A PaNORAMIC GUMPSE OF NON-NEGATIVE CURVATURE
We’ll g0 bacle im time ¢ explore tools é_s‘truc'lum of the past

M": complete Riemamnian mamifold , seeM? 0
<,” ¢ inner producten M

Early limle behween. geometry ¢ Topologyy: Morse Theory

Let$ give amother Way 4o determine f secM20.
Invoke. paralle| transport:

seeM? 0 &> Y €:[o,11— M @ gesdusic), ¥X L, panallel alomg c.
The index form T (x,x) :=S;<x'\x'>-<R(x,é)c'_, X><0.
100 h a+—uX
NO".'L ICX:X\ = &d_s LCC5) L-o € e‘P (SX') :

Bagy morse THEORY of- GEODESICS Bonner Myers THH
_‘3 I seeM21
My & Mt 2e U
J } diamM &
N S MM (ct0,an) Na:n i:"} x147.

Take sibmanfold N<Mx M, update (vn bluee)

Thm (Synge) N=A(M) < take space of, closed curves
N diagmad
Assume SeaM? 1. M otientable

Then mMm= 413 get same. paraliel | «paralel franspart alomg curve
vector field = fixed pt.
Jm (Frankel)  Assume N=V, We  arbzn
NOT AW DETAILS
tatally geodestic Submansfolds :
Tran VAW % £ Wea: Index argument

Thm (Wilking)  N=VxV
(oo fairly reeent result wn terms o mathemastics)

di“cmwtrdm
whichstart a
end otV pevp. .
S— V
e ?‘a‘*,f'}uz en;my Sketch of PE | Lockat |2t nontrivial aeodesic,uae Morse theory
‘/>V e Miw— R Topology charges, dine index changeo.  0dd acd?
consishs ‘I, For hamotopy gps below the dimension of the. cell yau
all

add, they lovke the same



Berger Argument again by Morse

. , ’
schaﬂ;‘\ diomM > "/ Take geodesic., want to compute mdex
M S Rnow the new geodesic io “long”
$—loap spaceof mfld
Uindex m-

Conj. (Bot) (seeM20) = M 1o “topologically elliphic”

S LM J (the bedtti numbers o +he lesp S pace
grows at most polongmually (vew strmg?)

Convexity io very impovtamt fow monneg. curvabere in V ariows situakims

CEM convex (loe convex)

¢ C
Sow SecM20,9C x ¢ = dist(9C.) io concave
It seeM>0, then the concavity io strict
- +Hio L2 baaio fro the Soul Thim .

<= I’ not convex
bus it io Latally canvex

Sour THM (Cheeger- Gromoll) Normally you don't expect 1o find compact sets
M, seeMZ 0, complete, noncomp act
\Z diffeo.
a2g5 c ;1 : KI-'- S~v M
q:ubw‘:hmﬁld
Considen if we have duat. func io concave but we con losh at
Subsefs

Note: the sphere io an “extreme” mamifold i mamy way §-
CONSTRUCTIONS ¢ EXAMPLES.

Main Souree: G a.compact Liegp w/ bilinear metric, secG 2o0.

M then seeM>0 Pf idea M < seeM2 O, 1ake products
M|, Riemanniam % amd.
N Submersim SQLN >6 \_l/ T IJP-I- SPWﬁP;ﬂW’lSS
r\] o

Cheeger used gluing tocreats many exampleo

AR o et space



G/H ol have see2 O, GAH with see 50 classified

CR0SS (compact rank- one symmadric space)
homogenous spacsosceur w dum G F,12.13.29
# of construckims 10 1 L1

HeGx &, mamy have see>O, dim: 6, 3,13
Consfructims  |,00, 1

Desoribe /Classi fy mflds M with see M20 ¢ lange ov special ism. gp actim.

(M4,S"), &, cpP*, S*xS, CP*4 +C P*
S, S5 Ssec> O P P Lots of problams-?»concod-‘_

These are those w/ sphew gp actin.
Consider examples

Large herés an example ofwhat this could meam

dimMG osmall (“small cohomogeneity”) .
Theorem related 1o #his :
Thm (Wilking) seeM"> O, coham < k.
If n218Ck+ND?  (if dim® is suHiciently large compared +o Cohemoagen eity)
+han MACROSS. “much beter than homotopy equivalen”

Cohom
™m (Nerdiams . Wilking, Grove,, Zi ler)
seeM> Q cohom 4

Macross (up 4o equivaniant diffeo)

2
dwmM =7 (13
P cseficatin
exhaustive list, 0o new candidales
Mt & T, St 3, «exotic structursr.

indapendanty dene by ,
one nurexamp le (Deancolt, Grove liediani, 2 ller) ©P?

"Endio wibh discussion of specief un terms of polar mamifold ¥
(have polar action equipped))

Reapires entirel different tedhmanss amd may admit intreoting examploo.
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