003.2480v2
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Matter above nuclear density?
Candidate equations of state for neutron star cores
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Dynamics of Coloured Quarks — CSC User Seminar 2004 — Stefan Scherer, Johann Wolfgang Goethe-Universität, Frankfurt am Main

A journey to the heart of matter

Deconfinement — freedom for quarks and gluons!

Deconfinement — freedom for quarks and gluons!
Normal nuclear matter:

� nucleons do not overlap, contain
separate contents of valence
quarks, sea quarks, and gluons

Extremely dense nuclear matter:

� extreme compression or high
temperatures yields an overlap
between hadrons, quarks and
gluons become free to move !

Colour confinement is lifted -
quarks and gluons can move
around freely:

Quark-Gluon Plasma !

� What are the necessary conditions for the creation of a quark-gluon plasma ?

Dynamics of Coloured Quarks — CSC User Seminar 2004 — Stefan Scherer, Johann Wolfgang Goethe-Universität, Frankfurt am Main

A journey to the heart of matter

Nuclear matter consists of quarks . . .

Nuclear matter consists of quarks . . .

Properties of quarks:

flavour
electric
charge

up charm top +2/3
down strange bottom �1/3

Quarks cluster to form hadrons:

� baryons: 3 quarks
proton: up up down (⇤⇤⌅)
neutron: up down down (⇤⌅⌅)

� mesons: quark and antiquark

pion:
(up anti-up) + (down
anti-down) (⇤⌅ + ⌅⇤)

⇥ Why are there no free quarks? What binds quarks together?

Dynamics of Coloured Quarks — CSC User Seminar 2004 — Stefan Scherer, Johann Wolfgang Goethe-Universität, Frankfurt am Main

A journey to the heart of matter

. . . and gluons.

. . . and gluons.

Quarks carry ”colour charges”:

quark: red green blue
antiquark: cyan magenta yellow

. . . and interact according to the rules of
Quantum Chromodynamics (QCD):

� quantum field theory of Strong
interactions between quarks

� interaction mediated by exchange of
gluons – gauge bosons of
colour-SU(3)

� gluons carry also colour charges —
di�erence to QED !

� What are the peculiar
properties of QCD ?

Dynamics of Coloured Quarks — CSC User Seminar 2004 — Stefan Scherer, Johann Wolfgang Goethe-Universität, Frankfurt am Main

A journey to the heart of matter

Deconfinement — freedom for quarks and gluons!

Deconfinement — freedom for quarks and gluons!
Normal nuclear matter:

� nucleons do not overlap, contain
separate contents of valence
quarks, sea quarks, and gluons

Extremely dense nuclear matter:

� extreme compression or high
temperatures yields an overlap
between hadrons, quarks and
gluons become free to move !

Colour confinement is lifted -
quarks and gluons can move
around freely:

Quark-Gluon Plasma !

� What are the necessary conditions for the creation of a quark-gluon plasma ?
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Astrophysical question: what is NS EOS?
6



EOS in inspiral: the contribution of tides

7



R
r

Residual gravitational effect is tidal deformation. 

Amount of deformation depends on size and 
matter properties. 

Deformations induce changes in the gravitational 
potential.

Consider two extended bodies in orbit or free-fall:

8



Newtonian Love number k

r �� = ���
�

��

e.g. Moon deformed
M mass of moon
m mass of Earth
R radius of moon

a distance to Earth

Q determines the gravitational 
potential around the deformed 
body

This tells us about things like satellite movement 
around the body and tidal locking

� = ��	 � �
�
�(��
��� �)

	�

Love number k determines quadrupole 
moment Q of deformed body

9



Calculate in GR:

Perturb a spherically symmetric neutron star
impose Y20 angular dependence

(0711.2420, 0906.1366, 0906.0096)

Tidal deformability � for realistic EOS

� =
Q

E =
size of quadrupole deformation

strength of external tidal field

� =
2

3
k2R

5

Calculate via linear Y20 perturbation of spherical neutron star
Q and E defined by external field of perturbed star
leading terms � r2 and � r�3 when far from star

For given realistic EOS, � is function of M
(similar to radius or moment of inertia)

Jocelyn Read (AEI) Tidal e�ects in BNS Inspiral 04/03/10 11 / 26

� =
2

3
k2R

5Love number 
Radius R

k2 (G = c = 1)

(~ r -3 )
(~ r 2 ) 

10

http://arxiv.org/abs/0711.2420
http://arxiv.org/abs/0711.2420
http://arxiv.org/abs/0906.1366
http://arxiv.org/abs/0906.1366
http://arxiv.org/abs/0906.0096
http://arxiv.org/abs/0906.0096
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R
r

Early tidal interactions:

Some energy goes into deforming the stars

Moving tidal bulges add a bit to the gravitational 
radiation
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Effect on waveforms in PN approximation

Tidal deformability of neutron stars with realistic equations of state

Various methods are being developed to study the e�ect of tidal deformation with di�erent EOS on
the late inspiral of binary neturon stars. These include perturbative tidal deformability calculations,
quasiequilibrium sequences, and full GR. Here are some preliminary comparisons of perturbative
results with published results using numerical and quasiequilibrium.

A. Perturbative method

The first order contribution to the binding energy from a PN perspective is calculated via a linear axisymmetric
⇧ = 2 perturbation around the axis connecting two stars, due to leading order tidal field contributions from the other
star. This gives a tidal deformation as a function of PN parameter x � m/r (m total mass, r orbital radius). In
the linear approximation, this is characterized for each neutron star mass M by a single EOS-dependent parameter
� � k2R5 with k2 the ⇧ = 2 apsidal constant and R the neutron star radius. The contribution to the binding energy,
luminosity, and phase evolution can be calculated by adding this contribution to a given PN order formulation.
Formally of order x5 � m5/r5, the tidal contribution coe⇤cient is � R5/m5, which leads to an overal scaling � R5/r5

which becomes significant as orbital radius approaches neutron star radius.
One can calculate the parameter � for arbitray equations of state. In particular, we can estimate first order

corrections to binding energy and gravitational wave phase evolution for the EOS used in the numerical simulation of
arXiv:0901.3258. This would be a formal, and possibly in the extreme radius case (EOS 2H) a practical, improvement
over the assumption of point particle inspiral before the gravitational waveform.

Fig 1 shows some preliminary waveform results, taking the � calculated from the perturbative method for the EOS
used in arXiv:0901.3258, and continuing the waveform through to where x⇥⇤.

⇥30 ⇥25 ⇥20 ⇥15 ⇥10 ⇥5 0

⇥0.2

⇥0.1

0.0

0.1

0.2

t �ms⇥

h
�
D
⇤M

FIG. 1: EOS 2H is green, H is cyan, HB is blue, B is purple, and 2B is red. Black is PP. Waveforms started with same phase
at x = 0.05, f = 268Hz

With this new understanding of the PN waveforms with tidal contributions, it may be useful to revisit some of the
analysis involving varied EOS and numerical simulation.

B. Was the PP approximation for early inspiral in arXiv:0901.3258 justified?

The PN plus perturbative tidal calculation, compared to the plots of arXiv:0901.3258 in Fig. 2, indicates that for
waveforms H to 2B, the assumption of point-particle evolution was reasonable; the first order tidal phase correction
is small compared to the point-particle waveform at the start of the numerical inspirals and through to the point
where numerical simulations depart significantly. Incorporating this early e�ect into a NRDA analysis might increase
distinguishability, but probably not significantly.

However, the largest-radius 2H waveform is estimated to be already dephased from the point-particle inspiral at
the start of the numerical simulations - this early PN-regime departure would have a significant contribution for such
large-radius neutron stars.

C. Is the perturbative binding energy compatible with quasiequilibrium binding energy?

Analysis of error in the approximation used suggests that one of the largest sources of error comes from higher order
tidal perturbation results. This includes higher-order harmonics, such as ⇧ = 3 deformation and above, where pertur-
bative calculations of such higher order deformations are possible [Mora and Will, Binnington and Poisson, Damour

Systematic EOS variation
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Caveat: neglects

Higher ⇥ deformations (k3R7 and above)

� � �0

Nonlinear response

Jocelyn Read (AEI) Tidal e�ects in BNS Inspiral 04/03/10 17 / 26

Newtonian and 1PN tides 
contribute to waveform at 5 
and 6 PN
Vines et al (arXiv:1101.1673) 
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Impact on waveforms from numerical simulations
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Large
stars

Compact
stars

Similar simulation/movies by K Hotokezaka, 
http://www2-tap.scphys.kyoto-u.ac.jp/~hotoke/research.html
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EOS Effect on Merger  
in SACRA/Whisky codes
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Frequency of peak amplitude: 
characteristic of merger
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Why?

We often see 
such relations 

between
NS quantities

(fast rotation, I-Love-Q 
1302.4499,1304.2052)
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Detection and parameter estimation
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Signal in gravitational-wave detectors

True signal

Family of signals
parameterized by λ 

noise

+
No signal

Measured signal
loudness ρ (measured)
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Inner product on the space of signals

• Define product ⟨ h1 ∣ h2 ⟩ such that that noise has unit amplitude  ⟨ n ∣ n ⟩ = 1

• Expected loudness of signal h

• SNR = ⟨ρ⟩ = || h || = ⟨ h ∣ h ⟩1/2 

• Distance between two signals || h1 - h2 || = ⟨ h1 - h2 ∣ h1 - h2 ⟩1/2

• Consider two signals “distinguishable” if || h1 - h2 || > 1

• marginally distinguishable if || h1 - h2 || = 1

• (see e.g. Lindblom et al arXiv:0809.3844)

Choose reference system:
coalescing 1.35 M�-1.35 M� binary

optimally oriented at 100 Mpc
gravitational wave signal with SNR'30 in Advanced LIGO

SNR =
p

hh|hi

hh|gi = 4Re

Z 1

0

h̃(f )g̃⇤(f )

Sh(f )
df

Jocelyn Read (Mississippi) EOS from GW 30/4/11 3 / 18

20



Noise in ground-based detectors
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Initial LIGO
Initial Virgo
Advanced LIGO
Advanced Virgo

FIG. 2: Noise amplitude spectral densities (ASDs) as a function of frequency. The Initial LIGO noise ASD (solid red curve)
corresponds to the typical detector sensitivity as measured from data taken during the S5 run [28]. The Advanced LIGO
noise ASD (dashed magenta) represents a possible Advanced LIGO configuration with high laser power and zero detuning
[29]. The Initial Virgo noise ASD (dotted blue) was measured during Virgo’s VSR2 run [30]. The Advanced Virgo noise ASD
(dash-dotted green) is based on the Advanced Virgo Baseline Design [31].

LIGO, the three Dhorizon values are 445 Mpc / 927 Mpc / 2187 Mpc, respectively.
Again, we reiterate that these horizon distances are computed using the noise PSD of a single interferometer and

that the cosmological redshift is not included. On average, if the noise is Gaussian and stationary and the search is
optimal, X detectors with the same noise power spectral density will increase the SNR and the horizon distance by
a factor of

√
X relative to a single detector for a fixed network detection threshold ρ. On the other hand, detection

pipelines which have to contend with non-Gaussian, non-stationary noise in the detectors may require higher SNR
thresholds for detection in order to achieve desired false alarm rates than what was assumed here. Thus, although
we have used the noise PSDs of a single LIGO interferometer in the calculation, the detection rates are intended to
approximate the performance of the LIGO-Virgo network. The users of this document are encouraged to compute
their own rates for different noise PSDs, typical masses, etc., by recomputing Dhorizon and scaling the rates in Table
V by a factor of NG(Dhorizon)/NG(D0

horizon), or (Dhorizon/D0
horizon)

3 for Dhorizon ! 30 Mpc.

IV. DERIVATION OF COMPACT BINARY COALESCENCE RATES

A. NS-NS rates

There are two distinct methods for estimating NS-NS merger rates. The first method is based on extrapolating from
the observed sample of NS binaries detected via pulsar measurements; the second method is based on population-
synthesis codes, in which some of the unknown model parameters are constrained by observations and others are
constrained by theoretical considerations. We quote rate estimates from both of these methods in Table VI.
The most recent references for the first method, extrapolating double neutron-star merger rates from observed

Amplitude of NSNS 
binary at 100 Mpc

SNR~3 in Initial LIGO
SNR~30 in Advanced 

LIGO

Advanced LIGO rates: http://arxiv.org/abs/1003.2480v2
Advanced LIGO/Virgo possible observing timeline: http://arxiv.org/abs/1304.0670
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Measured signal

Parameter estimation

True signal

Family of signals
parameterized by λ 

noise

λtrueλfit
±δλ

• ⟨n∣n⟩=1

+
No signal

loudness ρ
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Parameter estimation

• Consider waveform as a function of parameter λ: 

• h1 is h(λ1) and h2 is h(λ2)

• || h1 - h2 || = 1  for marginally distinguishable parameter values 

• Expected measurement uncertainty is then ⟨δλ⟩ = | λ2 - λ1 |

• Can linearize around a particular parameter value for small differences

• h2 = h1 + (λ2 - λ1) ∂h/∂λ

• the δλ above then equals the Fisher matrix estimate

• Generalizable to multiple-parameter waveform family; can account for 
correlations between different parameters

26



Beyond linear approximation of error
(Cho et al arXiv:1209.4494)

Weaker signals mean
relatively larger noise.

Distinguishability of parameter values
(and thus measurement error)

 may scale nonlinearly 
depends on relative scale of noise

wave
form

 fam
ily

27
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Systematic error

True waveform
Best-fit 
model

True parameter value
Best-fit parameter value

model waveform family

true waveform 

family
δλsys
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• Example: changing a numerical simulation for given parameter from h1 to g1

• Systematic error estimate

• ⟨δλ⟩sys = ( λ2 - λ1 ) ⟨ h1 - g1 ∣ h1 - h2 ⟩ ⁄ || h1 - h2 ||

• ⟨δλ⟩sys ⁄⟨δλ⟩rand ≦  || h1 - g1 || ⁄ || h1 - h2 ||

• Compare 

|| h1 - g1 || for variant waveform of same parameter value

to

|| h1 - h2 || for waveforms of differing parameter value

Estimate systematic error

29



Numerical inspiral waveform templates:
600Hz to merger

11
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FIG. 7. Top panel: Post-merger waveforms for the di↵erent
EOS, with lines as described in Fig 3. Bottom panel: Numer-
ical inspiral-to-merger templates as described in Sec. III A,
which are smoothly turned on at 600Hz and stop at the min-
imum following the peak amplitude.

window of width 0.004 s, centered on the time where
the averaged frequency reaches 600Hz, is applied to the
waveform data. Similar windowing was used in [27].
Fourier-domain amplitudes of the resulting numerical in-
spiral templates are shown in the bottom panel of Fig 7.

B. Distinguishability

We wish to estimate our ability to distinguish between
waveforms from di↵erent numerical simulations, given a
detected signal of the appropriate mass parameters.

To determine what model waveform best characterizes
a detected signal, we make use of the noise-weighted inner
product. This inner product of two waveforms h1 and h2,
for a detector with noise spectrum Sh(f), is defined by

hh1 | h2i ⌘ 4Re

Z 1

0

h̃1(f)h̃⇤
2(f)

Sh(f)
df. (12)

In terms of this inner product, the characteristic signal-
to-noise ratio of a given waveform h is ⇢ ⌘ hh | hi1/2.

Two waveforms, h(⇤1) and h(⇤2) are said to be
marginally distinguishable if the quantity

⇢di↵ ⌘
p

hh(⇤1)� h(⇤2) | h(⇤1)� h(⇤2)i (13)

TABLE V. The first row shows the expected SNR
⇥(D

e↵

/100Mpc) of the numerical inspiral-to-merger wave-
forms described in Sec. III A, for each EOS. Note that the sig-
nal’s presence, amplitude, and mass parameters are assumed
to be established from an inspiral detection. Subsequent rows
show the expected SNR of di↵erences between these wave-
forms and waveforms of the row-labelling EOS, minimized
over shifts in time and phase. The SNRs are calculated for
each possible pair of resolved waveforms, and the mean and
standard deviation of the resulting estimates for each pair of
EOS are tabled.

Advanced LIGO high-power detuned

EOS 2H H HB B Bss

SNR 2.22 2.77 2.81 2.87 2.89

2H 0.10±0.08 1.85±0.02 1.93±0.04 2.02±0.03 2.03±0.02

H 1.84±0.02 0.06±0.06 0.66±0.06 1.03±0.06 1.13±0.03

HB 1.93±0.04 0.66±0.06 0.09±0.06 0.61±0.07 0.86±0.03

B 2.01±0.03 1.03±0.06 0.61±0.07 0.11±0.13 0.52±0.06

Bss 2.03±0.02 1.13±0.03 0.86±0.03 0.52±0.06 0.06±0.07

Einstein Telescope configuration D

EOS 2H H HB B Bss

SNR 22.3 27.4 27.8 28.2 28.4

2H 1.1±0.9 17.4±0.3 18.2±0.4 18.9±0.3 18.9±0.2

H 17.4±0.3 0.6±0.6 6.0±0.5 9.1±0.5 10.0±0.2

HB 18.2±0.4 6.0±0.5 0.9±0.6 5.5±0.7 7.5±0.3

B 18.8±0.3 9.1±0.5 5.5±0.7 1.2±1.3 4.6±0.6

Bss 18.9±0.2 10.0±0.2 7.5±0.3 4.6±0.5 0.6±0.7

has a value ⇢di↵ & 1 [27, 78, 79].
We wish to consider the minimum value of ⇢di↵ over

all possible relative shifts in time and phase between the
template waveforms, and turns out to be most e�cient
to calculate this via the overlap between two waveforms.
With the complex waveform h constructed for this anal-
ysis, and methods similar to Allen et al. [80] and Cho
et al. [81], we use the inverse Fourier transform appro-
priate to h̃ to construct a complex overlap as a function
of timeshift ⌧ for each polarization:

hh1⇥,+(t+ ⌧) | h2(t)i ⌘ 4

Z 1

0

h̃1⇥,+(f)h̃⇤
2(f)

Sh(f)
e2⇡if⌧df.

(14)
The absolute value of this quantity at a given ⌧ is the
maximum overlap possible with shifts in phase. Maxi-
mizing the absolute value over ⌧ thus gives the maximum
overlap for arbitrary shifts in both time and phase.
We use this maximum overlap to estimate the signal

to noise ratio of the di↵erence between two templates

⇢2di↵ ' hh(⇤1)|h(⇤1)i+hh(⇤2)|h(⇤2)i�2hh(⇤1)|h(⇤2)imax

(15)
where hh(⇤1)|h(⇤2)imax is maximized over shifts in time
and phase. Note that we do not normalize our templates:

ρ~2.8 at 
100Mpc

Can we tell these apart? 30
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Hybrid waveforms
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Measurement using hybrid waveforms

systematic error 60% with 
these simulations

current work: 
•  long and accurate 
simulations
•  analytic waveforms 
which extend into merger
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Usefulness of inspiral parameter
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FIG. 11. The di↵erence between H hybrid waveforms and
waveforms with other EOS is plotted relative to ET and Ad-
vanced LIGO noise curves, showing the frequency range which
produces the measurable di↵erence. EOS 2H has the largest
di↵erence, seen in the spectrum labelled ”H-2H”, followed by
Bss (”H-Bss”), B(”H-B”), and HB(”H-HB”). Lines calcu-
lated with hybrids constructed from di↵erent simulations lie
roughly on top of each other, and the di↵erences between the
two EOS H simulations lie substantially lower. The ampli-
tude of the di↵erence becomes larger than the amplitude of
the component hybrids when they are perfectly out of phase,
and the oscillations at high frequency show the two waveforms
moving in and out of phase.

in Table VI. Fig. 11 illustrates the Fourier transform of
the di↵erence between pairs of waveforms, in which one
member has EOS H, plotted as a signal against the Ad-
vanced LIGO noise curve.

As before, we compile the set of di↵erences for all wave-
form pairs into a plot of ⇢di↵ vs. |⇤1�⇤2| in Fig. 12. The
result is again not linear in �⇤, so the statistical error es-
timate will depend nonlinearly on the loudness of the
signal. At the reference De↵ = 100Mpc, the di↵erence
between waveforms has ⇢di↵ ' 2 for �⇤ = 150, allowing
each EOS to be distinguished from a binary black hole.
Marginally distinguishable parameter di↵erences are at
then �⇤ = 150 at De↵ = 200 and �⇤ = 350 at 300Mpc
(where BNS inspirals are detected with ⇢ ' 16 and 11).
This means that a combination of weaker signals can be
used to give significant constraints on the EOS, as seen
in [? ].

C. Additional systematics with hybridization

The systematic error stemming from alternate meth-
ods of generating the waveforms and alignment used to
calculate measurability can be estimated using Eq. (20)
where the two waveforms g and h may be taken to be
di↵erent hybrid waveforms. As hybrid waveforms incor-
porate choices in the construction beyond simply choos-
ing the numerical waveform, additional systematic errors
are introduced.

Systmatic errors are estimated using the set of “well-
resolved” waveforms, using the criteria of Sec. IID, which
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FIG. 12. For hybrid waveforms aligned at 200Hz, the distin-
guishability is estimated using the inner product of di↵erences
between waveforms. The result is again not linear in �⇤, so
the statistical error estimate will depend nonlinearly on the
loudness of the signal. At the reference D

e↵

= 100Mpc, the
di↵erence between waveforms has ⇢

di↵

' 2 for �⇤ = 150
(dashed line) and ⇢

di↵

' 3 for �⇤ = 350 (dotted line). These
results are for Advanced LIGO high-power zero-detuning; ET-
D gives similar plot with an order of magnitude increase in
⇢ (and decrease in distinguishable distance). Note that the
distinguishability is improved by a factor of 4 compared to
numerical-only estimates in Fig. 8.

TABLE VI. The first row shows SNR ⇥(D
e↵

/100Mpc) for
the full hybrid waveforms. The remaining rows show SNR
⇥(D

e↵

/100Mpc) of di↵erences between hybrid, averaged over
resolved waveforms for each EOS. The standard deviation of
the set of resulting estimates is also provided. The average
di↵erence between waveforms of the same EOS is a measure
of systematic error from numerical inaccuracies for the given
hybridization procedure.

Advanced LIGO high-power detuned

EOS 2H H HB B Bss

SNR 33.72 33.78 33.78 33.79 33.80

2H 0.08±0.06 6.70±0.01 7.05±0.01 7.28±0.01 7.5±0.01

H 6.70±0.01 0.08±0.10 2.18±0.02 3.06±0.03 3.82±0.01

HB 7.05±0.01 2.18±0.02 0.13±0.10 1.87±0.09 2.94±0.02

B 7.28±0.01 3.06±0.03 1.87±0.09 0.35±0.31 2.01±0.09

Bss 7.5±0.01 3.82±0.01 2.94±0.02 2.01±0.09 0.07±0.08

have phase di↵erences of ⇠ 0.1 radians to ⇠ 0.4 radians
over the last 0.015 s before merger. For a fixed hybrid
construction method and PN model, the diagonal en-
tries of Table VI give ⇢di↵,sys . 0.3 at De↵ = 100Mpc,
for ⇢di↵,sys/⇢di↵ of roughly 5–20% from variant numerical
simulations of these EOS.
We explore the impact of changing hybridization pro-

cedures by shifting the window used to match PN and
numerical waveforms, within the assumptions outlined in
Sec. IVA. The procedure of Sec. IVB is repeated with a
variant match window of tpeak�0.012 s to tpeak�0.004 s.
The results for ⇢di↵, distinguishability, and measureabil-
ity of ⇤ do not appreciably change. However, the system-

Dots are hybrids
Circles are extended PN inspirals
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Analytic IMR waveform
• http://arxiv.org/abs/1303.6298 Lackey et al: BHNS waveform is 

approximately a 1-parameter deviation from a BBH waveform 

• includes varying mass ratio, spin as in BBH model
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