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Compressed Sensing

y = Ax 0 + w

Estimate x 0 2 RN given y 2 Rn , A 2 Rn�N .

Andrea Montanari (Stanford) Universality October 27, 2015 4 / 57



Compressed Sensing

y = Ax 0 + w

Estimate x 0 2 RN given y 2 Rn , A 2 Rn�N .

Andrea Montanari (Stanford) Universality October 27, 2015 4 / 57



Classical case: n > N

y = Ax 0 + w

bx (y ;A) = arg min
x2RN

y �Ax
2
2

[Legendre, 1805; Gauss 1809]
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Compressed Sensing: n < N

N

N

n y = A x 0 + w

Candes, Donoho, Tao, Tropp, Indyk, Gilbert, . . . , 2006-. . . 104 papers
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n < N ?

Key assumption: x 0 is sparse!

Example:

kx 0k0 = jsupp(x 0)j = k � N
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Method of choice

LASSO/Basis pursuit denoising:

bx (y ;A) = arg min
x2RN

n1
2
y �Axk22 + �kxk1

o

[Tibshirani 1996; Chen, Donoho 1994]
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Noiseless case: y = Ax 0

Basis pursuit (�! 0)

minimize kxk1 ;
subject to y = Ax :

Does this work?
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Does this work? Gaussian model

I Aij �i :i :d : N(0; 1=n)

I n=N ! � 2 (0; 1)

I kx 0k0=n ! � 2 (0; 1)
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Phase diagram 1: ‘`0–`1 equivalence’ (noiseless)
N ;n !1, n=N = �, kx 0k0=n = �

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

bxBP = x 0 with high probability

bxBP 6= x 0 with high probability

�

�

[Donoho 2006, Affentranger-Schneider 1992]
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Phase transition curve

� =
2�(�)

�+ 2(�(�)� ��(��)) ;

� = 1� ��(��)
�(�)

:

� 2 [0;1), �(x ) � e�x
2=2=

p
2�, �(x ) � R x

�1 �(z )dz
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Entr’acte: Geometric interpretation
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`1 ball in RN
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kx 0k0 = 1$ vertices

kx 0k0 = 2$ edges

kx 0k0 = 3$ 2-faces

kx 0k0 = 4$ 3-faces

. . .
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Random n-dimensional plane
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Projection
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Does it fall on the boundary?
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Phase diagram 1: ‘`0–`1 equivalence’ (noiseless)
N ;n !1, n=N = �, kx 0k0=n = �

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

`1 reconstructs x 0; face on the boundary

`1 fails; face in the interior

�

�

[Donoho 2006, Affentranger-Schneider 1992]

Andrea Montanari (Stanford) Universality October 27, 2015 19 / 57



Geometric phase transition

I For k � (�c(�)� ")n , most k -faces fall on the boundary of the
shadow.

I For k � (�c(�) + ")n , most k -faces fall on the boundary of the
shadow.
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The universality problem
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Conjecture (Donoho, Tanner, 2009)

The above predictions are universal for a broad range of random
matrices.

Andrea Montanari (Stanford) Universality October 27, 2015 22 / 57



Donoho, Tanner, Phil. Trans. R. Soc. A (2009) 367, 4273-4293
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Example: Random Fourier measurements

[Donoho, Tanner 2009]
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Other examples

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

!

"
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IID model

I Aij i.i.d., EfAij g = 0, EfA2
ij g = 1=n

I n=N ! � 2 (0; 1)

I kx 0k0=n ! � 2 (0; 1)
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Theorem (Bayati, Lelarge, Montanari, 2012)

Assume the IID model, with
I Aij subgaussian

I Aij
d
= eAij + "Gij , Gij � N(0; 1)

Then the `1 ��`0 phase transition is the same as for the Gaussian
model. Namely

I If � < �c(�), then P(bx (y ;A) = x 0)! 1,
I If � > �c(�), then P(bx (y ;A) = x 0)! 0.
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Proof outline
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Two possible strategies

I Lindeberg method: Replace the Aij ’s one-by-one.
[Korada, Montanari 2011]

[weaker result]

I Polynomial approximation: Approximate function by
polynomial

[Bayati, Lelarge, Montanari 2012]
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Polynomial approximation
I X = (X1; : : : ;Xm) �i :i :d : PX

I Y = (Y1; : : : ;Ym) �i :i :d : PY

I EfXig = EfYig, EfX 2
i g = EfY 2

i g
I F : Rm ! R

Want to prove

EfF (X )g � EfF (Y )g

Prove

F (x ) �
X

k2f0;1;2gm
Fkx k ;

x k �
mY
i=1

x kii :
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In our case

I A = (Aij )i�n ;j�N

F (A) = I
�
x 0 = argmin

�kxk1 : A(x � x 0) = 0
	�

First simplification: Can fix

x 0 = (1; 1; : : : ; 1| {z }
k non�zeros

; 0; 0; : : : ; 0)

How to approximate it?
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Will focus on

I If � < �c(�), then P(bx (y ;A) = x 0)! 1
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Optimality condition

x 0 2 argmin
�kxk1 : A(x � x 0) = 0

	

. . . if and only if there exists

v 2 @kx 0k1 : v 2 Image(AT)

Subdifferential

@kx 0k1 �
n
v 2 RN : vi = sign(x0;i ); i 2 supp(x 0);

jvi j � 1; i 62 supp(x 0)
o
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Quantitative version

Lemma
Assume

1 There exists v 2 @kx 0k1 and z 2 Rn with v = ATz + w and
kwk2 �

p
n ", with " � "0.

2 For c 2 (0; 1), let S(c) � fi 2 [n ] : jvi j � 1� cg. Then, for any
S 0 � [n ], jS 0j � c1n, �min(AS(c1)[S 0) � c2.

3 c�1
3 � �max(A)2 � c3.

Then x 0 = argmin
�kxk1 : A(x � x 0) = 0
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Where is the problem

kxk1

ky �Axk22

x1

x2
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Plan

I Construct an approximate subgradient v

I Check properties 1; 2; 3

Universality

v �
X

k2f0;1;2gn�N

vk Ak
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Idea: Use an iterative algorithm to construct v
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‘Approximate Message Passing’ (AMP)

Time index t 2 f0; 1; 2; : : : ;Tg

x t+1 = �
�
x t + ATz t ; �t

�
z t = y �Ax t + btz t�1

I Algorithm parameters: �t ; bt 2 R
I Soft thresholding function: �( � ; �) : R! R

[Donoho, Maleki, Montanari, 2009]
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�

y

�(y ; �)

+���
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Algorithm evolution: � = 0:2, � = 0:3
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Algorithm evolution: � = 0:15, � = 0:3
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Asymptotic analysis

T fixed, N ;n !1

Dynamics + Randomness + High dimension
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‘State evolution’: T fixed, N ;n !1

Time index t 2 f0; 1; 2; : : : ;Tg

x t+1 = �
�
y t ; �t

�
y t = x t + ATz t

z t = y �Ax t + btz t�1

Theorem (Bayati, Montanari, 2010)

For A Gaussian (letting X0 � pX0 independent of Z � N(0; 1))

y t � N(x 0; �
2
t IN�N ) ;

�2
t+1 = E

n�
�(X0 + �tZ ; �t )�X0

�2o
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Construction of the subgradient

x t+1 = �
�
x t + ATz t ; �t

�
z t = y �Ax t + btz t�1

Note: j�(x ; �)� x j � �

v ti =

8<
:
sign(x0;i ) if i 2 S ;

1
�t�1

�
x t�1 +ATz t�1 � �(x t�1 +ATz t�1; �t�1)

�
i otherwise,
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Proof strategy

I Analyze AMP for A non-gaussian
I Approximate � by a polynomial
I ) x t , z t , v t

=Polynomials (fAij g)
I Use moment method
I ) state evolution

I Check condition for optimality.
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An interesting phenomenon
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Let us compare

x t+1 = �
�
x t + ATz t ; �t

�
z t = y �Ax t + btz t�1

and

x t+1 = �
�
x t + ATz t ; �t

�
z t = y �Ax t

‘Onsager reaction term’ (spin glass theory)
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What’s the big deal with �btz t�1?

Distribution of (x t +AT z t )i conditional on x0;i = 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

-1 -0.5  0  0.5  1  1.5  2  2.5  3
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

-1 -0.5  0  0.5  1  1.5  2  2.5  3

without with
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Let us look at a simpler example (symmetric)

I A 2 Rn�n

I Aii = 0, fAij gi<j iid, EfAij g = 0, EfA2
ij g = 1=n

I f : R! R, f (x ) = (f (x1); f (x2); : : : ; f (xn))

x t+1 =Af (x t )� bt f (x t�1)

bt =
1
n

nX
i=1

f 0(x ti )

Special case: TAP equatios for mean field spin glasses

[Bolthausen 2011]
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Symmetric case

x t+1 =Af (x t )� bt f (x t�1)

bt =
1
n

nX
i=1

f 0(x ti )

Theorem (Bayati, Montanari, 2010)

If A � GOE(n), f 2 Lip(R), then (here Z � N(0; 1))

x t � N(0; �2
t In�n) ; �2

t+1 = Eff (�t Z )2g :

Theorem (Bayati, Lelarge, Montanari, 2012)

If A � Wigner(n), f 2 Poly(R), then (here Z � N(0; 1))

x t � N(0; �2
t In�n) ; �2

t+1 = Eff (�t Z )2g :
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Even simpler: f (x ) = x

Say x 0 = 1, x�1 = 0

x t+1 = Ax t � x t�1

Corollary
For al t � 1 fixed, as n !1,

x t � N(0; In�n) :
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Even simpler: f (x ) = x

Say x 0 = 1, x�1 = 0

x t+1 = Ax t � x t�1

x 1
i =

X
j2[n ]ni

Aij ) N(0; 1)

x 2 =
X

j12[n ]ni ;j22[n ]nj1

Aij1Aj1;j2 � 1

=
X

j12[n ]ni ;j22[n ]nfj1;ig

Aij1Aj1;j2 +
X

j12[n ]ni

Aij1Aj1i � 1

�
X

j12[n ]ni ;j22[n ]nfj1;ig

Aij1Aj1;j2 ) N(0; 1)
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Even simpler: f (x ) = x

Say x 0 = 1, x�1 = 0

x t+1 = Ax t � x t�1

x ti �
X

2NRW(i ;t)

t�1Y
k=1

A(k);(k+1) ) N(0; 1)

NRW(i ; t) �
n
 : f0; : : : ; tg ! [n ] : (0) = i ; (k � 1) 6= (k + 1) 8k

o

[) by moment method]
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General f (x ) =poly(x )

Say x 0 = 1, x�1 = 0

x t+1 = Af (x t )� bt f (x t�1)

x ti �
X

T2Trees

cf (T ; t)
X

2NRT(i ;t)

Y
e2E(T )

A(e) ) N(0; �2
t )

NRT(i ; t) �
n
 : V (T )! [n ] : (root) = i ;

(desc(v)) 6= (parent(v)) 8v
o
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Conclusion
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Open problems

I Noisy compressed sensing

I Other matrix ensembles
(i.i.d. entries, i.i.d. rows, Fourier sections,. . . )

I Other convex optimization problems

I Universality of AMP (non-polynomial functions)

Thanks!
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