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The equation in the domain G

Let G be a bounded domain in R?, having a smooth boundary 9G.
We consider here the following SPDE in G, endowed with
co-normal boundary conditions,

ou, ow?

E(Lxﬂy) - £€u(t7X7y) + b(UE(t7X7.y)) + W(t7x7y)7
Ju,
E(t,x,y) =0, (x,y)e€ 0G, u(0,x,y)=uo(x,y),

(1)

where, for every € > 0,
1 /0% 10°
Lo===—+5=—].
2 \Ox2  €29y2
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Here we assume:

- Ve = V¢(x,y) is the unit interior conormal at 0G,
corresponding to the second order differential operator L;

- wQ(t,x,y) is a cylindrical Wiener process in L2(G). That is
o0

th ZQekXyﬁk() t >0, (va)er
k=1

where @ is a bounded linear operator on L2(G), {ex}ken is
an orthonormal basis in L2(G) and {Bk(t)}ken is a sequence

of independent Brownian motions on some stochastic basis
(Qvfa {Ft}tZO)P)-

- The function b : R — R is Lipschitz continuous;

- Up € C(@)
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Forany T>0and p>1

equation (1) admits a unique mild solution

ue € LP(; C([0, T], L2(G))), for every fixed € > 0.
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Forany T>0and p>1
equation (1) admits a unique mild solution

ue € LP(; C([0, T], L2(G))), for every fixed € > 0.

This means that there exists a unique adapted process
u. € LP(Q; C([0, T]; L2(G))) such that

ue(t) = Se(t)uo + /Ot Se(t — s)b(ue(s)) ds + /Ot S(t — s)dwQ(s),

where

Sc(t) is the semigroup generated by the realization L. in L?(G) of
the differential operator L., endowed with co-normal boundary
condition.
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The equation in the narrow channel G,

After a change of variables, equation (1) can be obtained from the

equation
%(tx )—}Av(tx ) + b(ve(t, x ))—i-\faLQ(tx )
at ) 7y 72 € ) 7y € ) 7y 6 at ) 7y7
OV,
aT(t,X,y):O, (X,y)E@Ge, Ve(O,X,y):Uo(X,y/G),

(2)

where G, is the narrow domain

G€:{(X7y)€ Rz : (va/€)6 G}v

De(x,y) is the inward unit normal vector at 0G,
and w®(t) is a suitable cylindrical Wiener process in L%(G,).
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Reaction-diffusion equations of the same type as (2), with or
without additional noise, arise, for example, in

models for the motion of molecular motors.

Actually, one of the possible ways to model Brownian
motors/ratchets is to describe them as particles traveling along a
designated track, and the designated track along which the
molecule/particle is traveling can be viewed as a tubular domain
with many wings added to it.
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Reaction-diffusion equations of the same type as (2), with or
without additional noise, arise, for example, in

models for the motion of molecular motors.

Actually, one of the possible ways to model Brownian
motors/ratchets is to describe them as particles traveling along a
designated track, and the designated track along which the
molecule/particle is traveling can be viewed as a tubular domain
with many wings added to it.

It is worth mentioning that Bonaccorsi, Marinelli and Giglio have
studied stochastic FitzHugh-Nagumo equations on networks with
impulsive noise.
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The problem

We are here interested in

the limiting behavior, as € | 0, of the solution v, of equation (1)
or, equivalently, of the solution v, of equation (2).
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The problem

We are here interested in

the limiting behavior, as € | 0, of the solution v, of equation (1)
or, equivalently, of the solution v, of equation (2).

We want to show that

the solution of the SPDE on G (or, equivalently, on G.) converges,
as € | 0, to the solution of a suitable SPDE on the graph I that
can be associated with the domain G.
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The Neumann problem

Let us consider the problem

Ju, 1 [0%u 1 0%u

E(tvxay)zi ﬁ—i_?aiy? (t,x,y),

ou,

8—V(t“,x,y) =0, (x,y)€ 9G, u(0,x,y) = up(x,y).
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The Neumann problem

Let us consider the problem

ou, 1 [0%u 1 0%

at(tvxay)zi ﬁ—i_?aiyg (t,X./y),

ou,

87(1“7&)/):0-/ (Xv.y)e aGa Ue(OaX>)/):UO(Xa)/)-

The solution uc(t, x, y) of the Cauchy problem above has a
probabilistic representation. Namely

ue(t, x,y) = B yyuo(X(t), Y(1)),

where (X¢(t), Y(t)) is the diffusion process governed by the
operator L inside G and undergoing instantaneous reflections at
0G, with respect to the co-normal associated with L.
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Since
p_l(o 19
2 \0x2 €9y?)’

the process (X<(t), Y¢(t)) has a slow component X¢(t) and a fast
component Y¢(t), if 0 < e << 1.

In particular, while X¢(t) remains near a point x, Y¢(t) moves
very fast over the connected component of the cross section
C(x) = {(x,y) € G}, undergoing reflection at the ends of the
interval and having approximately the uniform distribution on it.
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Since
1 /0% 18
L=\t aa2)
2 \ Ox €2 dy
the process (X<(t), Y¢(t)) has a slow component X¢(t) and a fast
component Y¢(t), if 0 < e << 1.

In particular, while X¢(t) remains near a point x, Y¢(t) moves
very fast over the connected component of the cross section
C(x) = {(x,y) € G}, undergoing reflection at the ends of the
interval and having approximately the uniform distribution on it.

In what follows we shall denote

Se(t)go(X,y) = E(x,y)(p(xe(t)v YE(t))v

for every ¢ : G — R, Borel and bounded, and for every (x,y) € G.
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The Skorohod problem

The process Z.(t) = (Xc(t), Ye(t)) is the solution of the problem
dZ*(t) = Vo dB(t) + oev(Z2°(t)) doe(t),  Z°(0) =z, (3)

where
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The Skorohod problem

The process Z.(t) = (Xc(t), Ye(t)) is the solution of the problem
dZ*(t) = Vo dB(t) + oev(Z2°(t)) doe(t),  Z°(0) =z, (3)

where

Here
- v(x,y) is the inward unit normal at 9G;

- B(t) is a 2-dimensional standard Brownian motion, defined on
some stochastic basis (2, F, {F¢}e>0, P);

- ¢°(t) is the local time of the process Z¢(t) on OG, that is an
Fi-adapted process, continuous with probability 1,
non-decreasing and increasing only when Z¢(t) € 9G.
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More precisely:

the random pair (Z¢(t), ¢°(t)), t > 0, is a solution of problem (3)

if Z¢(t) is a G-valued {F;}+>0 semi-martingale and ¢°(t) is a
non-decreasing continuous process, such that

Z5(t) = z + /7. B(t) +/0 o (Z5(s)) do<(s),

and

¢€(t)=/0 ltz¢(s)c a6y P (8).
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The identification map I

In what follows, we shall assume that the region G has smooth
boundary and satisfies the following properties.

|. There are only finitely many x € R for which v»(x,y) = 0, for
some (x,y) € 0G.

Il. For every x € R, the cross-section C(x) = {(x,y) € G}
consists of a finite union of intervals. Namely, when
C(x) # 0, there exist N(x) € N and intervals
Ci(x), - -5 Cu(x)(x) such that

N(x)
C(x) = G(x)
k=1
IIl. If x € R is such that v2(x, y) # 0, then for any
k=1,...,N(x) we have
ak(x) :=|Ck(x)| > 0.
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In what follows, we shall denote by
n:G—r

the identification map of the domain G into the corresponding
graph I'.
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In what follows, we shall denote by
Mn:G—r

the identification map of the domain G into the corresponding
graph I'.

Namely, if we identify the points of each connected component
Ck(x) of each cross section C(x), we obtain a graph I', with a
finite number of vertices O;, corresponding to the connected
components containing points (x,y) € G such that v,(x,y) =0,
and with a finite number of edges /¢, connecting the vertices.

On our graph there are two different types of vertices, exterior
ones, that are connected to only one edge of the graph, and
interior ones, that are connected to two or more edges.
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I’W

Figure : The identification map
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A limiting result

Freidlin and Wentcell (PTRF 2012) have studied

the limiting behavior, as € | 0, of the (non Markov) process
MNe(t) :=N(Z%(t)), t > 0, in the space C([0, T];T), for any fixed
T>0and z€ G.
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A limiting result

Freidlin and Wentcell (PTRF 2012) have studied

the limiting behavior, as € | 0, of the (non Markov) process
MNe(t) :=N(Z%(t)), t > 0, in the space C([0, T];T), for any fixed
T>0andz€ G.

They have shown that the process (t), which describes the slow
motion of the process Z¢(t), converges, in the sense of weak
convergence of distributions in the space of continuous -valued
functions, to a diffusion process Z on T.
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A limiting result

Freidlin and Wentcell (PTRF 2012) have studied

the limiting behavior, as € | 0, of the (non Markov) process
MNe(t) :=N(Z%(t)), t > 0, in the space C([0, T];T), for any fixed
T>0andz€ G.

They have shown that the process (t), which describes the slow
motion of the process Z¢(t), converges, in the sense of weak
convergence of distributions in the space of continuous -valued
functions, to a diffusion process Z on T.

Namely, they have proved that for any bounded and continuous
functional F: C([0, T];T) - R and z € G it holds

lim B, F(Me()) = Eng) F(2())-
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The process Z has been described in terms of its generator L
which is given by suitable differential operators £ within each
edge Iy = {(x, k) : ak < x < bi} of the graph and by certain
gluing conditions at the vertices O; of the graph.
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The process Z has been described in terms of its generator L
which is given by suitable differential operators £ within each
edge Iy = {(x, k) : ak < x < bi} of the graph and by certain
gluing conditions at the vertices O; of the graph.

More precisely, for each k,

_ 1 d df
Lif(x) = —— <ak ™

20 (%) dx > (x), ak <x < by,

where ay(x) is the length of the cross section Ci(x).

The domain D(L) is defined as the set of continuous functions on
the graph I, that are twice continuously differentiable in the
interior part of each edge of the graph, and satisfy suitable gluing

conditions at the vertices
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In what follows, we shall depote by §(t), t > 0, the transition
semigroup associated with Z(t), defined by

S5(t)f(x, k) =Ep nf(Z(t)), t>0, (x,k)€T,

for any Borel and bounded function f : I — R.
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Back to the Neumann problem

Since the solution of the problem

%(tx )_} @+l@ (t,x,y)
at YT (a2 T @gyz | \00Y)

ou,

BT(tvxay) :Oa (X7y) € an UE(O,X,_)/) = Uo(ij)’
is given by

Ue(t,X,}/) = Se(t)UO(Xay) = E(X,y)UO(ZE(t))>
in order to study the asymptotics of u. one would like to use the
limit

lim E.F(Me(+)) = Eny FZ()).

e—0
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Some notations

In what follows, we denote H := L?(G).
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Some notations

In what follows, we denote H := L?(G).
Moreover, we denote by H the space of measurable functions
f: T — R such that

Z |fx k)| ok (x) dx < +o0.
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Some notations

In what follows, we denote H := L?(G).

Moreover, we denote by H the space of measurable functions
f: T — R such that

N
S [ IF(x k) Par(x) dx < +oo.
k=1"l

The space H turns out to be a Hilbert space, endowed with the
scalar product

N
(f.g)p = ;//k f(x, k)g(x, k)ak(x) dx =: /rf(z)g(z) v(dz).
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Now, for any u € H we define

1

u(x, k) = e

/ u(x,y)dy, (x.k) €T,
Ci(x)

and for any f € H we define

FV(x,y) = F(N(x,y)), (x,y) € G.
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Now, for any u € H we define

1
ak(x)

U/\(X7 k) = / U(X,y) dy7 (X7 k) € I_,
C(x)

and for any f € H we define
F(xy)=f(N(x,y)), (x,y)€ G.
For any f € H and u € H we have

(u", g = (u, AT
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Now, for any u € H we define

1

a(x)

U/\(X7 k) = / U(X,y) dy7 (X7 k) € I_,
C(x)

and for any f € H we define
F(xy)=f(N(x,y)), (x,y)€ G.
For any f € H and u € H we have

(u", g = (u, AT

And, for any f € H, we have
(F)N =f.

Sandra Cerrai, jointly with Mark Freidlin SPDEs on narrow domains and on graphs



Now, for any u € H we define

1
ak(x)

U/\(X7 k) = / U(X,y) dy7 (X7 k) € I_,
C(x)

and for any f € H we define
Fx,y) =f(N(x.y)), (xy)€ G
For any f € H and u € H we have
W, g = {(u,f)n.
And, for any f € H, we have
(F)N =f.

But, in general, if u e H

it is not true that (u)Y = wu.
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The main approximation theorem

If the domain G satisfies the assumptions above, then

lim sup ‘Ez o(Z5(t)) — Engz) @A(Z(tm =0,
€20 4¢ [7,T]

for any ¢ € C(G) and z€ G,and forany0 <7< T.
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The main approximation theorem

If the domain G satisfies the assumptions above, then

lim sup ‘Ez o(Z5(t)) — I_Eﬂ(z) @A(Z(tm =0,
€20 4¢ [7,T]

forany p € C(G)and z€ G,and forany 0 <7< T.

This means that

lim sup_[Sc(t)e(2) = S(t)¢"(M(2))] = 0.
€Y te[r,T]
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The main approximation theorem

If the domain G satisfies the assumptions above, then

lim sup ‘EZ o(Z5(t)) — Engz) @A(Z(tm =0,
e—0 te [r,T]

forany p € C(G)and z€ G,and forany 0 <7< T.

This means that

lim sup_[Sc(t)e(2) = S(t)¢"(M(2))] = 0.
€Y te[r,T]

Moreover, for any ¢ € H

lim sup [Sc(t)e — (S(t)™)V|H
=0 te[r,T]

=lim sup [(Sc(t)p)" — S(t)¢" |y = 0.
e—0 te[r,T]
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How to prove limit (5)

Limit (5) is not a straightforward consequence of the limit

lim E,F(Me(+)) = Eny FZ()).

e—0
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How to prove limit (5)

Limit (5) is not a straightforward consequence of the limit

lim E,F(Me(+)) = Eny FZ()).

e—0

Actually, (5) is a consequence of the following two limits

lim sup |E;p(Z°(t)) —E. ¢"(N(t))]| =0, (6)
=0 ¢e[r, 7]

and B _
lim sup |E.¢"(MN(t)) — Eneye(Z(¢))] =0, (7)
€0 ¢e (7, 7]

that have to be valid for any 0 <7 < T and z € G and for any

p e C(G).
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Limit (6)

Limit
lim sup ‘EZ o(Z(t)) — E, Lp/\(l_lg(t))‘ =0,
€0 ¢¢ [7,T]
follows from an averaging argument, and its proof requires a
suitable localization in time in the same spirit of classical
Khasminski's paper.

But here the localization procedure is more delicate than in the
classical setting considered by Khasminski, as it involves a
stochastic differential equation with reflection and hence requires
suitable estimates for the time increments of the local time of the
process (X¢(t), Y¢(t)) at the boundary of G.
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Limit (6)

Limit

lim sup ‘EZSO(ZE(t))—EzLPA(ne(t))‘*

0,
=04 [7,T]

follows from an averaging argument, and its proof requires a
suitable localization in time in the same spirit of classical
Khasminski's paper.

But here the localization procedure is more delicate than in the
classical setting considered by Khasminski, as it involves a
stochastic differential equation with reflection and hence requires
suitable estimates for the time increments of the local time of the
process (X¢(t), Y¢(t)) at the boundary of G.

Moreover, the interior vertices require a special treatment.
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An approximation result inside each edge

Assume
G={(xy) € R? : hi(x) <y < h(x), x€ R},
for some functions hy, h, € C2(R), such that

ha(x) — hi(x) = a(x) > ag >0, xeR.
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An approximation result inside each edge

Assume
G={(xy) € R? : hi(x) <y < h(x), x€ R},
for some functions hy, h, € C2(R), such that

ha(x) — hi(x) = a(x) > ap >0, x¢& R.

In this case we have
0G = {(x,h(x)) : x € R}U{(x,(x)) : xe€ R},
and, for any x € R,

v(x, hi(x)) = (1+ [HC)P) 2 (1) H(x), (1)), i=1.2
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The corresponding graph I consists of just one edge 1 = R and

Me(t) = N(2°(t)) = (X°(2), 1)

Moreover, the limiting process Z(t) is the solution of the
stochastic equation
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Now, for any ¢,y > 0, we consider the stochastic Skorokhod
problem

dZ7(t) = /6 dB(t) + 6 v(Z7 (1)) do (1),

Z(ky) = Z°(kv),, te€ [ky,(k+1)y).

where
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Now, for any ¢,y > 0, we consider the stochastic Skorokhod
problem

dZ(t) = \/6 dB(t) + 6 1(Z97(t)) dp (1),

Z(ky) = Z°(kv),, te€ [ky,(k+1)y).

~ (0 0
UE_ 0 6_2 .

Clearly, for any t € [k, (k + 1)7) the variable

Z97(t) = (X(k7)), Y (1))

where

lives in the random interval

C(X(ky)) = [ (X (k7)), ha (X (k7))]-
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We have shown that there exists k1 > 0 such that, if we set
Ye = €2 loge 1, for any T > 0 it holds

lim sup sup E,|Z(t)— Ze’%(t)’2 =0.
=0 ze G te[0,T]
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We have shown that there exists k1 > 0 such that, if we set
Ye = €2 loge 1, for any T > 0 it holds

lim sup sup E,|Z(t)— Ze’%(t)’2 =0.
=0 ze G te[0,T]

In order to prove the limit above:
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We have shown that there exists k1 > 0 such that, if we set
Ye = €2 loge 1, for any T > 0 it holds

lim sup sup E,|Z(t)— Ze’%(t)’2 =0.
=0 ze G te[0,T]

In order to prove the limit above:

- We show that for any p > 1 there exists ¢, > 0 such that for
any €,7 >0, ke Nand t,s € [ky,(k+ 1))

sup E |6°7(t) — 6 (5)|° < G (77 + ePyP/2 + ).
ze G
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We have shown that there exists k1 > 0 such that, if we set
Ye = €2 loge 1, for any T > 0 it holds

lim sup sup E,|Z(t)— Ze’%(t)’2 =0.
=0 ze G te[0,T]

In order to prove the limit above:

- We show that for any p > 1 there exists ¢, > 0 such that for
any €,7 >0, ke Nand t,s € [ky,(k+ 1))

sup E |6°7(t) — 6 (5)|° < G (77 + ePyP/2 + ).
ze G

- We apply Ito’s formula to a suitable function involving the
exponential of an extension of distance function from 9G.
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About the proof of limit (6). Step 1

For every 0 < ¢’ < & and € > 0 sufficiently small

. (o2 - (@) < er (=04 Lus,0)).

T

for every t € [, T], where

L§s(t) == sup

)

E. (9(Z(0) = (#")(Z°(0); 75 > ki)

ze C(9)
and
/
Tf’M is the first time Z.(t) is at distance ¢’ of one of the interior

vertices starting from distance at most 4.

Here k{ € N such that § < kfv. < t.
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Step 2
For every 0 < ¢’ < 4 it holds

lim sup L§s(t)=0.
e—0 ¢ [+,T] 8,0
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Step 2

For every 0 < ¢’ < 4 it holds

lim sup L§s(t)=0.
e—0 ¢ [+,T] 8,0

For any € > 0 we have

p(Z(1) = (¢")"(2(1)) = [@(Ze(t)) —o(Z(t

~—
~—
[E—
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Due to the approximation result we have

lim sup sup E, <|If(t)|; 7’16’6’6/ > ktefye) =0, i=1,3.
=02 C(6) te[r,T]
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Due to the approximation result we have

lim sup sup E, <|If(t)|; 7’16’6’6/ > ktefye) =0, i=1,3.
=02 C(6) te[r,T]

And because of averaging

lim sup E, (If(t); Tf’m/ > kf’ye> =0.
=0 te[r,T]

Sandra Cerrai, jointly with Mark Freidlin SPDEs on narrow domains and on graphs



Limit (7)

The limit

lim sup |[E.¢"(Me(t)) — Enye(Z(1))] = 0,
Hote[ﬂT]

would be a consequence of

lim E.F(Me(-)) = Eny F(Z(-)),

e—0

if for any ¢ € C(G), the function ¢ were a continuous function
on .
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Limit (7)

The limit

lim sup ‘]EchA(l_le(t)) - En(z)@/\(z(t))‘ =0,
e—0 te [r,T]

would be a consequence of

lim E-F(Me(-)) = Ene) F(Z()),

e—0

if for any ¢ € C(G), the function " were a continuous function
on .

Unfortunately, in general ¢” is not continuous at the internal
vertices of I, so that the proof of (7) requires a thorough analysis,
which also involves a few estimates of the exit times of the process
Z.(t) from the small neighborhoods of the points (x,y) € 0G
where v5(x, y) = 0 described above.
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From the SPDE on G to the SPDE on the graph I

Let us consider the SPDE on G

du, ow®

E(tv)()y) = ‘Ceue(taxvy) + b(ue(t7X7y)) + W(tvxay)v

Vue(t,x,y) ov(x,y) =0, (x,y)€ 0G, u(0,x,y)=uo(x,y).

Our purpose here is to study the limiting behavior of its unique
mild solution . in the space LP(2; C([0, T]; H)), as € — 0.
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We are assuming here that
[e.e]
wQ(t) = Z QerBi(t), t=>0,
k=1

where {ex}ken is an orthonormal basis in H, {8k(t)}ken is a
sequence of independent Brownian motions and

Q is a Hilbert-Schmidt linear operator in H.

Moreover, we set B(x)(£) = b(x(&)), for every x € H and § € G.
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We are assuming here that
[e.e]
wQ(t) = Z QerBi(t), t=>0,
k=1

where {ex}ken is an orthonormal basis in H, {8k(t)}ken is a
sequence of independent Brownian motions and

Q is a Hilbert-Schmidt linear operator in H.

Moreover, we set B(x)(£) = b(x(&)), for every x € H and § € G.

Recall that an F;-adapted process u. € LP(; C([0, T]; H)) is a
mild solution for the problem above if

ue(t) = Se(t)uop + /O Se(t — s)B(ue(s)) ds + /0 Se(t — s)dw®(s).

Sandra Cerrai, jointly with Mark Freidlin SPDEs on narrow domains and on graphs



The SPDE on the graph '

Let us consider the problem

0 _ e
00t k) = ot x, )+ B((t, x, K)) + e

(0, x, k) = up"(x, k),

where g € C(G) and L is the limiting generator on I from
Freidlin and Wentcell.
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The SPDE on the graph '

Let us consider the problem

0 _ e
00t k) = ot x, )+ B((t, x, K)) + e

(0, x, k) = up"(x, k),

where g € C(G) and L is the limiting generator on I from
Freidlin and Wentcell.

Here w® is the cylindrical Wiener process defined by

Z er /\6_}
j=1
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It is easy to check that

E(w9(t), £)(w9(s). 8) = (QQ*F)". g)(t A s).
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It is easy to check that

E(w9(t), £)(w9(s). 8) = (QQ*F)". g)(t A s).

Notice that if Q € Lo(H), then

o0 o0

D QRN ) g =Y (QQEY £ )i < |Q)1Z, () < o0,

Jj=1 Jj=1

so that w®(t) € L?(RQ; H), for any t > 0, and defines a H-valued
Wiener process, with covariance operator

(QQ)"f := (QQ*FV)", fe H.
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As we have seen, the operator L is the generator of the Markov
transition semigroup S(t) associated with the limiting process Z(t)
defined on the graph T.
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As we have seen, the operator L is the generator of the Markov
transition semigroup S(t) associated with the limiting process Z(t)
defined on the graph T.

Thus, we can say that

An adapted process i € LP(R; C([0, T]; H)) is a mild solution to
equation (8) if

o(t) uo+/5t—s a(s) ds+/5t—s)dw()
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As we are assuming Q € Lo(H), then v'vQ(E) € (R, H), for any
t > 0. Moreover, 5(t) is a contraction on H, so that the process
wi (t) defined by

wi (t) ::/O S(t—s)dw®(s), t>0,

takes values in LP(Q; C([0, T]; H)), forany T >0 and p > 1.
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As we are assuming Q € Lo(H), then v'vQ(_t) € (R, H), for any
t > 0. Moreover, 5(t) is a contraction on H, so that the process
wi (t) defined by

wi(t) := /Otg(t —5)dw®(s), t>0,

takes values in LP(Q; C([0, T]; H)), forany T >0 and p > 1.

Therefore, as the mapping B : H — H is Lipschitz-continuous, we
have that forany T >0and p>1

there exists a unique mild solution 7 € LP(R; C([0, T]; H)) to
equation (8).
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The limit theorem

Assume that the domain G satisfies assumptions I-IV. Moreover,
assume that the nonlinearity b : R — R is Lipschitz-continuous
and Q € Ly(H).

Then, for any ug € C(C), p>1land 0 <7 < T we have

limE sup |uc(t) —u(t)"|?
€ supfuc(e) = a(0) I

=limE sup |u(t)" —a(t)?, =0,

=0 ¢ [m,T]
where u. and u are the unique mild solutions of the SPDE on G
and of the SPDE on I, respectively.

Sandra Cerrai, jointly with Mark Freidlin SPDEs on narrow domains and on graphs



A few words about the proof

We have
u(t) = S.(t)uo + /OtSE(t — $)B(ui(s)) ds + w.(t),

where

we(t) :/0 Se(t — s)dw@(s).
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A few words about the proof

We have
u(t) = S.(t)uo + /Otse(t — $)B(ui(s)) ds + w.(t),

where

We(t):/o Se(t — s)dw@(s).

This implies that for any p>1and T >0

|ue(t) = (t)" [} < cp |Se(t)uo — S(£)  wol},

+¢p T”_l/o |Se(t — 5)B(uc(s)) — (S(t — 5)B(u(s))) |} ds

+ep |we(t) — wr ()]},
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This implies

(e) ~ a()V15, < R5(6) + o [ lues) — a(s)" [ ds.

where

R;(t) = Cp |Se(t)up — E(t)vuom + ¢ }We(t) — Wz(t)v{i,

+6p /t |Se(t = 5)B(u(s))” — (5(t — 5)B(u(s))) "I}, ds.
0
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This implies

(e) ~ a()V15, < R5(6) + o [ lues) — a(s)" [ ds.

where

R;(t) = Cp |Se(t)up — E(t)vuom + ¢ }We(t) — Wz(t)v{i,
+Cp/0 |Se(t — 5)B(u(s))" — (5(t — 5)B(a(s)))" [} ds.

Therefore, our result follows once we prove that

limE sup |we(t)—wg(t)"|}, =0.

=0 teo,7]
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Thank You

[m]

=

DA



We have
Qe = 6,1Q7

where for any €1,e1 > 0 and Q € L(H,,), we have defined
lee1 @ = Jeze © Q 0 Jey e € L(Hey),

with
61 —1
J€2,61f(xvy): Hgf(X,6162 y)7 (Xuy)e G627

for every f € H,,.
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Gluing conditions

For any vertex O; = (xj, k1) = - -+ = (i, kn;) there exist finite
li Lf(x, k;
(Xvkjl')rloi (X’ J)’
the following one-sided limits exist
. f
X“jlf /k(X)a(Xa ki),

along any edge /y; ending at the vertex O; = (x;, k;) and the
following gluing condition is satisfied

N;

> (ixlgm%, /k(x)%(x, k)) =0,

k=1
where the sign + is taken for right limits and the sign — for left
limits. In the case of an exterior vertex O;, the gluing condition
(43) reduces to

. df B
lim k()06 k) =0,
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