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Outline.

* Linear Boltzmann equation & Brownian motion
* Lanford’s strategy & pruning procedure

* Coupling with the Boltzmann hierarchy



Microscopic scale
N particles of size ¢
Newtonian dynamics

Ned <« 1
Ned 1> 1

Macroscopic scale
Fluid equations of hydrodynamics
(Euler, Navier-Stokes)
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Microscopic scale
N particles of size ¢
Newtonian dynamics

Low density limit
Ne® <« 1

Ned= > 1 Mesoscopic scale

Stochastic perturbations: Boltzmann equation

Olla,Varadhan,Yau

Quastel, Yau .... Fast relaxation limit:

| Bardos,Golse,Levermore
T chgp Golse,Saint-Raymond ...
\‘, Macroscopic scale
"f""i' Fluid equations of hydrodynamics
b2 (Euler, Navier-Stokes)
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Diluted Gas of hard spheres

Gas of N hard spheres with
deterministic Newtonian dynamics
(elastic collisions).

Dimension : d > 2
Periodic domain: Td = [0,1]d

Sphere radius = ¢

Boltzmann-Grad scaling

Net—1 = ¢




Boltzmann-Grad scaling

v

» Volume covered by a particle = tyg9—1
 Onaverage J/V particles per unit volume

On average, a particle has «a collisions per unit of time

N x ¢ 1 = ¢



Hard Sphere dynamics
Gas of N hard spheres : Zn = {(x;(t),v;(t) }i<n
dx; dv;
i i i 1 z' o
=V 0 aslongas |z;(t) —x,;(t)| > ¢,
and elastic collisions if |z;(t) — z;(t)| = ¢ v

\
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Hard Sphere dynamics
Gas of N hard spheres : Zn = {(x;(t),v;(t) }i<n

dx; dv;
=V 0 aslongas |z;(t) —x,;(t)| > ¢,
and elastic collisions if |z;(t) — z;(t)| = ¢ v

\
{v’+v’vz+v3 @

03 |7 + 05 = [v]* + |vj[° y Q
/

Liouville equation for the particle density fn(t, Zn)
N

Ot SN —|—Z Vi * Vg, Jn =0

in the phase space =1

DY :={Zny € T™ xR™ /Vi#j, |v;i—x;]>¢}

with specular reflection on the boundary o DY .



Initial Data

Equilibrium distribution
1 p
Mus(Zn) = 5 —exp (=2 3 il2) T Lo yioe

Initial data :

N
fn 5(Zn) = (H fo(Zi)) Mn,5(Zn)

Density of a particle at time t :

](\;)(t,zl) — /dZQ...dZN fn(t,z1,29,...,2N)

Question. Convergence VUt 21) : > f (¢, 21)



Boltzmann equation

Theorem.

For chaotic initial data fx(Zn) =~ vazl f°(zi) the density of
the particle system converges up to a time t >0 to the
solution of the Boltzmann equation when N — co, Ne¢~ ! =

8tf TV Va:f
—a [ W) = S fe)] (0= ) ) dvsd

with v =v4+v- (v —v)v, vi=vi—v-(v;—0v)V
[Lanford], [King], [Alexander], [Uchiyama], [Cercignani, Illner,

Pulvirenti], [Simonella], [Gallagher, Saint-Raymond, Texier],
[Pulvirenti, Saffirio, Simonella]



Boltzmann equation

Theorem.

For chaotic initial data fx(Zn) =~ H,fil f9(z;) the density of
the particle system converges up to a time t >0 to the
solution of the Boltzmann equation when N — co, Ne¢~ ! =

atf T - Va:f
—a [ W) = S fe)] (0= ) ) dvsd

with v =v4+v- (v —v)v, vi=vi—v-(v;—0v)V

Lanford's strategy leads to a short time convergence which
depends on [ " The convergence time remains short even if
initially the system starts from equilibrium !!!



Large time asymptotics

Equilibrium distribution

N
1 o
Mus(Zn) = —exp (= > 3 [il?) T] 1yl
ZN.f 23 oy

Initial data for Lanford’s theorem

N
fn.s(Zn) = (H fO(Zi)) Mn.s(Zn) ~ exp (V)

Perturbation of the equilibrium distribution :

* Linear Boltzmann equation: perturbation of a tagged particle

* Linearized Boltzmann equation



The tagged particle

Gas of N hard spheres with deterministic Newtonian dynamics (elastic
collisions).

Initial data at equilibrium and a tagged particle (:1:1, ful)

Questions.

In the Boltzmann-Grad scaling
N x et l'=aqand N — o
1. Distribution of (x4 (%), v1(%))

2. Position of the tagged particle

r1(at) when o — 0o

10



Tagged particle & Brownian motian

J. Perrin
(1909)

J. Perrin
Les atomes




The tagged particle

Equilibrium distribution

N
1 b
My s(Zn) = €Xp ( 5 Z |Vi|2) H Lixi—xj|>e
2N, 23 ]

Particle Z1 = (x1, v1) is tagged. Initial distribution :

fn(Zn) = Mn,g(Zn) p°(x1)

Uniform bound: s (Xl) < u

Notation: Marginals

t>0,Vs > 1, f,\(ls)(t, Zs) = // f/\/(t, Z/\/) dzsi1...dzy

Tagged particle distribution f,\(,l)(t, (x1,v1))




Limiting stochastic process

single particle dynamics

Position :  z(t) = [, v(u)du

0

Markov process on the velocities

{v(t)}+>0 with generator oL

// V)] ((v —v1) - v), Mg(v1) dvidy

V' =v+w-(vy —v)v, vi=vi—(v-(vy —v))v



Limiting stochastic process

single particle dynamics ®
Position : z(t) = f(f v(u)du a/%
Markov process on the velocities -

{v(t)}+>0 with generator oL

Particle distribution Mg (v)p.(x,v,t) follows the
Linear Boltzmann equation Orp+v - Ve =—aly

Probabilist approaches :

Tanaka, Sznitman, Méléard, Fournier, Rezakhanlou ...



[van Beijeren, Lanford, Lebowitz, Spohn]

N particle @ =Ne"'  Linear Boltzmann
system N — o0 equation

ﬁ




[van Beijeren, Lanford, Lebowitz, Spohn]

N particle =~ @ =Ne“"'  Linear Boltzmann
system N — o0 equation

](\})('Tlavlat) t > 0 SOOé(xlavht)Mﬂ(fUl)

t=arT
o — OO

Heat equation

Large time asymptotic Brownian motion



[van Beijeren, Lanford, Lebowitz, Spohn]

N particle @ = Ne""!  Linear Boltzmann

System N — o0 equation
ﬁ

I =T

N — o0 o — 00

o = \/loglogN

Heat equation

Large time asymptotic _




Convergence to the Brownian motion
Rescaled position of the tagged particle

X(T) =z (047) with o = v/loglog N

Initial data f]%(ZN) = Mpn g(ZN) ,00 (a:'l)

Theorem [B.,Gallagher, Saint-Raymond]

X converges weakly to a brownian motion with variance g

The distribution of the tagged particle f ](\,1 ) (x1,v1, aT)

converges as N — oo to Mg(v1) p(x1,7)

37-,0 — /‘fBA:v,O on RT x [O, 1]d, Pl r=0 = po

Quantum brownian motion: [Erdos, Salmhofer, Yau]
Lorentz gas: [Bunimovich,Sinai], [Basile,Nota,Pezzotti, Pulvirenti]



Linearized Boltzmann equation

Response to a small perturbation




Linearized Boltzmann equation

Response to a small perturbation

Background

Linear Boltzmann equation

Lo(v) == / 9() — g(0")] (v — 1) - V), M(or) dondy



Derivation of the
linear Boltzmmann equation

Step 1. Control of the collision operators



BBGKY hierarchy for the marginals

Evolution of the first marginal
(O +v1 - Vi, ) I\ (8, 21) = @(Ol,Qf](\?))(t7 21)

Collision operator

(Cl,gf](\?))(zl) = / ](\?)(wl,vi,xl + ev, vé)((vg — 1) - V) dvduvs
Qd—1 wRd +

_/d ; ](\?)(5131,’1]17561—|—€V,U2)((U2_U1)’V) dyva
Sd—1 xR -

0



BBGKY hierarchy for the marginals

Evolution of the first marginal ~ v
(O +v1 - Vi, ) I\ (8, 21) = @(Ol,Qf](\?))(t7 21)
¥ol
Collision operator — &.
(2) ._ (2) / /
(Crafn’)(z1) = / N (T1,v], 21 + €V, vy) ((vg — V1) - V) dvdus
Sd—1xRd +

_/d ; ](\?)(5131,’1]17561—|—€V,U2)((U2_U1)’V) dyva
Sd—1 xR -

Hope : Propagation of chaos
z(\?)(mlavlafl?l + €V, ”02) = ](Vl)(l‘l,vl) ](Vl)($1 + €V, ng)

Consequence: Boltzmann equation

Of +v-Vof = / / ) F()) = ) f(o)] (0 = v1) - v), doydy




BBGKY hierarchy for the marginals

For s < N and on Dgz{Z :(x,-,v,-),-§5| | # |, \X,-—Xj\>5}

(0 + Y vi- V)t Zs) = a(Cosirfy ) (8, Z6)

=1
where the collision term is defined by

(Cs,s—l—l f/\(/s+1)) (Zs)

_ (N—s)gd—l i/ f(s—|—1)( w v/
. it N ey Xiy Vi

o i—1

B (N — s)ed—1 25:/ f(s+1)( v
- Sd—1 4 d N sy Ny Vi e

87

/
L Xi FEV, Ve ) ((v5+1 — V) - V)+dVdV5+1

L, Xi + EV, Vsi1) ((vs+1 — vj) - u) dvdvsy

where S9! denotes the unit sphere in R.



Duhamel formula

Denote by S the semi-group associated to free transport in D¢

Duhamel Formula
t
PO =810 +a [ Silt - 0)Cr2s 1) b1
0

Iterated Duhamel formula

N—1
1 n 1+n
Vi)=Y a" Qi) fy T (0)
n—0 Idea : Use the initial

, randomness
with

t1 n—1
QS,S—I—n / / / « .. dtl Ss(t _ tl)Cs,S—I—l

s—|—1 tl _ t2)63—|—1,3—|—2 .« Ss—l—n (tn)



Duhamel formula

V) = Z 2" Q11 ()£ (0)

Wlt tl n—1
Quoinlt / / / ty oty Su(t — £1)Caain

s—|—1 tl Bl t2)CS—|—1,S—|—2 <. Ss—l—n(tn)



Duhamel formula
N—1

V) = Z 2" Q11 ()£ (0)

Wlt tl n—1
Quoinlt / / / ty oty Su(t — £1)Caain

s—|—1 tl Bl t2)CS—|—1,S—|—2 <. Ss—l—n(tn)

Interpretation as a collision tree
* Transport operator
* Addition of a particle to the tree after each collision




Issue : convergence of the series when N diverges

v (t Z&”Ql Len (D157 (0)

Continuity estimates for the collision operators

Weighted norms

Fi(Ze) exp (5 20, luf?)| < o

Collision operators estimates

| fx He,ks,ﬁ — SUPz, Dk

|Qun () f it (CalB))”

8,8,5/2 &



Issue : convergence of the series when N diverges

N—1
D)= a"Quin(t)f5(0)
n=0

Series is only controlled for short times t and small «

Continuity estimates for the collision operators

Weighted norms

fe(Z1) exp (530, \UHQ)‘ < 0

Collision operators estimates

[ fklle,k,8 = supg, eDF

< & (CalB))" | ot

S.S nt STM _
HQ,+ (t) fst o)

€,S—|—TL,B



Issue : convergence of the series when N diverges

Series is only controlled for short times t and small «

Continuity estimates for the collision operators

Weighted norms

fe(Z1) exp (530, \UHQ)‘ < 0

Collision operators estimates

[ fklle,k,8 = supg, eDF

< s—1 t n .
e =© (Ca(B)) " || fs+

‘|Qs,s+n(t)fs+n

€,S—|—TL,B



[.°° bound Small perturbation

L C of equilibrium
Initial distribution :

fn(Zn) = Mns(2Zn) p°(x1), /11* dx1p° (x1) = 1

d
A

Uniform bound: oV (Xl) < u

The measure My g(Zy) is stationary thus the maximum principle
implies bounds uniform in time

For any s > 1

Sglg f/\(/S)(ta Zs) < UM/(\/S,) (Zs) < p (1 — 5Cd) - M?S(Vs)
t>

vy

In this way the cancellations in the collision operator are recovered.



Pruning procedure

Decompose : [0, t] = Ule [(k — 1)7, k7] for some 7 > 0

Good collision trees.

Less than ny = 2% collisions during [(K — k)7, (K — k + 1)7]

Q-
()}

) 0O
\J/J

In each time interval [(K — k)7, (K — k + 1)7]

|Qsin(Mfon| o < &7 (CaB)T) s

£,5+n,




Pruning procedure

Truncated iterated Duhamel formula:

M (¢) Z Zoﬂk 'Qun(T)Qun(T) - Quy s (7) ) + RIS (1)

1=0 k=0
with Jy=14+/14---4+J

@ The main contribution is given by the good collision trees
with ji < 2% during the time interval [(K — k)7, (K — k + 1)7]

o The contribution of the large trees R7$(t) is controlled

t2
IR ()l < 1

o If t is large, then K has to be very large and 7 very small.



Derivation of the
linear Boltzmmann equation

Step 2. Comparison with the
Boltzmann hierarchy



Boltzmann hierarchy

For s >1and Z, € T x R9

(9t+Zv, )8 (t, Zs) = a(Cly 1) g (2, Z5)

where the collision term is defined by
(COS+1g(S+1))(Z )

:=W/77/7)f/77///f%; Loy By vi) (e = ) ) dvdisi

~ W 2 Lo 80 v vein) (vesn = i) -v)dvdisi

This is the limit hierarchy when ¢ — 0 and N — oo.



Boltzmann hierarchy
Fors >1and Z, € T% x R

(’)t + Z v - , (s) t, 7 ) — &(C05+1) (54—1)(1-7 ZS)
Iterated Duhamel formula

g (1 Za”al (D8 (0)

Explicit solution : g®)(t) = g(t, z1) [I;—, Ma(vi)

with g(t,z1) = @a(t, z1)Mgs(v1) solution of the Linear Boltzman
equation



Comparing the BBGKY and Boltzmann hierarchies

As N — o in the scaling Ne?~! = ¢,

| (fl?I(S) B gO(s)) H 1|x,-—xj|>6

i#j

< C°sa M?S

~ Limiting product

for the initial distributions measure

0(Zn) = Mus(Zn) (), £%9(Z) =(HM5 ) $°()

L b
and Mn,s(Zn) = €Xp ( ) Z ’Vi\z) H Lxi—xg|>e
=1

£y

— g(l HLOO([O t]dede) — O as N — oo




Comparing the truncated hierarchies
2 2K
) =D QUL Qun(7) - Qu (1)

J1=0 Jk=0

2 2K
g(le)(t) — Z ) Z aJK Q:?,Jl (T) Q91,J2 (T) tee Q.9K_1,JK (T) gO(JK)

J1=0 Jjk=0

Geometric interpretation of the collisions operators:
Backward dynamics

Coupling the - @: e
hierarchies 5
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Comparing the truncated hierarchies

2 2K
) =D QUL Qun(7) - Qu (1)

s1=0 Jjk=0
2 2K
g(le)(t) — Z ) Z aJK Q:?,Jl (T) Q91,J2 (T) tee Q.9K_1,JK (T) gO(JK)
1=0 Jjk=0

Geometric interpretation of the collisions operators:

. O : :

Backward dynamics Y % ... |
Coupling the @ ,/29% Ol

hierarchies i =




Comparing the truncated hierarchies
2 2K
) =D QUL Qun(7) - Qu (1)

J1=0 Jk=0

2 2K
g(le)(t) — Z ) Z aJK Q:?,Jl (T) Q91,J2 (T) tee Q.9K_1,JK (T) gO(JK)

J1=0 Jjk=0

Geometric interpretation of the collisions operators:
Backward dynamics

Coupling the
hierarchies




Removing the collisions

BBGKY and Boltzmann trajectories can be coupled if there are no
recollisions

@ Truncating high velocities
@ Truncating collisions in short time intervals

@ Recursive construction of the good trajectories

Gi(20) = {Zk € Ték x R /s € [0,t], Vi
d(x; — svi, xj — svj) > 50}

Up to a small set of velocities, the system
Is stable by addition of the k + 1 particle @



Removing the collisions

Choosing the velocities such that the particles in both hierarchies
remain at distance less than 2X¢ and that there are no recollisions
This boils down to remove a set of velocities with small probability.
Quantitative controls : [Gallagher, Saint-Raymond, Texier]

N
Error < (Ct) e with N; particles in the tree at time t

Estimates are valid up to times : ty = o(\/log Iog(N))

2 2
(1) (1 il
19 = 89 oy < (ot



Coupling both hierarchies

Position :  x{(t) = fot v(u)du

Markov process on the velocities
{v(t)}e>0 with generator a.L

Lg(v) = [ Ms(vi)lg(v)) — g(V)] (v = w1) - v) , dwid,
V= v+(u-(v1—v))u vi=v1 —(v-(vy —v))v

Central limit Theorem for additive functionals of Markov chains
(L has a spectral gap)

lim t(h(X?(OzT))) = t(h(B(T)))

o—r OO




lim E(hl (X{)(a 7'1)) ... hy (X{)(Cv Tg))) = E(hl(B(Tl)) . hg(B(Tg)))

o—r 00

Coupling the trajectories x; and x{) to get estimates at different
times

U1

® 7 ’
\@/C? :

to t t

-

The diffusion coefficient kg is given by

Kg = —/ vL v Mg(v) dv
d Rd



End of the first part !



