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Plan

1

GLn 
ase

2

General G



Automorphi
 representations

Consider 
uspidal automorphi
 rep's. π of GLn(A) su
h that :

(i) πp is unrami�ed for ea
h prime p.

(ii) π∞ is algebrai
, i.e. inf π∞ ⊂ Mn(C) has integer eigenvalues

k
1

≥ k
2

≥ · · · ≥ kn,


alled the weights of π.

Set also w(π) = k
1

− kn : motivi
 weight of (e�e
tive twist of) π.

General problem : Can we 
lassify those π ?
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A motivation : galois representations

Fix a prime ℓ and an embedding ι : Q → Qℓ.

Consider irred. 
ont. rep's ρ : Gal(Q/Q) → GLn(Qℓ) su
h that :

(i) ρ is unrami�ed outside ℓ,

(ii) ρ is 
rystalline at ℓ.

Conje
ture (Langlands-Fontaine-Mazur) : There exists a unique bije
tion

π 7→ ρπ su
h that for all primes p 6= ℓ

det(T − ρπ(Frobp)) = ι det(T − 
(πp)).

Moreover, the weights of π are the Hodge-Tate weights of ρπ at ℓ.

Regular 
ase : π 7→ ρ has been de�ned and some properties proved.
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A 
ounting problem

N(k
1

, · · · , kn) = number of π of weights k
1

≥ · · · ≥ kn.

Finite by general results of Harish-Chandra.

e.g. N(k) = 1, N(k , 0) = dimSk+1

(SL
2

(Z)),

... no result for any n > 2 valid for all weights.

Problems : � no dis
rete series for SLn(R) for n > 2,

� di�
ult to 
ompute geometri
 side of tra
e formula.

Gaëtan Chenevier (
henevier�math.
nrs.fr ) Harris 
onferen
e De
ember 5th 2014 3 / 18

chenevier@math.cnrs.fr


Essentially-self-dual, regular, 
ase

N

⊥(k
1

, · · · , kn) = subnumber of π of su
h that π∨ ≃ π| · |−k
1

−kn
.

Theorem (Ch.-Renard, Taïbi) Expli
it given formula for N

⊥(k
1

, · · · , kn)
valid for all n and all k

1

> · · · > kn, implemented on a 
omputer for

n ≤ 15 (so far). Conditional if two ki 's are 
onse
utive.

Basi
 idea of proofs. Indu
tion on n. Su
h a π des
ends to a 
olle
tion of

aut. rep. of 
lassi
al groups over Z su
h that π∞ dis
rete series (Arthur).

Compute (or use known) dim. of 
ertain spa
es of aut. rep. of 
lassi
al

groups, and substra
t "endos
opi
 
ontributions" (Arthur's Multipli
ity

Formula). Condition "unrami�ed everywhere" important in A.M.F.
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Dim. formula previously known for Sp

2g with g ≤ 2 (Igusa, Tsushima), get

split SOm with m ≤ 5 by ex
. isogenies.

Ch.-Renard : proof theorem for n ≤ 5, + 
onditionnally n = 6 and 7 (use

R-anisotropi
 inner forms to 
ompute dim.).

Taïbi : general 
ase. He found an algorithm to 
ompute the "Euler


hara
teristi
 of dis
rete spe
trum of split 
lassi
al groups for any


ohomologi
al weight", starting form Arthur's formula in his paper

L

2

-Lefs
hetz.. As an appli
ation, he dedu
es dimension spa
es of ve
tor

valued Siegel 
usp forms for Sp

2g (Z) for g ≤ 7.
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An (unexpe
ted) appli
ation

Applies 
onje
turally to ζ(s,Mg ,n).

Thanks to works of Bergström, Faber, van der Geer & Megarbané, it led to

a 
onje
tural purely automorphi
 expression for this ζ fun
tion for

(g , n) = (3, 17).

Two interesting π's of dimension 6 and weight 23 = dimM
3,17 o

ur

(there are 7 su
h ess. self. dual reg. π′s).

First 
ase where ζ(s,Mg ,n) not entirely explained by Siegel modular forms

of genus ≤ g .
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A di�erent method/result

Theorem : π 
usp. aut. rep. of GLn(A) satisfying (i) and (ii).

Assume w(π) ≤ 20.Then :

(a) either n ≤ 2,

(b) or π is a twist of the unique rep. of GL

4

(A) sat. (i) and (ii) and with

weights 19 ≥ 13 ≥ 6 ≥ 0.

Known to Serre and Mestre that for w(π) < 11 then n = 1.
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Sket
k of proof

Idea in the 
ontinuation of ideas of Stark, Odlyzko, Serre, Mestre, Miller :


ontradi
t existen
e of π using analyti
 properties of Λ(s, π × π∨), using
Riemann-Weil expli
it formula.

Let W = WR/R>0

(an extension of Z/2Z by S

1

).

K = Grothendie
k ring of C-rep. of W = Z⊕ Zε
⊕

w>0

Z Iw .

If π is the unitary twist of a Π satisfying (i) and (ii), then L(π∞) ∈ K

(Clozel purity lemma).

Choi
e of test fun
tion : F : R → R, even, C2, 
ompa
t support. And

de�ne Φ(s) =
∫
R
F (t)e(s−1/2)tdt, s ∈ C.

Linear map JF : K → R, W 7→ − 1

2πi

∫
Re(s)=1/2

Γ′

Γ (W , s)Φ(s)ds.
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The expli
it formula (following Mestre)

Fix Π,Π′
sat. (i) and (ii), let π and π′ be their unitary twists.

Result of a 
ontour integration

1

2πi

∫
C

Λ′

Λ (s, π × π′)Φ(s)ds.

Set V = L(π∞) and V ′ = L(π′∞).

∑

µ

Φ(µ)− 2 δπ′,π∨ Φ(0)

=

−2 JF (V ⊗ V ′)− 2Re

∑

pk

tra
e(
(πp)
k ⊗ 
(π′p)

k)F (k log(p))
log(p)

pk/2
.
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The inequality

Assume F ≥ 0, ReΦ(s) ≥ 0 if 0 ≤ Re s ≤ 1, and π′ = π∨ = π.

(e.g. F = f (x/λ)/
h(x/2) where f is Odlyzko fun
tion and λ > 0.)

Then JF (V
2) ≤ Φ(0).

Proposition : For F well 
hosen, the quadrati
 form W → JF (W
2),

K → R, is positive de�nite on K

≤20

.

Proof : a Gram matrix 
omputation using Odlyzko fun
tion (λ = log 9) !

Corollary : Only �nitely many possible π∞, hen
e π !

List all possible V with the 
omputer. Get Thm. when w(π) ≤ 17. A few

possible V in general, regular and with dimV ≤ 5 in all 
ases. Con
lude if

π is selfdual.
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End of proof

Show that when π exists, then there is a unique one.

Observation of Taïbi : let π
1

, . . . , πk be k di�erent aut. rep. of GLn(A)
su
h that L(π∞) ≃ V . Then :

JF (V
2) ≤

1

k
Φ(0)

Proof : same as before applied to Λ(s, (⊕iπi)⊗ (⊕iπ
∨
i )).

Che
k that for all previously found V then k ≤ 1. �
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Arthur-Langlands 
onje
ture

G redu
tive gp. s
heme over Z

Ĝ = red. group over C dual to G (C)

= Langlands dual of GQ (Gross)

π dis
rete aut. rep. of G (A) s.t. π
G(Zp)
p 6= 0 for all p.

ρ : Ĝ → GLn(C).

Conje
ture : ∃k ≥ 1, and for i = 1, . . . , k , integers di , ni ≥ 1, and a 
usp.

aut. rep. πi of GLni (A), su
h that :

(a) n =
∑k

i=1

dini ,

(b) L(s, π, ρ) =
∏

i

∏di−1

j=0

L(s + j − di−1

2

, πi ),

(
) ρ(inf π∞) = ⊕i inf πi ⊗ diag(di−1

2

, . . . , 1−di
2

).

If 
onje
ture holds for (π, ρ), write ψ(π, ρ) = ⊕iπi [di ].
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Two remarks :

(i) If 〈infπ∞, α〉 ∈ Z for ea
h root α of Ĝ , then πi is algebrai
 up to

twist for ea
h i .

(ii) If ρ∨ ≃ ρ, then πi selfdual for ea
h i .

Arthur's theorem : Conje
ture holds for (π,St) if G = Sp

2g or split SOm

over Z. + Converse result (Arthur's multipli
ity formula).
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Example G = PGSp

4

= SO

5

Ĝ = Sp

4

(C)

Fix w > v > 0 odd integers.

The number of 
uspidal π of G su
h that π∞ hol. dis
rete series of inf.


ar. diag(w
2

, v
2

) (with mult.)

= dimension of a 
ertain spa
e of ve
tor valued Siegel modular forms.

Known formula (Tsushima). For w ≤ 21, dim 0 or 1, non zero i� :

(w , v) = (17, 1) (19, 7) (21, 1) (21, 5) (21, 9) (21, 13).

When v 6= 1, ψ(π,St) 
uspidal as Sv+1

(SL
2

(Z)) = 0.

When v = 1, might be ∆w ⊕ [2] .... and it is (Saito-Kurokawa form).
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Example G = de�nite SOn for n ≤ 24

n ≡ 0 mod 8,

Ln = set of even unimodular latti
es in Rn
.

Choose L ⊂ Rn
.

G = SOL semisimple over Z, G (R) = SO(Rn), Ĝ = SOn(C).

G (Q)\G (A)/G (Ẑ) = Ln

Number of π of G su
h that π∞ = 1 (with mult.)

= |SO(Rn)\Ln|.

= 1, 2, 25 if n = 8, 16, 24 (Mordell, Witt, Niemeier).

Question: What are the ψ(π,St) ?
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Theorem (Ch.-Lannes) They are :

(i) [15]⊕ [1] and ∆
11

[4]⊕ [7]⊕ [1] if n = 16.

(ii) the following if n = 24 :

[23] ⊕ [1] Sym

2∆
11

⊕ ∆
17

[4] ⊕ ∆
11

[2] ⊕ [9]

Sym

2∆
11

⊕ [21] Sym

2∆
11

⊕ ∆
15

[6] ⊕ [9]

∆
21

[2] ⊕ [1] ⊕ [19] ∆
15

[8] ⊕ [1] ⊕ [7]

Sym

2∆
11

⊕ ∆
19

[2] ⊕ [17] ∆
21

[2] ⊕ ∆
17

[2] ⊕ ∆
11

[4] ⊕ [1] ⊕ [7]

∆
21

[2] ⊕ ∆
17

[2] ⊕ [1] ⊕ [15] ∆
19

[4] ⊕ ∆
11

[4] ⊕ [1] ⊕ [7]

∆
19

[4] ⊕ [1] ⊕ [15] ∆
21,9

[2] ⊕ ∆
15

[4] ⊕ [1] ⊕ [7]

Sym

2∆
11

⊕ ∆
19

[2] ⊕ ∆
15

[2] ⊕ [13] Sym

2∆
11

⊕ ∆
19

[2] ⊕ ∆
11

[6] ⊕ [5]

Sym

2∆
11

⊕ ∆
17

[4] ⊕ [13] Sym

2∆
11

⊕ ∆
19,7

[2] ⊕ ∆
15

[2] ⊕ ∆
11

[2] ⊕ [5]

∆
17

[6] ⊕ [1] ⊕ [11] ∆
21

[2] ⊕ ∆
11

[8] ⊕ [1] ⊕ [3]

∆
21

[2] ⊕ ∆
15

[4] ⊕ [1] ⊕ [11] ∆
21,5

[2] ⊕ ∆
17

[2] ⊕ ∆
11

[4] ⊕ [1] ⊕ [3]

∆
21,13

[2] ⊕ ∆
17

[2] ⊕ [1] ⊕ [11] Sym

2∆
11

⊕ ∆
11

[10] ⊕ [1]

Sym

2∆
11

⊕ ∆
19

[2] ⊕ ∆
15

[2] ⊕ ∆
11

[2] ⊕ [9] ∆
11

[12]

Ikeda had found 20 of the 24 parameters (the ones without the ∆w ,v ),

building on works of Nebe-Venkov, Freitag-Bor
herds-Weissauer.

Un
onditional proof.
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Case n = 16.

First 
he
k that π has a ϑ-
orrespondant on Sp

2g with g < 8. (A
tually

g = 4, as ϑg (E8

⊕ E

8

) 6= ϑg (E16

) i� g > 4).

It shows ψ(π,St) exists (Arthur, Rallis), say ψ(π,St) = ⊕iπi [di ].

Inf. 
hara
ter : ±7,±6, · · · ,±1, 0, 0.

In part. w(πi ) + di − 1 ≤ 14 for ea
h i , so πi = 1 or ∆
11

(Theorem).

Only two possibilites : the ones of the statements !
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Happy Birthday Mi
hael
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