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Compressed Sensing J
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Compressed Sensing
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Compressed Sensing

y=Axo+w

Estimate £o € RY given y € R?, A € R™*¥,
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Classical case: n > N

y=Axo+w

~ A _ . —A 2
2(y, A) = arg min |y - Az,

[Legendre, 1805; Gauss 1809]
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Compressed Sensing: n < N

Candes, Donoho, Tao, Tropp, Indyk, Gilbert, ..., 2006-. .. 10* papers J

Andrea Montanari (Stanford) Universality October 27, 2015 6 /57



n<N?

Key assumption: xq is sparse! J
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n<N?

Key assumption: xq is sparse! )

Example:

l|zollo = [supp(zo)| = k < N
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Method of choice

LASSO/Basis pursuit denoising:

(0 A) — are min | 1 2
2y, 4) = arg min { -y — Azllf + Az, |

[Tibshirani 1996; Chen, Donoho 1994]
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Noiseless case: y = Az
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Noiseless case: y = Az

Basis pursuit (A — 0)

minimize x|,

subject to y=Azx.
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Noiseless case: y = Az

Basis pursuit (A — 0)

minimize x|,
subject to y=Azx.
Does this work? )
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Does this work? Gaussian model

» Ay ~i4.4 N(0,1/n)
» n/N — 4§ € (0,1)

> [[Zollo/n = p € (0,1)
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Phase diagram 1: ‘4p—¢; equivalence’ (noiseless)

N,n — oo, n/N =94, l|zollo/m = p

1
08 Zup # To With high probability 1
P 06} |
04! |
0.2 - |
Tgp = xo with high probability
° 0 6.2 6.4 6.6 6.8 1

]

[Donoho 2006, Affentranger-Schneider 1992]
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Phase transition curve

_ 2¢(a)
a+2(¢(a) - ad(-a))’
- a®(—a)

B p(a)

a€l0,00), ¢(z)=e*22m,  B(z)= [T $(2)dz
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Entr’acte: Geometric interpretation
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¢, ball in RY
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||zollo = 1 > vertices
|Zollo = 2 ¢ edges
||xollo = 3 > 2-faces

l|lzollo = 4 <> 3-faces

Andrea Montanari (Stanford) Universality



Random n-dimensional plane
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Projection
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Does it fall on the boundary?
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Phase diagram 1: ‘4p—¢; equivalence’ (noiseless)

N,n — oo, n/N =94, l|zollo/m = p

1
08 £, fails; face in the interior ’
P 06} |
04| 1
0.2 - |
£, reconstructs xq; face on the boundary
° 0 6.2 6.4 6.6 6.8 1

]

[Donoho 2006, Affentranger-Schneider 1992]
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Geometric phase transition

» For k < (p.(0) — €) n, most k-faces fall on the boundary of the
shadow.

» For k > (p.(d8) + €) n, most k-faces fall on the boundary of the
shadow.
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The universality problem J
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Conjecture (Donoho, Tanner, 2009)

The above predictions are universal for a broad range of random
matrices.
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Donoho, Tanner, Phil. Trans. R. Soc. A (2009) 367, 4273-4293

across a range of underlying matrix ensembles. We ran millions of linear programs using
random matrices spanning several matrix ensembles and problem sizes; visually, the
empirical phase transitions do not depend on the ensemble, and they agree extremely
well with the asymptotic theory assuming Gaussianity. Careful statistical analysis reveals
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Example: Random Fourier measurements

o8
osf
0.7
o6t
=K@ |
oaf
o3f
02

0.1

ol
o

FIGURE 3. Compressed Sensing from random Fourier measure-
ments.  Shaded attribute: fraction of realizations in which
£yminimization (1.2) reconstructs an image accurate to within six
digits. Horizontal axis: undersampling fraction § = n/N. Vertical
axis: sparsity fraction p = k/n.

[Donoho, Tanner 2009]
O e, T | 2



Other examples

Phase transition of FOAMP for different matrix ensembles
T T T T

—— Theoretical L,

—— AMP, USE

0.9{—— AMP, Fourier 4
—— AP,

0.8 4

07k

0.1 0.2 03 0.4 0.5 06 0.7 08
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IID model

> Aij lld, E{Aij} = 0, E{AEJ} = 1/n
» n/N —§ € (0,1)

> [[Zollo/n — p € (0,1)
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Theorem (Bayati, Lelarge, Montanari, 2012)
Assume the IID model, with

» A subgaussian
> Aij g ;Zlij +eé Gij, Gij ~ N(O, 1)

Then the £ — —£y phase transition is the same as for the Gaussian
model. Namely

> If p < p(0), then P(Z(y, A) = xo) — 1
> If p> pc(d), then P(2(y,

)

v,
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Proof outline J |

Andrea Montanari (Stanford) Universality



Two possible strategies

» Lindeberg method: Replace the A;;’s one-by-one.
[Korada, Montanari 2011]
[weaker result]

» Polynomial approximation: Approximate function by
polynomial
[Bayati, Lelarge, Montanari 2012]
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Two possible strategies

» Lindeberg method: Replace the A;;’s one-by-one.
[Korada, Montanari 2011]
[weaker result]

» Polynomial approximation: Approximate function by
polynomial
[Bayati, Lelarge, Montanari 2012]
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Polynomial approximation

» X =(X1,..., Xm) ~i4.4. Px

» Y =(Y1,...,Yn) ~iiq Py

> B{X} = B{Y.}, E{X?} = B{Y?}
» F:R™ -5 R

Want to prove
E{F(X)} ~E{F(Y)}
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Polynomial approximation

» X =(X1,..., Xm) ~i4.4. Px

» Y =(Y1,...,Yn) ~iiq Py

> B{X} = B{Y.}, E{X?} = B{Y?}
» F:R™ -5 R

Want to prove

E{F(X)} ~ E{F(Y)}

Prove

F(z) =~ Z Fra®,
kc{0,1,2}m

m
zh =T zf.
i=1
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In our case

» A= (Ay)i<nj<n

F(A) =1(zo = argmin {||z[; : A(z - @o) = 0})
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In our case

» A= (Ay)i<nj<n

F(A) =1(zo = argmin {||z[; : A(z - @o) = 0})

First simplification: Can fix

zo=(1,1,...,1,0,0,...,0)
—_———

k non—zeros
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In our case

» A= (Ay)i<nj<n

F(A) =1(zo = argmin {||z[; : A(z - @o) = 0})

First simplification: Can fix

zo=(1,1,...,1,0,0,...,0)
—_———

k non—zeros

How to approximate it?
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Will focus on

> If p < pc(9), then P(Z(y, A) = zo) — 1
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Optimality condition

xo € argmin{||z|1 : A(z — zo) =0}

...if and only if there exists

v €8||zo|l1 : v € Image(AT)
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Optimality condition

xo € argmin{||z|1 : A(z — zo) =0}

...if and only if there exists

v €8||zo|l1 : v € Image(AT)

Subdifferential
A||zoll1 = {v eRY .y, = sign(zo;), 1 € supp(xo),

|v:] < 1,4 ¢ supp(wo) }
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Quantitative version

Lemma

Assume

@ There ezists v € 8||zo||; and z € R™ with v = ATz + w and
lwll2 < v/ne, with e < éo.

©Q For c€(0,1), let S(c)={t € [n]: |v| >1-c}. Then, for any
S' C[n], |S'| € cin, Omin(As(c)us’) > c2-

© ;' < Omax(4)? < c3.
Then o = argmin{||z|; : A(z — z¢) =0}
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Where is the problem

1

lz]]2 \

ly — Az|3
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Plan

» Construct an approximate subgradient v

» Check properties 1, 2,3

Universality

VR Z Vg Ak
ke{0,1,23nxN
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Idea: Use an iterative algorithm to construct v
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‘Approximate Message Passing’ (AMP)

Time index t € {0,1,2,..., T}

i = p(zt + AT 2% 6,)
2t =y — Azt +byzt!

» Algorithm parameters: 6;,b; € R
» Soft thresholding function: n(-;8): R - R

[Donoho, Maleki, Montanari, 2009]
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n(y; 6)

Andrea Montanari (Stanford)

+6
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Algorithm evolution: § = 0.2, p = 0.3

MSE on the non-zero elements MSE on zero elements
025 - 0.1

0.2 01
0.08]

0.15]
0.06]

0.1
0.04|
0.05] 0.02

‘0 10 20 30 40 ) 10 20 30 40
iteration iteration
Missed Detection Rate False Alarm Rate

0.1 0.383
0.08 0.3825|
0.382

0.08
0.3815|

0.04]
0.381
0.02 0.3805|

) 10 20 30 40 038 10 20 30 40
iteration iteration
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Algorithm evolution: § = 0.15, p = 0.3

MSE on the non-zero elements MSE on zero elements
0.35 0.35
0.3 03
0.25 0.25
0.2 02
0.15 0.15
0.1 0.1
0.05 0.05
0 0
0 10 20 30 40 0 10 20 30 40
iteration iteration
Missed Detection Rate False Alarm Rate

0.08 0.702
0.7015
0.06 0.701
0.7005

0.04
07
0.02 0.6995
0.699
0 0.6985

0 10 20 30 40 0 10 20 30 40
iteration iteration
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Asymptotic analysis

T fixed, N,n — o

Dynamics + Randomness + High dimension J
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‘State evolution’: T fixed, N,n — oo

Time index t € {0,1,2,..., T}
"t =n(y*;6,)
yt =zt + AT
2t =y — Az + bzt?

Theorem (Bayati, Montanari, 2010)
For A Gaussian (letting Xo ~ px, independent of Z ~ N(0,1))
y" ~ N(zo,07InxnN),

OF1 = E{[W(Xo +0¢Z;0;) — Xo]z}
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Construction of the subgradient

't =n(zt + AT 2% 6,)
2t =y — Azt + b2t!
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Construction of the subgradient

't =n(zt + AT 2% 6,)
2t =y — Azt + b2t!

Note: |n(z;0) —z| <6
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Construction of the subgradient

't =n(zt + AT 2% 6,)
2t =y — Azt + b2t!

Note: |n(z;0) —z| <6

t_ {Sign(%,i) ifies,

(2" T+ ATV — (2t + AT2P 16, ), otherwise,

1 1
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Proof strategy

» Analyze AMP for A non-gaussian
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Proof strategy

» Analyze AMP for A non-gaussian
» Approximate n by a polynomial
» = z*, 2%, v’ =Polynomials ({A;})
» Use moment method
» = state evolution
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Proof strategy

» Analyze AMP for A non-gaussian
» Approximate n by a polynomial
» = z*, 2%, v’ =Polynomials ({A;})
» Use moment method
» = state evolution

» Check condition for optimality.
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An interesting phenomenon J
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Let us compare

= p(xt + ATt 6:)
2t =y — Ax® +b2'?

and

it =zt + AT2%0,)

2t =y — Az’

‘Onsager reaction term’ (spin glass theory)
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What’s the big deal with —b;z%"1?

Distribution of (z* + AT z%); conditional on g ; = 1

12t ‘ ‘ ‘ ‘ ‘ ‘ ‘ 4 12t

1 1 10
08+ B 08
0.6 | 4 06
04+ B 04+
0.2+ 4 0.2+t

0 ‘ ‘ ‘ s 0

-1 -0.5 0 0.5 1 15 2 25 3 -1 -05 0 0.5 1 15 2 25 3
without with
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Let us look at a simpler example (symmetric)
> A 6 RTLXTL

| 4 An’ = 0, {Aij}i<j iid, E{AZJ} = 0, E{A%} = 1/n
> f 'R — R) f(il?) = (f(zl)7f(m2)z s :f(zn))
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Let us look at a simpler example (symmetric)

> A c RPXn
> An’ = 0, {Aij}i<j iid, E{AZJ} = 0, E{A%} = 1/n
> f:R%R) f(w):(f(zl):f(@);;f(mn))

2 =Af(a') — bif (2" )

bt = %Zfl(xzt)
=1
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Let us look at a simpler example (symmetric)

> A c RPXn
> An’ = 0, {Aij}i<j iid, E{AZJ} = 0, E{A%} = 1/n
> f:R%R) f(x):(f(ll),f(mg),,f(mn))

2 =Af(a') — bif (2" )

bt = %Zfl(xzt)
=1

Special case: TAP equatios for mean field spin glasses

[Bolthausen 2011]
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Symmetric case

o =Af(ah) ~ buf(z")

by = %Zfl(xzt)
=1
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Symmetric case

Th=Af(2h) - buf(a")
_ 1 - I( .t
- E Zf (mz)
1=1
Theorem (Bayati, Montanari, 2010)
If A ~ GOE(n), f € Lip(R), then (here Z ~ N(0,1))

5" 2 N(Oyo'?]:nxn): Ut+1 E{f(o't ) }
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Symmetric case

Th=Af(2h) - buf(a")
_ 1 - I( .t
- E Zf (mz)
1=1
Theorem (Bayati, Montanari, 2010)
If A ~ GOE(n), f € Lip(R), then (here Z ~ N(0,1))

5" 2 N(Oyo'?]:nxn): Ut+1 E{f(o't ) }

Theorem (Bayati, Lelarge, Montanari, 2012)
If A ~ Wigner(n), f € Poly(R), then (here Z ~ N(0,1))

o' 8 N(0,071nxn), 071 =E{f(0: 2)*}.
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Even simpler: f(z) =z

Say 2° =1,z 1=0

gttt = Agt — P!
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Even simpler: f(z) =z

Say 2° =1,z 1=0

gttt = Agt — P!

Corollary

For al t > 1 fized, as n — o0,

z' ~ N(0, Iyxn).
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Even simpler: f(z) =z
Say z°=1,2z"1=0

sl — Apt _ ptl
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Even simpler: f(z) =z
Say z°=1,2z"1=0

sl — Apt _ ptl

! = Ay = N(0, 1)
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Even simpler: f(z) =z
Say z° =1,z 1 =0

sl — Apt _ ptl

CEil = Ay = N(0, 1)
JE[n\s

x? = Y Ay -1
s€[n\i,j2€[n]\j1
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Even simpler: f(z) =z
Say z° =1,z 1 =0

sl — Apt _ ptl

:I:il = Ay = N(0, 1)
J€[n\i
z® = > Ay Aj gy — 1
se[n\t,52€[n]\51
= > AgAjp+ >, AjAji—1
s€[n\ij2€n\{51,2} Ji€lnl\1
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Even simpler: f(z) =z
Say z° =1,z 1 =0

pttl = Agpt _ il

CI:il = Z Ay = N(0, 1)
JE[n\s

x? = Y Ay -1
s€[n\i,j2€[n]\j1

(]

Aijl Ajl,jz + Z Aijl Ajli -1
n€[n\ig2€[n]\{5n,i} €ln\z

~ Aijl Aj1,j2 = N(O, 1)
n€[n\t,2€n]\{5n,}

m
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Even simpler: f(z) =z
Say %=1,z 1 =0

2l — Agt — i1

t—1
zix ) [ Awaem = N0
YENRW(3,t) k=1

NRW(3; t) = {7 :40,...,t > [n]: Y(0) =14, y(k—1)#y(k+1) Vk}

[= by moment method|]
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General f(z) =poly(z)
Say z°=1,z ' =0

:Bt+1 — Af(:l?t) _ btf(:litil)

:Bit% Z Cf(T;t) Z H A,y(e) :>N(0,CT?)

T€Trees YENRT(%;t) ecE(T)

NRT(i;2) = {7: V(T) = [n]: (root) = i,

v(desc(v)) # y(parent(v)) Vv}
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Conclusion }
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Open problems
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Open problems

» Noisy compressed sensing
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Open problems

» Noisy compressed sensing

» Other matrix ensembles
(i.i.d. entries, i.i.d. rows, Fourier sections,...)
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Open problems

» Noisy compressed sensing

» Other matrix ensembles
(i.i.d. entries, i.i.d. rows, Fourier sections,...)

» Other convex optimization problems
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Open problems

» Noisy compressed sensing

» Other matrix ensembles
(i.i.d. entries, i.i.d. rows, Fourier sections,...)
» Other convex optimization problems
» Universality of AMP (non-polynomial functions)
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Open problems

» Noisy compressed sensing

Other matrix ensembles
(i.i.d. entries, i.i.d. rows, Fourier sections,...)

v

v

Other convex optimization problems

v

Universality of AMP (non-polynomial functions)

Thanks! )
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