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Kinetic models
Many physical systems are described by a kinetic equation:

Oif + a(v) - Vif = Q(f),

» v € V represents the various degrees of freedom of a particle,
a(v) is its velocity (often a(v) = v).

» f(x,v) is the distribution function of the particles with
degrees of freedom v at position x € TN (in this talk).

» V is endowed with a probability measure 1 and the averaged
velocity is zero : 3= [\, a(v)du = 0.

» @ accounts for the interaction between particles or between a
particle and the medium.

> In general, it has a family of equilibrium F such that:
Q(f)=0iff f = fF = ([, fdu) F with F >0, F = 1.

» Often, a small parameter ¢ is present in the equation and,
after rescaling, the following equation is obtained:

1 1
8tf6 + ;Q(V) . fog = 6‘*20(7({5)~



Radiative transfer and Rosseland approximation

>

1 1 o
Of* + —a(v) - Vuf® = So(FILF,

with L(f) = fF — f describes the interaction between a

surrounding continuous medium and a flux of photons

radiating through it in the absence of hydrodynamical motion.
» The unknown (¢, x, v) then stands for a distribution

function of photons having position x and velocity v at time t.
» The function o is the opacity of the matter.



Radiative transfer and Rosseland approximation

>

1 1 o
Of* + —a(v) - Vuf® = So(FILF,

with L(f) = fF — f describes the interaction between a
surrounding continuous medium and a flux of photons
radiating through it in the absence of hydrodynamical motion.

» The unknown (¢, x, v) then stands for a distribution
function of photons having position x and velocity v at time t.

» The function o is the opacity of the matter.

» When the surrounding medium becomes very large compared
to the mean free paths ¢ of photons, ¢ is known to behave
like p the solution of the Rosseland equation

Orp — dive(a(p) K Vxp) = 0, (t,x) €0, T] x TN.

with K := [, a(v) @ a(v) dv. This is called the Rosseland
approximation. (Bardos, Golse, Perthame, Sentis)



Deterministic equation, diffusive limit, F =1
1 1 -
Of* + Za(v) - Vuf® = So(FIL(F), L(F)=F—F.

Hilbert expansion (formal): ¢ = fy +cfy + &% + ...



Deterministic equation, diffusive limit, F =1

Def* + éa(v) VL f = éa(?)L(ff), L(F)=F—Ff.

Hilbert expansion (formal): & = fo +ef; + &2 + ...

~s order =2 : Lfy =fy—fy=0and fy = fy = p.

(We assume 0 < 0, < o(p) < o, p € R).
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~ order —1 : a(v) - Vyp = a(p)L(f).



Deterministic equation, diffusive limit, F =1

OuF° + %a(v) Vi = 8l2a(?) (), L(F)=F—f.

Hilbert expansion (formal): ¢ = fo +cfy +e%h + ...
~s order =2 : Lfy =fy—fy=0and fy = fy = p.
(We assume 0 < 0, < o(p) < o, p € R).

~ order —1 : a(v) - Vyp = a(p)L(f).

The equation .
L(g)—é—g—/vgdu—g—h

can be solved iff fv hdp = 0 and in this case, we can take
g =—h.

Recall that [, a(v)du =0 — i = —a(p) ta(v) - Vip



Deterministic equation, diffusive limit, F =1
0cf + Za(v)  Vif® = So(FILF, L(N)=TF
Hilbert expansion (formal): ¢ = fo +cf; +e2hH + ...
~ order =2 : L(fy) =0and fy = [, fodp = p.
~ order —1: a(v)-Vyp=L(f) — L = —c(p)~ta(v) - Vip.

~> order 0 : O0ip+ a(v) - Vifi = o(p)L(f)
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Deterministic equation, diffusive limit, F =1
0cf + Za(v)  Vif® = So(FILF, L(N)=TF
Hilbert expansion (formal): ¢ = fo +cf; +e2hH + ...
~ order =2 : L(fy) =0and fy = [, fodp = p.
~ order —1: a(v)-Vyp=L(f) — L = —c(p)~ta(v) - Vip.

~> order 0 : O0ip+ a(v) - Vifi = o(p)L(f)
— 0= | av) - Vu(op) 1 alv) - Vgl = 0

—  Oyp —div (a(p)*lKVXp) =0,
with

K::/Va(v)@)a(v)d,u(v).



Deterministic equation, diffusive limit

1 1 _
Oif* + Za(v) - Vaf* = So(F)LF, L(F) = FF .

When ¢ — 0, the density p° = fv fedy converges to the solution
p of the diffusion equation

drp — div(o(p) KVp) =0

with initial data po = [|, fodp . We assume [, a(v)F(v)du(v) =0
and:

Ve >0,V(¢ a)e SVIR, p({ve V, |a(v) - E+al <e}) <e,

for some 0 > 0.



The stochastic case

We first consider a similar model with time white noise:

dfe + %a(v)'vxfE dt = E%(I(I_CE)Lf'Edl” + £ o QdW4,

xeTV, veV,Lf =fF—f.

» The noise represents randoms creations/absorptions of
photons.

» We expect to obtain a stochastic quasilinear parabolic
equation at the limit.

» We adapt the Hilbert expansion method.

» We first have to prove existence of /¢, we need non
degeneracy of a:

Ve >0, V(¢ o) e SR, p({ve V,|a(v) E+al <e}) <e,

for some 6 > 0.



Hilbert expansion, stochastic case

0cf* + Zal(v) - Vaf* = o (FILF + 17 0 QaWs,  L(F)=F — F.
Hilbert expansion (formal): ¢ = fo +cfy +%h + ...

~ order =2 : Lfy =0and fy = [, fodu = p.

~ order —1: a(v) - Vyxp = o(p)Lfi — A = —a(p)~ta(v) - Vip.

~ order 0 : Oip + a(v) - Vi = o(p)Lfa + p o QdW,



Hilbert expansion, stochastic case

0cf* + Zal(v) - Vaf* = o (FILF + 17 0 QaWs,  L(F)=F — F.
Hilbert expansion (formal): ¢ = fo +cfy +%h + ...

~ order =2 : Lfy =0and fy = [, fodu = p.

~ order —1: a(v) - Vyxp = o(p)Lfi — A = —a(p)~ta(v) - Vip.

~ order 0 : Oip + a(v) - Vi = o(p)Lfa + p o QdW,
— Orp — div <0(p)_1(/ a(v) ® a(v)du)vxp> = po QdW;.
v

and

div <U(p)1 <a(v) @ a(v) — /V a(v) @ a(v)d,u) pr> — o (o)L



Hilbert expansion, rigorous proof
» We take the solution of the SPDE:

drp — div (U(p)l (/V a(v) ® a(v)du) pr> = po QdW,.

It is smooth is space provided the noise and initial data are
also smooth. (D., De Moor, Hofmanova).
» Define: f; = —a(p)~ta(v)- Vyp and

f, = —div (U(p)l (a(v) @ a(v) — /v a(v) @ a(v)du) pr> .

> Set

rnge—p—5f1—52f2



Hilbert expansion, rigorous proof
» We take the solution of the SPDE:

drp — div (U(p)l (/V a(v) ® a(v)du) pr> = po QdW,.

It is smooth is space provided the noise and initial data are
also smooth. (D., De Moor, Hofmanova).
» Define: f; = —a(p)~ta(v)- Vyp and

f, = —div (U(p)l (a(v) @ a(v) — /v a(v) @ a(v)du) pr> .

> Set
rF=f*—p—ch — 26

then, with df; = f ydt + W5 dW,
1 1, -
dr® + ~a(v) - Virfdt = [o(FE)L(FE) — a(p)L(F* — r°)] dt
—ea(v) - Vxhdt + (f° — p—efi) QdW;
+ G(f* — p)dt — efy gdt — W dW; — £2dh.



Hilbert expansion, rigorous proof

2
—ca(v) - Vihdt+ (f° — p—eh) QdW,;
+ G(f‘S — p) dt — €f17ddt
— eV dW, — 2dh.

9+ La(v) - Virtdt = & [o(FILF) — o(p)L(° — 7)) d

The terms: 1a(v) - V,r® and 6% [o(FE)L(FE) — a(p)L(f — r7)]
behave well in L':

1
/ (a(v) - Vxr®) sign(r®)dudx = 0,
€ JTVxV

512/ [(FE)L(F?) — o(p)L(FF — r°)] sign(r®)dpudx < 0.
TNx V



Hilbert expansion, rigorous proof

2
—ca(v) - Vihdt+ (f° — p—eh) QdW,;
+ G(f‘E — p) dt — €f17ddt
— eV dW, — 2dh.

9+ La(v) - Virtdt = & [o(FILF) — o(p)L(° — 7)) d

The terms: 1a(v) - V,r® and 6% [o(FE)L(FE) — a(p)L(f — r7)]
behave well in L':

i/ﬂ"\’xv (a(v) - Vxr?) sign(rf)dudx = 0,
s% o, TLE) = o (p)L(F* = )] sign(r*)dpudx < 0.

Problem: we cannot use 1t6 formula for ||r|;:.



Hilbert expansion, rigorous proof

1 1 -
drf + Za(v) - Virtdt = = [0(F)L(F) — o(p)L(F° — r°)] dt
g g
—cea(v) - Vihdt + (f° — p—efy) QdW,
+ G(f° — p) dt — efy qdt
— eV dW, — £2db.

The terms: 1a(v) - V,r® and E% [o(FE)L(FE) — o(p)L(f — r¥)]
behave well in L!. Problem: we cannot use It formula for ||r%| 1.
» We use Itd formula for a 6 smoothed version of the L norm.
> This introduces singular terms in the Itd correction: the
second derivative of this smoothed L' norm is of order %
multiplied by 2.
» The use of a modified L' norm introduces a term of order ;%.



Hilbert expansion, rigorous proof

1 1 -
drf + Za(v) - Virtdt = = [0(F)L(F) — o(p)L(F° — r°)] dt
g g
—cea(v) - Vihdt + (f° — p—efy) QdW,
+ G(f° — p) dt — efy qdt
— eV dW, — £2db.

The terms: 1a(v) - V,r® and E% [o(FE)L(FE) — o(p)L(f — r¥)]
behave well in L!. Problem: we cannot use It formula for ||r%| 1.
» We use Itd formula for a 6 smoothed version of the L norm.
> This introduces singular terms in the Itd correction: the
second derivative of this smoothed L' norm is of order %
multiplied by 2.
» The use of a modified L' norm introduces a term of order ;%.
— We need to kill the noise term of order ¢.
— We need a third corrector 3 such that

e2dfy — o(p)L(f3)dt = V), dW;



The convergence result

Theorem Let ¢ denote the solution of the kinetic problem

dff + la(v)- Vi dt = Lo(F°)(F°F — £9))dt + ° o QdW,,
xeTV veV,

and p the solution of the non-linear stochastic partial differential
equation

Oep — div (0(p) 'KV xp) = po QdW,
where K denotes the matrix ( [\, a(v) @ a(v)dp). Then, the

solution f© converges as ¢ tends to 0 to the fluid limit p and we
have the estimate:

sup E[fy —pelln, < Ce.
te[0,T] Y



Another model with "real noise”

We now start with a noise with non vanishing correlation length:

€ 1 € 1 s € 1 € t

where m(t) is an ergodic centered markov process with values in a
space of functions of x.

» We assume (V/, ;1) is a measured space, 1 is a probability
measure, a € L>(V;RN), N > 1 and x € TV,

» The equation is set in Ry x TV x V,, with initial data

f£(0) = fo.
» As before, L —fF—Ff and the velocities are centered:
Jy a(v)du(v) = [, a( v)dp(v) = 0 and non degenerate:

Ve >0, V(¢ a) e SR, p({veV,|a(v) E+al <e}) <e’

» Existence and uniqueness of f€is classical under these
assumptions.



Diffusion approximation :

We consider a differential equation in R with random coefficients:
dxg
dt

The driving process m; scales like m; = m(c=2t) where m; is a R
valued homogeneous stationary and mixing Markov process. If
G =0, then x; — X where

: 1
= FOxE, m3) + - G (xi, m).

dx =, '
ol F(x:), F(x) :—/RF(X, n)dv(n),

and v is the invariant measure of my.



Diffusion approximation :

We consider a differential equation in R with random coefficients:
dxg
dt

The driving process m; scales like m; = m(c=2t) where m; is a R
valued homogeneous stationary and mixing Markov process. If
G =0, then x; — X where

1
= Fxe, mp) + —Gxt, mk).

dx =, '
ol F(x:), F(x) :—/RF(X, n)dv(n),

and v is the invariant measure of m;. We are interested in the
case:

G #0, / G(-,n)dv(n) =07

We concentrate on the case: G(x, m) = G(x)m.



Donsker Theorem

Let (&) be i.i.d centered random variables, with variance
02 < 4o0. Let

xn<t)=alﬁ<sl+---+£m>, teo.1],

the random variable on C = C([0, 1]; R) defined by linear
interpolation between the points t = i/n. Then

Xn— B

where [ is a brownian motion on C. The convergence is in law.



Donsker Theorem

Let (&) be i.i.d centered random variables, with variance
02 < 4o0. Let

xn(t)zalﬁ<51+---+£m), teo.1],

the random variable on C = C([0, 1]; R) defined by linear
interpolation between the points t = i/n. Then

Xn — B
where [ is a brownian motion on C. The convergence is in law.
1 t s [5%] k+1
M; == —)ds ~ ds — W,
: <€/0 m(€2) s 520:/!( m(s)ds ¢

where W = (f31,...,4) is d dimensional brownian motion.



The perturbed test function method.

Problem : We assume that the driving process m; scales like
m: = m(e~2t) where m, is homogeneous and stationary Markov
process. We assume that it is mixing with invariant measure v. Let

~ 1
aXtE = F(x¢) + EG(Xf)miv'
We expect that at the limit £ — 0, x* converges in law to the
solution of:
dXt = F(Xt) + G(Xt) o th



The perturbed test function method.

Problem : We assume that the driving process m; scales like
m: = m(e~2t) where m, is homogeneous and stationary Markov
process. We assume that it is mixing with invariant measure v. Let

d 1) £ 1 £ £
axt = F(x¢) + EG(Xt)mtv-

We expect that at the limit £ — 0, x* converges in law to the
solution of:
ClXt = F(Xt) + G(Xt) o th

To prove this we use the generator of (x*, m®). We denote by M
the generator of m, then (x;, m;) has the following generator:

Lo0(x, n) = <F(x) + %G(X)m Db (x, n)> + éMd)(x, ),
® € CA(R??).

d
Let ve(t, x, n) = E(p(xg(x), mi(n)), then Evg = L°V°



The perturbed test function method.

Evolution of E(¢(x;)):

Loo(x7) = <F(xf) +260¢,m), sto(x))

~+ No information as € — 0.



The perturbed test function method.

Evolution of E(¢(xf)):

£00) = (FOE) + 160, Do)

~> No information as ¢ — 0.
~ We try to find correctors o1, o € Cg(Rd x R9) such that the
perturbed test function

©° 1= @ +ep1 + 2o,

satisfies
L¢®(x,n) = Lo(x) + O(e)

(Papanicolaou, Stroock, Varadhan 77. See the recent book by
Fouque, Garnier, Papanicolaou and Solna)



The perturbed test function method.

LE(x,n) = Lo(x)+0O(e), ¢ :=¢p+ep1+ 52902.
Write:
B (. ) t
~ 56706 mD) + B ( [ £, me)ao
S



The perturbed test function method.

LEp®(x, n) = Lo(x) + O(e),
Write:

©F = ptepr + 52902.

E(e"(x¢, mp)) t
= (cpf(xi,mi))ﬂz(/s cfcpf(xg,mg)d(;)

E0 - E(p(x)) = E(o(x)) + E ( / tﬁgo(xg)dc;')



The perturbed test function method.

Lg% (x, n) = Lo(x) + O(e),
Write:

©F = ptepr + 52902.

E0 - E(p(x)) = E(o(x)) + E </St£g0(xg)da>

~ L is the generator of the limit process.



Equations for the correctors

1 1
‘CEQD(Xv n) - (F(X) + EG(X> n)a DX‘)O(Xa n)) + ?M@(Xv n)
= Lo(x)+0(e), ¢ € CA(R?),
©° = @ +epr + 2.
We derive

Me(x) =0,
(G(x)n, Dxp(x)) + Mepi(x, n) =0,
(F(x), Dxp) + (G(x)n, Dxp1(x)) + Mpa(x, n) = Lo(x).

The first equation is satisfied since ¢ does not depend on n.



Equations for the correctors

() = (F() + = G n), Ducplx, m) + = M, )
= Lol) +0(e), p € CGE),

¢ 1= +epr + 2.
We derive

Me(x) =0, (1)

(G(x)n, Dxp(x)) + Mepi(x, n) = 0, (2)

(F(x), Dxg) + (G(x)n, Dxpr(x)) + Mpa(x, n) = Lo(x). (3)
The first equation is satisfied since ¢ does not depend on n. To

solve the second equation, we need to solve the Poisson equation
associated to M.



The Poisson equation

We assume that for a large class of functions ¢ such that
[ (n) = 0 (v is the invariant law of m;), the equation

MO =1, e Co(R)

has a solution in 0 € Cp(E), unique under the condition

[ 6(n)dv(n) = 0.



The Poisson equation

We assume that for a large class of functions ¢ such that
[ (n) = 0 (v is the invariant law of m;), the equation

MO =1, e Co(R)

has a solution in 0 € Cp(E), unique under the condition
J6(n) = 0. It is given by:

6(n) = M~1ob(n) == — /:O Mty (n)dt = /:O Eb(me|m(0) = n)dt.

Mt

e™* is the transition semi-group associated to m;.



Equations for the correctors

(G(x)n, Dxp(x)) + M1 (x, n) = 0,

(F(x); Dxp) + (G(x)n, Dxipr(x)) + Mga(x, n) = Lep(x).



Equations for the correctors

(G(x)n, Dxp(x)) + M1 (x, n) = 0,
(F(x), Dxtp) + (G(

We have assumed [ G(x)ndv(n) = 0 ~+ we obtain

o1 =—M"1(G(x)n, D)

x)n, Dxp1(x)) + Mea(x, n) = Lip(x).



Equations for the correctors

(G(x)n, Dxp(x)) + M1 (x, n) = 0, (4)
(F(x), Dxp) + (G(x)n, Dxpr(x)) + Mpa(x, n) = Lo(x). (5)

We have assumed [ G(x)ndv(n) = 0 ~+ we obtain

o1 =—M"1(G(x)n, D)

v Lp(x) = (F(x), wa)—/E(G(X)n, Dx(M~1G(x)n, Dxp(x)))dv(n).

This is the generator associated to the SDE:

dx = f(X)dt + G(X)oCY2dp

where [ is a d dimensional brownian motion and C is computed
from [ n@ M~tndv(n).



If all coefficients are bounded.
We obtain bounds of the form:

E( sup [x*(t)]*) < ¢
te[0,T]

independent on ¢ and:
E (]x°(t) — x°(s)|*) < [t —s]* + <.
We write:

E(ef(x*(¢), m*(1))) .
= E(¢"(x(to), m*(t0)) + [ L7 (x7(¢), m*(2)))

to

v E(p(x*(1))) = E(¢(x*(t0))) + E /tt Lo(x5(s))ds + O(e),



Back to the stochastic kinetic equation

1 1 - 1
O + = < Vxf® = So(f°)LFE + =fEm(t),
{F°+ ~a(v) So(FILF + Fme (o)

e m(t) is a centered, mixing markov process with values in a
space E of functions of x.

e (V, ) is a measured space and y is a probability measure.
e ac [®(V;RY)

e d > 1 and x € T9 the d dimensional torus.

e [ is a dissipative operator.

e We assume ||, a(v)dpu(v) =0 and

Ve >0,V(&a) € SNIXR, pu({veV,|a(v)-E+a] <e}) <ef

for some 0 > 0.



Back to the stochastic kinetic equation

€ 1 € 1 re € 1 € jaE

We denote by M the generator of m, then the generator of
(fe, m?) is:

1 1 - 1 1
Lep(f, n) :—E(Af,Dw)Jrg(a(f)Lf,Dcp)Jrg(nf,Dcp)Jr;ZMw



Back to the stochastic kinetic equation

1 1 - 1
Ot + = -Vif® = <o(f5)LFE + = m*(t),
of*+ Za(v) 0 (F)LF + —Fm(t)
We denote by M the generator of m, then the generator of

(fe, m?) is:

1 1 - 1 1
Lop*(f n) = ——(Af, Do) + 5 (o(F)LF, Do) + —(nf, Dp) + 5 My
1 1
=—Lip+ Loy
£ €
where Af = a(v) - V,f, D is the gradient with respect to f and
£190 - _(Afv DS‘Q) + (nf7 DQO)

and ~
Lop = (o(f)LF, Dp) + M.



Perturbed test function method:

LEQE(f,n) = _E(Af’ Dy) + ?(a(f)Lﬂ Dy) + g(”f7 D) + ?Mgp
1

=—Lip+ Loy
£ €

L1 = —(AF, Do) + (nf,Dy), Lap = (a(F)LF,Dp) + M.



Perturbed test function method:

1 1 1 1
LEp*(f,n) = —E(Aﬂ Dy) + ;2(0(")“, Dy) + g(nﬂ Dy) + ;ZMsO

1
gﬁlg«o‘i_ 572‘6299
L1 = —(AF, Do) + (nf,Dy), Lap = (a(F)LF,Dp) + M.

We expect a limit model which is a SPDE with unknown
P = fv fd:u(v)

~» We use test functions of the form ¢(f) = ¢(p). And consider
LEGF, o = @+ ep1 + 2.



Perturbed test function method:

1 1 1 1
LEp*(f,n) = —E(Aﬂ Dy) + ;2(0(")”7 Dy) + g(nﬂ Dy) + ?Mso

1
— Lt L
- 1¥ + 52 2p

Lip = —(Af, Do) + (nf,Dp), Lap = (o(F)Lf, D) + M.

We expect a limit model which is a SPDE with unknown
P = fv fd:u(v)

~» We use test functions of the form ¢(f) = ¢(p). And consider
LEGF, o = @+ ep1 + 2.

~» Order —2 : Lyp = 0 — automatically satisfied.



Perturbed test function method:

1 1 1 1
LEp*(f,n) = —E(Aﬂ Dy) + ;2(0(")”7 Dy) + g(nﬂ Dy) + ?Mso

1
gﬁlg«o‘i_ 572‘6299
L1 = —(AF, Do) + (nf,Dy), Lap = (a(F)LF,Dp) + M.

We expect a limit model which is a SPDE with unknown
P = fv fd:u(v)

~» We use test functions of the form ¢(f) = ¢(p). And consider
LEGF, o = @+ ep1 + 2.

~» Order —2 : Lyp = 0 — automatically satisfied.

~ Order —1: Lip+ Lop1 =0



Inversion of L, :

Lo = (o(F)LF, D) + Myp = &



Inversion of L, :

Lot = (o(F)LF, D) + Myp = &

» This is the generator of the process (g(t; f, n), m(t; f,n)) :

Se=o@te=o@ ([ guv)-g) =@ (- 0). 0 =

where m is the driving process starting form n at t = 0.



Inversion of L, :
Lot = (o(F)LF, D) + Myp = &

» This is the generator of the process (g(t; f, n), m(t; f,n)) :

d _ _ _
e =o@te=o@ ([ zuv)-g) =o@ (- o). £0 =
where m is the driving process starting form n at t = 0.

» Explicit solution : p = fv g(t)du(v) = fv fdp(v)
~ g(t) = e 7@B)f 4 (1 — e o(@)t)),

>

¢m@—£;wam——Awﬁwgwﬁmmmam»m

if /Ed>(p, n)dv(n) = 0.



Perturbed test function method:

1 1, - 1 1
LEp*(f,n) = —g(Af, Dy) + ;(U(f)Lf, Dy) + g(nf, Dy) + My

1 1
=-L —L
- 1+ 22 2¢

L1 = —(AFf, Do) + (nf, D), Lap = (o(F)LF, D) + Mg

~> Order —2 : Lo = 0 — automatically satisfied

~ Order —1: L1+ Lop; =0

/ L1(p. m)di(n) = / (A, Dy) + (np, Dp)dw(n) = 0
E E



Perturbed test function method:

1 1, - 1 1
LEp*(f,n) = —g(Af, Dy) + ;(G(f)Lf, Dy) + g(nf, Dy) + My

1 1
=-L —L
- 1+ 22 2¢

L1 = —(AFf, Do) + (nf, D), Lap = (o(F)LF, D) + Mg

~> Order —2 : Lo = 0 — automatically satisfied

~» Order —1: £1<,0 + C2g01 =0
/E L1(p, m)du(n) = /E ~(Ap. Dg) + (np, Dip)du(n) = 0

— 1= —Ly L1 =
/ ~(Ag(t; f.n), D) + (m(t: f. m)g(t, f, n), Dy)dt
0



Perturbed test function method:

1 1 1 1
Lo (fon) = ——(Af. Do) + 5 (Lf, Dp) + —(m, Dg) + 5 Mo
1 1
=-Lip+ Loy
£ S
L1p = —(Af,Dp) + (m,Dy), Loy = (Lf, D) + My

~ Order =2 : Lo = 0 — automatically satisfied

~ Order —1: Lip+ Lop1 =0
/E£1<p(p, n)dv(n) = /E —(Ap, Do) + (np, De)dv(n) =0

— o1 =—L5'"Lip=—(A(c(p)"f), Dp) — (fM~1n, Dy).



Perturbed test function method:

Log(f.n) = ——(AF, Dy) + S (LF, D) + —(m, D) + My
1 1

Lip = —(Af,Dg) + (m,Dy), Lap = (Lf, Dp) + My

~ Order =2 : Lop = 0 — automatically satisfied

~» Order —1 :
Lip+ Lop1 =0, o1 =—(A(c(p)"*f),Dy) — (M~1n, Dy).

~» Order 0 : Lip1 + Lowo = Lo — Lo(p) = / Lip1(p, n)dv(n).
E



Limit generator:

ﬁ@=/£1¢1d’/(”)
E

= (Ap, DsO)—/E ((pnM‘ln, Dw(p))+thp(p)-(pM‘ln,pn)> dv(n).

where
Ap = div((a(p)™") KVp)

This is the generator of

dp = div(KVp)dt + po QY2dW(t)

1
= div(KVp)dt + SFp+ pQY2dW (t).



Limite — 0

> To complete the proof, we need to prove tightness of the laws
of p* = f*.

» Bound in L?(TV): Take o(f) = ||f]|7.
(weigthed norm: ||f]|2, = [1n,\, F2(x, v)F 1 (v)dxdv.)

» It is not a function of p = f but it is possible to compute
correctors and obtain a bound on <[ 2(pwy in L>(0, T).

» This implies tightness in C([0, T]; H="(TN)), n > 0.

» This is not sufficient to deal with the nonlinear term.



Limite — 0

» We also have a bound %||Lf||;> in L2(0, T).

> £0,f° + a(v) - Vif® = Lo(F)LF° + m*f° is bounded in
L2(0, T; L2(TN)).

> Averaging Lemma: Assume
Ve >0, V(€ a) e SNKR, p({ve V,|a(v)-E+al <e}) <,

for some 6 > 0.
If < and £0:f° 4 a(v) - V. f* are bounded in [*(0, T; L*(T"))
then p° = ¢ is bounded in L?(0, T; H®), for s < /2.

» We get tightness in L2(0, T; L2(TV))



Limite — 0

Theorem Let fy € Liv and

£0 ::/ fod .
14

Under the above assumptions on the velocities a and on the driving
process m°, we have: for all 77 > 0, the density p° := [, f°dpu
converge in law in C([0, T]; H™") and in L2(0, T; H®) to the
solution p of the equation

dp =div(o(p) T KVp)dt + po QY2dW(t), in Rf x T¢,
1
= div(o(p) 1K Vp)dt + SFo+ pQY2dW(t), in Rf x TY,
with initial data pg, where W is a cylindrical Wiener process on

L2(T9), @ is a nuclear operator on L?(T9) determined by the
correlation of m.



Coefficient @ in the limit model

It is associated to a kernel k:
0f(x) = [ K(xy)f()dy. £ e L3(1),
where
Kxoy) = B [ mO)m()()de, x.y €T

The 1td correction :



The noise as a force (linear case):

1 1 1
Oef* + =a(v) - Vif* + =m* -V, f = S Lf°.
g g g

e m°(t) is a centered mixing markov process with values in a space
of functions E.

eveV=TI

e a(v)=v.

o [f=pF — f where F is an equilibrium function satisfying:

/ vF(v)du(v) =0.
JV



The noise as a force (linear case):

1 1 1
atfs—i—*V‘vxfe—i_fzms'vvf:7Lf€.
€ € €
We denote by M the generator of m, then the generator of ¢, m*®
is given by:

1 1
LEp(f, n) :—E(Af, D) + = (Lf Dy) — (me Dgp)—l— I\/hp

1 1
— Lot L
- 19+ 22 2¢

where Af = v -V, f, Bf =V, f, D is the gradient with respect to
f and now
£199 - _(Afa DSD)

and
Lop = (Lf, D) — (mBf, Dy) + My



Perturbed test function method

Log(f.n) = ——(AF, Dy) + S (Lf, D) — —(mBf, D) + 5 My

&
1 1
= —Lip+ Loy
g 13
Lip = —(Af,Dy), Lop = (Lf,Dp)— (mBf,Dy)+ My

We expect a limit model which is a SPDE with unknown
P = fv fdu(v)
~» We use test functions of the form ¢(f) = ¢(p).

~» Order —2 : Lo = 0 — automatically satisfied



Perturbed test function method

1
EE@E(fv n) = =

1 1 1

E(Af, Dy) + ?(Lf, Dyp) — g(me, Dy) + 8—2M<p

1 1

= —Lip+ Loy
€ €
Lip = —(Af,Dyp), Lop = (Lf,Dp) — (mBf,Dyp) + Mg

We expect a limit model which is a SPDE with unknown
P = fv fdu(v)
~» We use test functions of the form ¢(f) = ¢(p).
~» Order —2 : Lo = 0 — automatically satisfied

~ Order —1: Lio+ Lop1 =0



Inversion of L, :

Lop = (Lf,Dy) + (mBf,Dp) + My



Inversion of L, :

Loy = (Lf, Dp) + (mBf, Dy) + My
This is the generator of the process (g(t; f, n), m(t; f,n)) :

d
ag:Lg*mBg:PF*g*m'va, g(0) =f,

where m is the driving process starting form n at t = 0.



Inversion of L, :

Loy = (Lf, Dp) + (mBf, Dy) + My
This is the generator of the process (g(t; f, n), m(t; f,n)) :

& =Llg-—mBg=pF—g—m Vg, g(0) =",

where m is the driving process starting form n at t = 0.
Explicit solution: p = [\, g(t)du(v) = [, fdu(v)
AN

t
g(t,x,v) =e tf(x,v— M)+ / e () p(x)F (v + My — M;)ds.
0

where M; = fo (s,x,n)ds.



Inversion of L, :

Loy = (Lf, Dp) + (mBf, Dy) + My
This is the generator of the process (g(t; f,n), m(t; f, n)) :

&=Llg-—mBg=pF—g—m Vg, g(0) =",

where m is the driving process starting form n at t = 0.

Explicit solution: p = [\, g(t)du(v) = [, fdu(v)

g

g(t,x,v) =e tf(x,v— M)+ /t e () p(x)F (v + My — M;)ds.
0
where M; = fo (s,x,n)ds.
w L5(F, n) = / E (6(g(t; £, n); m(t: £, ) ot if
0

/Ezp(/ooo espF(v—/so m(o, n)do)ds, n>du(n):0.



Perturbed test function method:

1 1 1 1
LEp*(f,n) = —E(Af, Do) + g(Lf, D) + g(m, Dy) + ;Mw
1
=—Lip+ j£2¢
g &

Lip = —(Af,Dy), Lop=(Lf,Dyp)— (mBf,Dyp)+ My

~» Order —2 : Lo = 0 — automatically satisfied



Perturbed test function method:
1 1 1 1
LEp*(f,n) = —E(Af, Dy) + g(Lf, D) + g(m, Dy) + ng
1
=—Lip+ Loy
g &
Lip = —(Af,Dy), Lop=(Lf,Dyp)— (mBf,Dyp)+ My

~ Order =2 : Lo = 0 — automatically satisfied

~ Order —1: Lip+ Lop; = 0. It is possible to invert £,



Perturbed test function method:
1 1 1 1
LEp*(f,n) = —E(Af, Dy) + g(Lf, D) + g(m, Dy) + ng
1
=—Lip+ Loy
g &
Lip = —(Af,Dy), Lop=(Lf,Dyp)— (mBf,Dyp)+ My

~ Order =2 : Lo = 0 — automatically satisfied

~+ Order —1 : Lip+ Lop1; = 0. It is possible to invert L5:

01 = —(Af, D) — (div(fM~1n), Dy(f)).



Perturbed test function method:

1 1 1 1
LEp*(f,n) = —E(Af, Do) + g(Lf, D) + g(m, Dy) + ;Mw

1
=—Lip+ j£2¢
g &
Lip = —(Af,Dy), Lop=(Lf,Dyp)— (mBf,Dyp)+ My

~» Order —2 : Lo = 0 — automatically satisfied

~+ Order —1 : Lip+ Lop1; = 0. It is possible to invert L5:
p1 = —(Af, Dp) — (div(fM~"n), Dy(f)).

~+ Order 0 : Lip1 + Loyps = Ly

— Lo = —/E£1g01</io e*pF(v — /50 m(o, n)da)ds) dv(n)



Limit generator:
Very long computations ...



Limit generator:

Very long computations ...
We obtain the limit SPDE:

dp = div((K+H)Vp)dt+div(pG) + div(p o QY/2dW(t)), in R} x T¢
The operator Q:
0f(x) = [ Kxy)f(dy. £ e L(1),
where
kx,y) =B [ m(O)(y) @ m(e)()de, x.y €T
The extra (deterministic) diffusion:

H(x) = E/OOO e *m(0)(x) ® m(t)(x)dt, x e T





