MINIMAL SUBMANIFOLDS AND LoweR CURVATURE
Yesterday: foouaed . Codun L cace. Now we extend.

& dimnfl caae = interesting methods via. complax geometry
2dimnL surface - the induced mebric on the surface indwces wothermal coordinatio 3
k=2 w:E> M ve '(NM) horma.f bundie, pssume M otientable, XX, 2:= %'+ ix*
STEWV,W = §g 2 1 VEVI*= Z IV VI*Z Rt Sur)ldni e ootharmal coordo
2ndfundform.  coordsTnot dependent o matric
V=V,tiV, <« can encode pair of variationa ao complax variation.
each term hao conformormal invaniamee..
We rewrite D i o-better wayto umderstamd. io geometric meaning. via compleax coordo

so §2(\) = (ol TV % 195V 1= 1V 1P 19 VI -RCus Ny u3,0) - R (s, e 3 )T dhad'd>
equal up oeury /odry tenms
I1BP 1o gc’cvid_ot 2 devivatives
(Z eidher cmpt V=0 an 3T 40 Mo bryterm)

$ 2wV )= VI - Vv *-R(Mz W w5,V ) ] dada®
274 ven : we can deall with thestterms P =it note At [* = Juy " <ua,uy>=0,
,.Ao (ut;ui)=° J

R('J’)'} ) Complex linear 7[;=§,X,'ﬂ3\ I'<'ll =ch: 'J\j-(,'a-).
Udeao fr
(I‘i?%’ mca?l‘l’fr{ Moore-)

Take W compax vechn, (') complex Linear extensim &f ¢, <+,*> hermitian.

W %o destzpic (W, W)= 0, W= W,+iW,
Nwl = wal’, <wW. )= 0

Def? M has pocitive isotropic curvatme ( PIC) if, Kir 30 o all sootropic TC.

Thm (Micalle £ § Moore ) Geometric Thm : If u: - M"i: na"lmi.ni‘_mal (harmanic) o
'i M w PIC then IM(K(S‘)) 3 [I '-%zl] (i.e. conformall paramertriyatin)

™ wes specind faets abnuk hol'c bundf over 3-sphere.
W 2-D have integrability sn Mormel bundde

ldea * Construct sufficiently many Ve P(Ne 2 ) wikh ViVv=04(V,V)=0.
Combine w/ topological results +o obtaum
Cor: Topologicad sphere +hm 40 pwiar Quanter pinching

Note ‘phuise w4 pinching” means ¥ Pe Mwith Kudo, have M4X Ketm
Brendle-S PIC iopreserved under Ricei Flow . TM)=113 Max Kp(r)

PIC2MxR PIc2 M x[R> Pic > Y- pindhing
Jowli. T

2 conditi dwPlC:
condutions related 4o PIC M io & spherical spacs. fam



Q: what abad PIC?
Thm (Micallef- Wang) If M, Mz are PIC then M, # M, hao PIC metvic

S, S"'xS'. (remember_ n34)
H, M. get “handle - bodies” Free gps
PIC i HM%PIC then M io finitaly covered by (™% 8¢t~ # (8™ s )
n domH the Ricei flow for PIC (o 4pecial.

nr=4 R Homiltmn B. Chen X. Zhw -
PIC conjecture holds .

Next : m,-PIC emjectmae £ M io PIC = M (M) i virtualy free.
(there o free subgp vm T, which hao finite imdex ).

Th_W‘(Gadg&l' Seshadri) 1£ M io PIC € hao free T, then M io hameomaphi c .
(8 xS # -# ("' g')
There ioa minimal surface. approach +v this.

Geomatvic Quastion: M universal cover,
M hao finite fill mdius if, V7€ 4,32 disk 3Z=P4Z <N (M)
S™ =L distance nbhd &) T

Tom (M. Ramachamdram, T. Wolfram 2010). 1€ M hao finite £ill radiws them m (M) 4o virtually free.

M€ 2 2 least area diok 32=T".
Hope : T £V () fo1 sme ¢ fixed .

True when dimM=n=3_ Ry >X. A Bomnet type thm occurs
Z*eM stable => diam( ) £ Uz
ey Minimal surface conjecture:
LR M, IC>3 ¢ 7, stable minimal dick,
r then YpeZ, d(P,22) % 4%

Rmks on Conj. L
2" Namiation 45 W P £ 55 | V3V1*oua_ e wayy 1o get rids o derm i 4o construct holt: iso. Sechoms

\¥ diok io quite large finces eigenvalue +o be smafl).
ldea * V Jhole, ivotvopic, Slow growth.

Thm (A. Fraser,2003) (£ MioPIC then m, (M) contains no copy of Z*<Z..

So torsion subgps can be representid by minimad oci;
Stability fo T* A *S s gixg',



The Theoem =’s £ W T*>M PIC. mimimad then u: (RT*)=> M umstable 4o k_large.

Notion : stable homology, frm alg. geom. |¥ you have a homology class representable by a calibrated /compler
Submamifold them everv tovering 1 mumimizing

Fraocers thmsﬂfmwugh you may have otable torus, fo sufficienty high wwing, get instability .
Baoi
\d'i'i- Construck apprax holom. isotvopra V.om kT

Sl V2V £ eI fig V™
amlag.h Gromou 4 Lawson ideao
Takes, fn k lavge , the large torus will have a confrackmg map o S ¥hen camtuke a line. bundle on
St amd pull it back, tanam it b a complexified mormal bundle . this Wao a holomaphic sectim.
Uae hofe bundle with fact that mapiodeei g, you can make it ubmeat hol'c wm +hio cenae.
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