1. RANDOMNESS IN DIOPHANTINE APPROXIMATION

Joint work with Ghosh.

Counting lattice points in a region: Theorem (Schmidt) Q7 is an increasing family of
Borel sets in R? of finite measure, the volume |Q7| — 0o as T'— oo. Then, for a.e. uni-
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The naive heuristics of the above result is as follows: Qp = 1Q;, |, ~ 1, then the
expected number of lattice points in each ; is about |Q;|. If they behaves as if they are
independent, there should be a central limit theorem-like result.

modular lattice in RY, #(A N Q7) ~ |Q7| + {

Example: When Q7 is chosen to be rational ellipses of size T, Landraw and Walfize
showed that the error term for #(Z% N Qr) is O(T?2), which is the best possible result.
The error term comes from the O(Tdfl) unit cubes that touch the boundary of the ellipse,
which behave with some kind of “independence”.

Conjecture (Gotze) for a.e. unimodular lattices the above is true for error O(T e,
Relationship with Diophantine approximation:
Let A: R0 — RY, Qp = {af||Az]] < ||o]l 5,1 < ||| < T).

Theorem (G-G) If m +n > 3, then Jo > 0, (1) the volume of unimodular lattices in

R™*™ such that W € (a,b) converges to the probability of a random variable
T

~ N(0,0?) lies in (a,b), as T — oco. (2) limsupy_,
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When m 4+ n = 2, replace #

Idea of the proof: decompose Qr = {(u,v) € R™|Ju|| < ¢|[v||7™/™,1 < ||v|| < T} into
regions where ||v|| is between 1 and 2, 2 and 4, 4 and 8 etc. Each of these cylindrical region is
obtained by a linear transformation a = diag(2%ln, %Im) from the first one, denoted as Q.

Now use Siegel transform: #(A N Qyx) = Zf_l Swen X0 (@'z) =37, x00 (A).

Theorem: T : X — X partially hyperbolic diffeomorphism with some kind of mixing,
f a Holder function on X with compact support, and is not a coboundary (f # ¢T" — g),
then the average of f(77X) satisfies central limit theorem.



However, the Siegel transform is not smooth nor bounded. However, it is in L? when
dimension > 3.

The proof is similar to central limit theorem:

Theorem (Goedin) T : (X, p) — (X, p), invertable, measure-preserving, and there is a
filtration of o-algebras C,, C C,.1, related by T—1, f € L? with 0 average, such that (1)

02 =3 e (T'f, f) € (0,00), and (2) 32,50 [1E(fICn) — fll2 < 00, i [[E(£ICn)ll2 < o0,
then % Yo f(T'x) ~ N(0,0).

To construct these C,, let @ be a partition of X, P(z) = Q(x) N W2 (z), and C,(z) =
N a*P(a~'z).

z—fn

To deal with some badly behaved parts, fix p < 1, let X(n) = {z € X|B“ (a kr) C
Co(a™*x),Vk > 0}. u(X—=X(n)) << n° hence, E(f|Cn) = m fCo anz) y)dm"(y).



