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Finite dimensional Banach Spaces

Fix p prime, and let | � |p be the p-adic absolute value on Q with |p|p � p�1. It satisfies |xy|p � |x|p|y|p, and |x � y|p ¤

maxp|x|p, |y|pq.

Let Qp �
pQ be the completion, Zp � tx P Qp, |x|p ¤ 1u. Can also construct algebraically by Zp � lim

�Ý

n
Z{pnZ, Qp � Zpr1{ps,

but we will focus on the analytic viewpoint.

Let Qp be the algebraic closure of Qp (rQp : Qps � 8 since, e.g., xn
� p is irreducible in Qprxs for all n).

| � |p extends uniquely to Qp and GQp
� GalpQp{Qpq acts via isometries.

Let Cp �
x

Qp. Then GQp

ýCp and GQp
� AutContpCpq.

Note: Cp � C as fields, but to find such an isomorphism we need to invoke the axiom of choice, so we should forget
that it exists at all. We should think of rCp : Qps like rC : Qs since both are uncountable.

Tate (1966): Cp does not contain 2πi. Hint – loge2πi{p
n

� 0, where

logpxq �
¸

p�1qn � 1

n
px� 1qn.

We have an exact sequence

0 // µp8
// Bp1, 1�q

log
// Cp

// 0

We have

σpe2πi{p
n

q � eχpσq2πi{p
n

and applying log we get σp2πiq � χpσq2πi, which by Tate implies 2πi � 0.

Fontaine (1980) constructed a natural ring B�

dR Q 2πi � t with an action of GQp
. The action satisfies σptq � χpσqt.

There is a map θ : B�

dR Ñ Cp with kernel generated by t.

Note: B�

dR � Cprrtss as rings, but again need the axiom of choice to find such an isomorphism, so we should not think
of it this way.

B�

dR{t
2B�

dR is the completion of Qp for | � |p,1 which is defined as follows: for x P Qp, we can write x � Qpπq where
Q P QprµnsrXs and π is killed by an Eisenstein polynomial P . Then

dx

dp
�

�Q1

pπq

P 1

pπq

and

|x|p,1 � maxp|x|p, |
dx

dp
|q

1
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There is an exact sequence

0 // tB�

dR{t
2 // B�

dR{t
2 // B�

dR{t
// 0

Cpt Cp

Let U � tpx0, x1, ..., xn, ...q, xn P Bp1, 1�q, xp
n�1 � xnu. There is a commutative diagram

U
�log

//

x ÞÑx0

��

B�

dR

��

Bp1, 1�q
log

// Cp

From this we obtain

0 // Qpt // U // Cp
// 0

So U � Cp `Qp as Qp-vector spaces.

B�

cris � B�

dr, B�

cris üϕ, the Frobenius. The map �log factors as �log : U Ñ pB�

crisq
ϕ�p (since log xp

� p log x). More
generally, we have

0 // Qpt
m //

pB�

crisq
ϕ�pm

// B�

dR{t
m // 0

Problem: Cp � Cp `Qp as Qp vector spaces; how to distinguish?

Finite dimensional Vector Spaces ( 2000, Fontaine-Plut, Fargues, Scholze).

A Banach Qp-algebra ( ||xy|| ¤ ||x||||y||, ||x� y|| ¤ maxp||x||, ||y||q ) Λ is nice if ||x|| � maxs:ΛÑCp
|spxq| and x ÞÑ xp is

surjective. E.g., Λ � Cp.

A Vector Space is a functor from nice algebras to Qp-vector spaces. Examples:

- V a finite dimensional Qp-vector space, V pΛq � V �Λ, V pΛ1q
Id

// V pΛ2q .

- Vd, Vd
pΛq � Λd.

A Vector Space W is finite dimensional if it can be presented as

0 // V2

  
❆

❆

❆

❆

❆

❆

❆

❆

0 // V1
// W1 //

  ❇
❇

❇

❇

❇

❇

❇

❇

Vd // 0

W // 0

Define dimW � d, htW � dimQp
V1 � dimQp

V2, and DimW � pdimW, htWq.

Theorem. (1) DimW is well-defined
(2) For f : W1 ÑW2, kerf and Imf are finite dimensional Vector Spaces, and DimW1 � Dimkerf �DimImf .
(3) If dimW � 0 then htW ¥ 0.
(4) W � V1 implies that W is V1 or finite dimensional over Qp, and in particular htW ¥ 0.

Example. (1) For m ¥ 1, Bm � B�dR{t
mB�dR. DimBm � pm, 0q.
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(2) For a, b, Ua,b � pB�crisq
ϕa

�pb

. DimUa,b � pb, aq. Cf. before, where we had

0 // Qpt
m

p0,1q

//////
pB�

crisq
ϕ�pm

U1,m pm,1q

// B�

dr{t
m

Bm pm,0q

////// 0

Comparison theorems and periods (
³

S1

dz
z
� 2πi)

Let X{Q be projective and smooth. There is a pairing

Hi
dRpXpCqq �HipXpCq,Zq Ñ C

given by pω, uq �
³

c
ω. This induces an isomorphism

CbHi
BpXpCqq,Qq � CbHi

dRpXq

Note we have Qp bH1
BpX,Qq � H1

étpXQp
,Qpq.

There is a comparison theorem
B�

dRr1{ts bH1
étpXQp

,Qpq � B�

dR bH1
dRpXq

The isomorphism respects the actions of GQp
(induced by the action on étale cohomology, the action on B�

dR, and the trivial

action on de Rham cohomology) and the filtrations (induced by the powers of t filtration on B�

dR, the trivial filtration on
étale cohomology, and the Hodge filtration on de Rham cohomology).

The same is true for B�

cris if X has good reduction, in which case the isomorphism also respects the Frobenius ϕ.

Thanks to a lot of work, for r ¡¡ 0, there is an exact sequence

... // Hi
ét

p0,aiq

//////
pt�rB�

cris bHi
dRq

ϕ�1

pbi,ciq

ι
//
pt�rB�

dR bHi
dRq{Fil

0

pb1
i
,0q

// Hi�1
ét

p0,ai�1q

////// ...

All of these spaces are Cp points of finite dimensional Vector Spaces, with the Dimensions listed below each term above. We
can use this to prove that the exact sequence splits into short exact sequences, i.e. that ι is surjective: First, observe that
because the codomain of ι is a successive extension of V1’s, the fourth property of Dim in the theorem above implies that
htpImιq ¥ 0. This implies htpcokerιq ¤ 0 (their sum is 0). On the other hand, dimpcokerιq � 0 because it injects into a space
of dimension p0, ai�1q, and thus htpcokerιq ¥ 0. Thus Dimpcokerιq � p0, 0q and cokerι � 0.


