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Ultimate goal: explain these pictures
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pictures by Gortz—Haines—Kottwitz—Reuman, arXiv:0504443
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Dimension: What is the dimension of X, (b) ?

In case b is basic these questions are solved:
» Beazley=Milicevié¢, Gortz-Haines-Kottwitz-Reuman,
Reuman, Gortz-He, He, ...
» Gortz, He and Nie (2012):

nonemptiness pattern for all x and all basic b

» He (Annals 2014):
dimension formula for all x and basic b



Main Questions

Nonemptiness: For which (z,b) € W x W is X,(b) #0 ?

Dimension: What is the dimension of X, (b) ?

In case b is basic these questions are solved:
» Beazley=Milicevié¢, Gortz-Haines-Kottwitz-Reuman,
Reuman, Gortz-He, He, ...
» Gortz, He and Nie (2012):

nonemptiness pattern for all x and all basic b

» He (Annals 2014):
dimension formula for all x and basic b

> Yang (2014): nonemptiness and dimension (x, b arbitrary)
in case SLg, that is type As.



The basic case

An element b € G(F') is basic if it is o-conjugate to an element
of length 0 in the extended affine Weyl group.

VAVAVAVAVAV VAVAN
VAVAVAVAV VAVAY VAV
NAANANBANN 4
VAVAVAVAV VAVAY YV
NANANNBN N 4
ONININININOO/NA/L
NAANAIN/NAAN/N

VNAANAANA/

» All basic b in W are
pairwise g-conjugate.

» Dominant translations
(pink) are not basic and
pairwise not o-conjugate.

basic elements (blue); translations in the

dominant Weyl chamber (pink)



Conjectural nonemptiness and dimensions

The following is a special case of the conjecture for arbitrary pairs z, b.

Conjecture (Gortz-Haines-Kottwitz-Reuman 2010)

Let b=t € W be a translation. There exists Ny € N such that
for all x € W with {(x) > N

Xa(1) # 0 = X5(b) # 0,
and if both varieties are nonempty then

dim X, (b) = dim X, (1) — (p, \1).
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In the following let b = t* be a translation in W.
We show:
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Gaussent-Littelmann/Parkinson-Ram-C.Schwer
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dim(X, (b)) can be computed via positive folds + positive
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Again generalizing Gaussent-Littelmann/Parkinson-Ram-C.Schwer



Our approach

In the following let b = t* be a translation in W.
We show:

(1)

X (b) # () <= there exists a positively folded gallery from

1 to b of type .
use results by Gortz-Haines-Kottwitz-Reuman and (modified versions of)

Gaussent-Littelmann/Parkinson-Ram-C.Schwer

dim(X, (b)) can be computed via positive folds + positive
crossings of these galleries

Again generalizing Gaussent-Littelmann/Parkinson-Ram-C.Schwer

Construct and manipulate such galleries using root
operators, combinatorics in Coxeter complexes and explicit
transformations.



Explicit construction of a folded gallery

Construct a gallery v : 1 ~ 1 of type a = t*Pwyq as follows:

)

Iny

(s>

N VRN /

The gallery ~y is positively folded for the right choice of a “sun”.



Explicit construction of a folded gallery

Construct a gallery v : 1 ~ 1 of type a = t*Pwyq as follows:

)

Iny

(s>

N VRN /
The gallery ~y is positively folded for the right choice of a “sun”.

We obtain: X, (1) # 0 and of dimension > 7.



Manipulation of folded galleries




Manipulation of folded galleries

This implies X, (b) # 0 for b = t* dominant and close to .



Root operators

Apply available root operators to the gallery constructed on the
previous slide:




Root operators

Apply available root operators to the gallery constructed on the
previous slide:

VAVAVAVAY: VA
VAVAVAVAVI&VA
VAV‘m\v(l YAV

AVA‘&%‘&'&VAVA
A\VAVAVAV, . YAVAV
AVAVAV/ AV

This implies X, (b) # 0 for most b = t* between 1 and x.



Theorem 1 (Mili¢evi¢-S-Thomas)

Let b = t" be a pure translation and let x = t*w € W.
Assume that b is in the convex hull of x and the base alcove
+ two technical conditions on p and X. Then

Xo(1) #0 = Xa(b) #0

and if w = wq then X, (1) # 0 and X, (b) # 0.

If both varieties are nonempty then
dim X, (b) = dim X,(1) — {p, u™).

Precise assumptions:
> t>‘w0 and t~Hz are in the shrunken dominant Weyl chamber éf

P b is in the convex hull of z and the base alcove

P L lies in the negative cone based at A\ — 2p.



Theorem 1 in type C
b=1
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picture: Gortz, Haines, Kottwitz and Reuman (2006)



Theorem 1 in type C
b =t(1,0)

VWV TV U

4]

4 4

picture: Gortz, Haines, Kottwitz and Reuman (2006)



Geometric transformations of galleries

Xtux(t‘u) 7'é U] < XZC(l) 7é @
Theorem 2 (Mili¢evié-S-Thomas)
If b =t" is in the conver hull of t*x and the base alcove, then
Xx(l) 7é (Z) — Xtuz(tu) 7é (Z)

and if nonempty then dim Xy (t*) > dim X, (1).




What else?

We can show more about nonemptiness and dimensions:

EVAVAAVAVA VAV VAV » nonemptiness
pattern of Cy¢
EEATEEECAK transfers to other
Ty XA Weyl chambers
AVAVAVAVAVAVAVAVAYAVAVAY (via conjugation)

- HAAAA) s » pattern is symmetric
AVAVAVAVAY VAVAVAVAVAVAY under diagram

; :5 i X 5: A !: automorphisms.

% :s / KNAK “:5 » everything we prove
AVAVAVAVAVAVAVAVAVAVAVAV. holds in the p-adic

DAY VAV. 7 VAV VWAV V- 7AV! setting.



Thank you!

petra.schwer@kit.edu

Our preprint is available at arxiv:1504.07076.



More results



Conjugation

Theorem 3 (Mili¢evié-S—-Thomas)

Let b = t* be a dominant pure translation and let x = t*w € W.
Assume that t*wq lies in the shrunken dominant Weyl chamber.
Then for all u € Wy

Moreover if these varieties are nonempty then

dim X, 1, (b) > dim X,(b) — %(Z(u_lxu) — 0z)).



Diagram automorphisms

Let g be an automorphism of the apartment induced by an
automorphism of the diagram.
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If both are not empty they have the same dimension.



Arbitrary translation alcoves

Theorem 5 (Mili¢evié-S-Thomas)

Let b =t* be a pure translation and let x € W. Assume that
> b is in the conver hull of x and the base alcove
> x and t™Hx lie in the same Weyl chamber

> if x is in a shrunken Weyl chamber then t™#x is in a
shrunken Weyl chamber

Then
X, (1) 40 = X, (b) £0.

Moreover if these varieties are nonempty then

dim X, (b) > dim X, (1) — (o, u™) — (pp-, b + pip-)-



The p-adic setting

Theorem 6 (Mili¢evié-S—-Thomas)

Let b be a translation and let x € W. There is a reasonable
combinatorial definition of dim X, (b)qg,, and using this
definition

dim X, (b) = dim X, (b)q, -

Corollary
All previous Theorems hold in the p-adic setting.



Basic case, previous results, conjectures



Previous results

Almost all previous results are in the basic case.

Common ap‘pro‘ach in the Pasic case: A#A%A#A##AVA%#AV
» generalisation of classical MAANANANN 4
Deligne-Lusztig theory, JAVAVAVAV VAVAY VAV

\ 4
» combinatorics on minimal length JAVAVAVAVAVAVAVAVAV

NAANAINNA/N
\V\NAANAANA/

elements in conjugacy classes in
the affine Weyl group W.

basic elements (blue); translations in

the dominant Weyl chamber (pink)
- Beazley, Gortz, He, Haines, Kottwitz, Nie, Reuman, ....

- Gortz, He and Nie (2012): nonemptiness pattern Vo and Vb
basic

- He (Annals 2014): dimension formula Vz and Vb basic



Computer experiments

In G(F)/I, Gortz, Haines, Kottwitz and Reuman (2006)
conducted computer experiments in low rank; e.g. for b = 1:
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Computer experiments

In G(F)/I, Gortz, Haines, Kottwitz and Reuman (2006)

conducted computer experiments in low rank; e.g. for b = #(1,0);
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Conjecture for arbitrary b

Conjecture (Gortz-Haines-Kottwitz-Reuman 2010)

Let b € G(F). Then there exists N, € N such that for all x € W
with ¢(x) > Ny

X, (0) # 0 <= X, (b) #0

and if both varieties are nonempty then

dim X, (b) = dim X, () — % ((2p,13) + defig(b) — def (b))

Here b is an associated basic element, defs is the defect, and v
is the Newton point parameterizing the o-conjugacy class.

» (Yang 2014) This conjecture holds for G = SLs.



Root operators



Root operators

Root operators eq, f, for simple roots o were defined by
Gaussent and Littelmann (2005). They act on sets of positively
folded galleries of a fixed type.

fa() fa(7) v ea(7) ez (7)

Using properties of e, and f, we can easily control end-vertices
and dimensions of galleries. If we work very carefully, we can
also control start-alcoves and end-alcoves.

Availability of all root operators is crucial to our constructions.



