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Attending to student thinking and their interactions when working in small groups
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Inquiry Oriented, peer to peer collaboration,
collective mathematical progress, mathematical conceptions and activity 
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Inquiry-oriented	(IO
)	

• D
eep	engagem

ent	in	the	m
athem

a=cs	
• Peer	to	peer	collabora=on	
• Teacher	interest	and	curiosity	into	student	w

ork	
	In	IO

	classroom
s	teachers	typically	circulate	

around	the	class	and	listen	to	w
hat	their	students	

are	doing.	W
hat	m

ight	a	teacher	or	researcher	pay	
aG

en=on	to?		
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	m
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M
iriam

	Sherin	asked:	

• W
hat	lens	are	w

e	using?	

• W
hat	tools	are	w

e	using?	

A
	g
o
a
l	o
f	th

e
	C
IM
E
	2
0
1
6
	w
o
rk
sh
o
p
	is	“to
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Individual	m
eanings	

Collec=ve	progress	

Individual	roles	
D
iscipline	prac=ces	

A
	com

pelling	sm
all	group	episode	in	w

hich	students	m
ade	

considerable	progress	in	reinven=ng	Euler’s	m
ethod		

Liz	

Jeff
	

Joe	

D
eb	
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9
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Social	Perspec-ve	
Individual	Perspec-ve	

Social	norm
s	

Beliefs	about	one’s	ow
n	

role,	others’	role,	and	the	
general	nature	of	

m
athem

a=cal	ac=vity	

Sociom
athem

a=cal	norm
s	

M
athem

a=cal	beliefs	and	
values	

Collec=ve	m
athem

a=cal	
progress	

M
athem

a=cal	
concep=ons	and	ac=vity	
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• “M
athem

a=cal	concep=ons	and	ac=vity”	has	prim
arily	been	

opera=onalized	in	term
s	of	individual	par=cipa=on	in	

classroom
	m

athem
a=cal	prac=ces		

• D
esire	to	be	m

ore	inclusive	of	cogni=ve	fram
ing	and	draw

	on	
expansive	literature	that	exam

ines	the	m
eanings	that	

individuals	bring	to	bear	and	develop		
• W

ork	in	undergraduate	m
athem

a=cs	foregrounds	disciplinary	
nature	of	students’	m

athem
a=cal	ac=vity	

Social	Perspec-ve	
Individual	Perspec-ve	

Collec=ve	m
athem

a=cal	
progress	

	

M
athem

a=cal	concep=ons	
and	ac=vity	
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Social	Perspec-ve	
Individual	Perspec-ve	

Social	norm
s	

Beliefs	about	one’s	ow
n	role,	

others’	role,	and	the	general	
nature	of	m

athem
a=cal	

ac=vity	

Sociom
athem

a=cal	norm
s	

M
athem

a=cal	beliefs	and	
values	

D
isciplinary	
prac=ces	

Collec=ve	
m
athem

a=cal	
progress	

	

Par=cipa=on	
in	

m
athem

a=cal	
ac=vity	

M
athem

a=cal	
m
eanings	



4
	co
n
stru

cts	a
n
d
	re
se
a
rch

	q
u
e
stio

n
s	

Disciplinary	
Prac-ces	

Collec-ve	
m
athem

a-cal	
progress	

Par-cipa-on	in	
m
athem

a-cal	
ac-vity	

M
athem

a-cal	
m
eanings	

W
hat	is	the	

m
athem

a=cal	
progress	of	the	
classroom

	
com

m
unity	in	

term
s	of	the	

disciplinary	
prac=ces	of	
m
athem

a=cs?	
	

W
hat	are	the	

norm
a=ve	w

ays	
of	reasoning	
that	em

erge	in	a	
par=cular	sm

all	
groups	or	
classroom

s?		

H
ow

	do	
individual	
students	
contribute	to	
collec=ve	
m
athem

a=cal	
progress?		

W
hat	m

eanings	
do	individual	
students	bring	
to	bear	and	
develop	in	their	
m
athem

a=cal	
w
ork?		

a
n
d	co

o
rd
in
atio

n	o
f	a
n
a
ly
ses	
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W
A

R
R

A
N

T: E
xp

lains 
ho

w
 the d

ata lead
s 

to
 the claim C

LA
IM

:
C

o
nclusio

n
D

ATA
:

E
vid

ence

B
A

C
K

IN
G

: E
xp

lains 
w

hy the w
arrant has 

autho
rity

R
EB

U
TTA

L

Q
U

A
LIFIER

T
he co

re o
f 

the arg
um

ent

Toulm
in	(1958)		

Three	criteria	
	Criterion	1:	W

hen	the	backing	
and/or	w

arrants	for	par=cular	
claim

	are	ini=ally	present	but	
then	drop	off

		
	Criterion	2:	W

hen	certain	parts	
of	an	argum

ent	(the	w
arrant,	

claim
,	data,	or	backing)	shi^

	
posi=on	w

ithin	subsequent	
argum

ents		
	Criterion	3:	W

hen	a	par=cular	
idea	is	repeatedly	used	as	either	
data	or	w

arrant	for	diff
erent	

claim
s	across	m

ul=ple	days		
	Rasm

ussen	&
	Stephan	(2008)	

	



M
a
th
e
m
a
tica

l	m
e
a
n
in
g
s	

A
s	students	solve	problem

s,	explain	their	thinking,	represent	
their	ideas,	and	m

ake	sense	of	others’	ideas,	they	necessarily	
bring	forth	various	m

eanings	of	the	ideas	being	discussed	and	
poten=ally	enlarge	or	m

odify	these	m
eanings.	

	• W
hen	feasible,	m

ake	use	of	prior	w
ork	that	characterizes	

student	m
eanings	of	par=cular	ideas:	concept	im

age	of	lim
it	

(W
illiam

s),	covaria=onal	reasoning	(Carlson),	rate	of	change	
(Thom

pson;	Zandieh),	etc.	

• In	less	traversed	dom
ains,	one	w

ill	need	to	develop	new
	

characteriza=ons	of	the	m
eanings	that	individuals	bring	to	bear	

and	develop.	
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Individual	progress	as	par=cipa=on	in	m
athem

a=cs	is	
opera=onalized	in	term

s	of	produc=on	and	recipient	design	
(Krum

m
heuer;	2007,	2011).		

Produc-on	design	
• A

uthor	is	given	w
hen	a	speaker	is	responsible	for	both	the	

content	and	form
ula=on	of	an	uG

erance.		
• Relayer	is	assigned	w

hen	a	speaker	is	not	responsible	for	the	
originality	of	either	the	content	or	form

ula=on	of	an	uG
erance	

• G
hostee	takes	part	of	the	content	of	a	previous	uG

erance	and	
aG

em
pts	to	express	a	new

	idea	

• Spokesm
an	is	one	w

ho	aG
em

pts	to	express	the	content	of	a	
previous	uG

erance	in	his/her	ow
n	w

ords	
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Recipient	Design	
• Conversa6

on	partner	is	the	listener	to	w
hom

	the	speaker	
seem

s	to	allocate	the	subsequent	talking	turn		
• Co-hearers	are	listeners	w

ho	are	also	directly	addressed	but	
do	not	seem

	to	be	treated	as	the	next	speaker	
• O

ver-hearers	are	those	w
ho	seem

	tolerated	by	the	speaker	
but	do	not	par=cipate	in	the	conversa=on		

• Eavesdroppers	are	listeners	w
ho	are	deliberately	excluded	by	

the	speaker	from
	conversa=on		



D
iscip

lin
a
ry
	P
ra
ctice

s	

M
oschkovich	(2007)	argues	that	disciplinary	prac=ces	are	“socially,	

culturally,	and	historically	produced	prac=ces	that	have	becom
e	

norm
a=ve”.		From

	an	a	priori	perspec=ve,	w
e	have:	

	• Sym
bolizing	

• A
lgorithm

a=zing						

• D
efining	

• M
odeling	

• Theorem
izing	

	U
sing	a	grounded	approach	w

e	allow
	the	data	to	shape	how

	w
e	

characterize	the	features	of	a	disciplinary	prac=ce	that	em
erge	in	a	

par=cular	class.		

Theorem
izing:	engaging	in	a	

m
athem

a=cal	seh
ng,	observing	

rela=onships,	clarifying	and	refining	
stated	rela=onships,	arguing	for	(or	
against)	claim

s,	generalizing,	and	
jus=fying	generaliza=ons.	

Rasm
ussen,	C.,	W

aw
ro,	M

.,	&
	Zandieh,	M

.	(2015).	Exam
ining	

individual	and	collec=ve	level	m
athem

a=cal	progress.	Educa6
onal	

Studies	in	M
athem

a6
cs,	88(2),	259-281.		
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• M
id-sized	university	w

ith	“generous”	adm
ission	policy	

• Introductory	course	in	diff
eren=al	equa=ons	

• 29	students	in	the	class	
• M

ostly	engineering	m
ajors	and	a	few

	m
athem

a=cs	m
ajors	

• Curriculum
	inspired	by	Realis=c	M

athem
a=cs	Educa=on	

• Inquiry-oriented	instruc=onal	approach	(Rasm
ussen	&

	Kw
on,	2007)	

• D
eep	engagem

ent	in	the	m
athem

a=cs	
• Peer	to	peer	interac=on	
• Instructor	inquiry	into	student	thinking	

• 
Video	recordings	of	each	class	from

	tw
o	cam

eras,	copies	of	student	
w
ork,	individual	student	interview

s,	debriefing	m
ee=ngs	

• 
D
ay	2	of	the	course	

• 
Sm

all	group	episode	las=ng	≈	10	m
inutes	



Ini=al	Task	
	The	previous	problem

	dealt	w
ith	a	com

plex	situa=on	w
ith	

tw
o	interac=ng	species.	To	develop	the	ideas	and	tools	that	

w
e	w

ill	need	to	further	analyze	com
plex	situa=ons	like	these,	

w
e	w

ill	sim
plify	the	situa=on	by	m

aking	the	follow
ing	

assum
p=ons:	

	• There	is	only	one	species	
• The	species	have	been	in	the	lake	for	som

e	=m
e	before	

w
hat	w

e	are	calling	=m
e	t	=	0	

• The	resources	(food,	land,	w
ater,	etc.)	are	unlim

ited		
• The	species	reproduces	con=nuously	
		G
iven	these	assum

p=ons	for	a	certain	lake	w
ith	fish,	sketch	

three	diff
erent	popula=on	versus	=m

e	graphs	(one	star=ng	at	
P	=	10,	one	star=ng	at	P	=	20,	and	the	third	star=ng	at	P	=	30).	
	

dP/dt	=	3P	

P	

t	



T
h
e	T
ask

	–
	U
se	d

P
/d
t	to
	A
p
p
ro
xim

ate	F
u
tu
re	P

o
p
u
latio

n
	V
alu
es	

Consider	the	follow
ing	rate	of	change	equa6

on,	w
here	P(t)	

is	the	num
ber	of	rabbits	at	6

m
e	t	(in	years):	dP/dt	=	3P(t)	

or	in	shorthand	nota6
on	dP/dt	=	3P.	Suppose	that	at	6

m
e		

t	=	0	w
e	have	10	rabbits	(think	of	this	as	scaled,	so	w

e	
m
ight	actually	have	1000	or	10,000	rabbits).	Figure	out	a	

w
ay	to	use	this	rate	of	change	equa6

on	to	approxim
ate	

the	future	num
ber	of	rabbits	at	t	=	0.5	and	t	=	1.		

	4		Liz:				O
h	ok,	so	I	get	the	rate	of	change	at	=m

e,	ini=ally,	the	
instantaneous	rate	of	change	w

ould	be	30.	D
id	I	

m
ul=ply	it	right?		

…
.	

17	Liz:		So	if	w
e	have	the	30,	the	ques=on	is	how

	can	w
e	use	

that	to	help	us	figure	out	the	popula=on	a^
er	a	half	

unit	elapsed?		



A
	p
rio
ri	a
n
a
ly
sis:	In

te
n
d
e
d
	

k
n
o
w
le
d
g
e
	e
le
m
e
n
ts	(T

ab
ach

	et	al,	2
0
1
5
)			

• C
sy 	–	establishing	connec=on	betw

een	P	and	dP/dt	(if	you	
know

	P	you	can	find	dP/dt)		
• C

pit 	–	popula=on	itera=on	(given	P	and	dP/dt	at	a	m
om

ent	in	
=m

e	allow
s	one	to	find	P	at	a	later	=m

e)		
• C

rit 	–	rate	of	change	itera=on	(applying	Csy	at	that	later	=m
e	

one	can	find	the	corresponding	dP/dt)	
• C

it 	–	Cpit	and	Crit	can	be	com
bined	into	a	repea=ng	loop.		

Liz:	W
hat	I	understand	is	that	w

e	found	our	rate	of	change	ini=ally	at	=m
e	

zero	and	that	w
e	are	using	that	to	find	out	w

hat	our	popula=on	is	a^
er	half	

a	year.	If	w
e	are	expected	to	grow

	by	30	rabbits	in	a	year	then,	in	a	half	a	
year	w

e	grow
	by	15	rabbits.	So	w

e’ll	have	15,	I	m
ean	25	because	15	plus	10	

is	25.	Then	you	start	over	again,	so	it’s	kind	of	like	our	new
	ini=al	

popula=on.	W
e	could	label	it	=m

e	equals	zero	if	w
e	w

anted	to.	

C
sy

C
pit

C
it



Individual	m
eanings	

Collec=ve	progress	

Individual	roles	
D
iscipline	prac=ces	

Research	goals:	Coordinate	collec=ve	and	individual	analyses	to	gain	
greater	explanatory	and	descrip=ve	pow

er;	BeG
er	understand	the	

individual	and	collec=ve	m
eaning	m

aking	processes	

Liz	

Jeff
	

Joe	

D
eb	



S
m
a
ll	G
ro
u
p
	C
o
lle
ctiv

e
	P
ro
g
re
ss	

Finding:	Three	ideas	func=oned	as	if	shared	
	• dP/dt	can	be	determ

ined	from
	P	values	(C

sy )	

• A
	value	for	dP/dt	refers	to	the	am

ount	of	change	
over	1	year	
• C

pit 	and	C
rit 	can	be	com

bined	into	a	repea=ng	
loop	

		



C
la
im
:		d
P
/
d
t	ca

n
	b
e	d
eterm

in
ed
	fro

m
	P
	v
alu
es		

fu
n
ctio

n
ed
	a
s	if	sh

a
red

		

Sm
all	group	discourse	sa=sfied	Criterion	2:	W

hat	w
as	originally	a	Claim

	in	
one	argum

ent	(A
rg	1)	func=ons	as	D

ata	in	a	subsequent	argum
ent	(A

rg	5)	

Data:	This	is	
w
here	10	rabbits	

at	zero	(Jeff
)	

Claim
:	The	ini=al	

instantaneous	rate	of	
change	is	30	(Liz)	

W
arrant:	I	w

ould	plug	in	
the	popula=on	of	rabbits	
for	P	to	determ

ine	the	
rate	of	change	(Liz)	

Backing:	If	w
e	had	a	graph,	its	kind	of	like	w

hat	w
e	w

ere	just	talking	
about,	w

e	are	trying	to	determ
ine	the	rate	of	change	w

hen	this	=m
e		

is	equal	to	zero	(Liz)	



C
la
im
	in
	A
rg
	1
	sh
ifts	to

	D
a
ta
	in
	A
rg
	5
	

Data:	W
e	have	the	30.	

Three	=m
es	ten	w

ould	
give	us	our	rate	of	change.	
Say	0.5	years	passes	(D

eb)	

Claim
:	w

hich	w
ill	give	us	

w
hat,	the	new

	am
ount	of	

rabbits	plus	the	old	am
ount	

of	rabbits	(D
eb)	

W
arrant:	This	is	our	rate	

of	change.	Then	w
e’ll	

take	that	0.5	=m
es	the	

rate	of	change	(D
eb)	

Sim
ilar	type	of	evidence	for	the	other	tw

o	ideas	that	func=on	as	if	shared	
	• 

A
	value	for	dP/dt	refers	to	the	am

ount	of	change	over	1	year	
• 

C
pit 	and	C

rit 	can	be	com
bined	into	a	repea=ng	loop	

		Full	considera=on	of	the	data	indicate	that	Liz,	D
eb,	and	Jeff

	m
ade	

individual	progress	com
pa=ble	w

ith	the	collec=ve	m
athem

a=cal	progress.		



T
o
u
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n
a
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v
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• Talk	turns:	Liz	26;	D
eb	18;	Jeff

	13;	Joe	8	
• There	w

ere	14	diff
erent	argum

ents	(à	la	Toulm
in)	that	

consisted	of	at	least	D
ata	and	Claim

	

• The	follow
ing	table	show

s	the	distribu=on	of	
contribu=ons	(som

e	contribu=ons	co-constructed)	

			

Liz	
Deb	

Jeff	
Joe	

D
ata	

6	
5	

1	
4	

Claim
	

5	
5	

5	
2	

W
arrant	

2	
5	

1	
0	

Backing	
2	

1	
0	

0	



In
	re
la
tio
n
	to
	th
e
	co
lle
ctiv

e
	m
a
th
e
m
a
tica

l	

p
ro
g
re
ss,	

• W
hat	m

eanings	for	dP/dt	em
erged	and	w

ho	expressed	
these	m

eanings?	

• W
hat	part	did	these	m

eanings	play	in	the	collec=ve	
m
athem

a=cal	progress?	
• W

hat	roles	did	Liz,	D
eb,	Joe,	and	Jeff

	play	in	all	of	this?	

• In	w
hat	w

ays	did	students’	m
athem

a=cal	w
ork	reflect	

disciplinary	prac=ces?	
	



W
h
a
t	m
e
a
n
in
g
s	fo

r	d
P
/
d
t	e
m
e
rg
e
d
	

a
n
d
	w
h
o
	e
xp
re
sse
d
	th
e
se
	m
e
a
n
in
g
s?	

• Steepness	-	Liz	
• Ra=o	–	Liz,	Jeff

	

• Popula=on	length	–	Liz,	D
eb	

• Tool	-	Liz	
• Func=on	-	D

eb	

• Propor=on	–	D
eb	

• Frac=on-	Jeff
	



M
e
a
n
in
g
s	fo

r	d
P
/
d
t	

1	Liz:		I	w
ould	plug	in	the	popula=on	of	rabbits	for	P	to	

determ
ine	the	rate	of	change,	w

hen,	ini=ally,	just	at	
the	instance,	like	ini-ally,	w

hat’s	the	rate	of	change	
w
hen	-m

e	equals	zero.	So	if	w
e	had	a	graph,	its	kind	

of	like	w
hat	w

e	w
ere	just	talking	about,	w

e	are	trying	
to	determ

ine	the	rate	of	change	w
hen	this	=m

e	is	
equal	to	zero.			

	4	Liz:		So	I	get	the	rate	of	change	at	=m
e,	ini=ally,	the	

instantaneous	rate	of	change	w
ould	be	30.	

	6	Joe:		A
re	w

e	trying	to	figure	out	w
hat	P	is?		

	7	Liz:		O
kay,	w

ell	this	points	to	[dP/dt]	is	the	change	in	the	
popula-on	over	the	change	in	-m

e.	

Rate	as	
steepness

Rate	as	
ra=o



M
e
a
n
in
g
s	fo

r	d
P
/
d
t	

15	Joe:			W
ell,	w

ouldn’t	10	=	3P(t)?	If	at	=m
e	zero	w

e	have	10	rabbits.	
	16	Liz:		W

ell	10	is	actually	the	popula=on	so	I’m
	taking	that	that	has	to	

actually	be	the	popula=on	at	=m
e	t.	I	don’t	think	it’s	telling	us	

how
	the	popula-on	is	changing,	w

hich	w
ould	be	dP/dt.	

	17	Liz:		So	if	w
e	have	that	[ini=al	rate	of	change	is	30],	the	ques=on	is	

how
	can	w

e	use	that	to	help	us	figure	out	the	popula=on	a^
er	

a	half	unit	elapsed?			
	22	D

eb:		You	said	the	popula=on	is	10	right	[Liz:	U
m
	hm

m
].	So	three	

=m
es	ten	w

ould	give	us	our	rate	of	change.	Say	0.5	years	
passes,	this	is	our	rate	of	change.	Then	w

e’ll	take	that	0.5	
-m

es	the	rate	of	change	w
hich	w

ill	give	us	w
hat	[slight	

pause	looks	up	to	Jeff
	and	Joe],	the	new

	am
ount	of	rabbits	

plus	the	old	am
ount	of	rabbits.		

Rate	as	
steepness

H
ow

	can	
rate	be	a	
tool?

H
uh?

Propor=onal	reasoning?



M
e
a
n
in
g
s	fo

r	d
P
/
d
t	

25	Liz:		So	the	old	am
ount	of	rabbits	is	10.	

	26	D
eb:		A

m
	I	m

aking	sense?	
	27	Jeff

:	I	think	so,	so	that	w
ould	be	25,	is	that	w

hat	you’re	saying?	
	28:	Liz:	O

kay	I	think	I	get	w
hat	you’re	saying.	O

k,	so	like	w
e’re	at	=m

e	
zero	and	w

e	have	10	rabbits,	and	supposedly	the	rate	of	
change,	w

ell	not	supposedly,	w
e’re	saying	that	the	rate	of	

change	is	30	[Jeff
:	yeah	for	the]	at	=m

e	zero.	So	its	going	to	
grow

	at	a	rate	of,	I	don’t	know
	if	I’m

	going	to	say	this	right,	at	
30	rabbits	per	year?	[looks	up	at	D

eb]			
	29	D

eb:	Right.	[Liz:	O
k]	So	w

e’ll	have	30	m
ore	rabbits.	

	32	Liz:			A
nd	so	w

e’re	really	not	figuring	out	the	rate	of	change	w
e	

figuring…
W
ell	this	is	the	rate	of	change	and	w

e’re	using	the	
rate	of	change	to	figure	out	the	num

ber	of	rabbits	w
e	are	

going	to	increase	by	in	half	a	year.	

Rate	as	
tool

Rate	as	
“pop	
length”

Com
putes	

change	in	P	
from

	dP/dt



M
e
a
n
in
g
s	fo

r	d
P
/
d
t	

38	D
eb:		This	is	w

hat	I	did.	First	I	looked	at	the	fact	that	this	is	a	rate	
of	change	equa-on.	So	this	is	telling	m

e	how
	m

any	
rabbits	are	being	produced	every	year.	So	If	I	know

	3	=m
es	

the	original	popula=on	is	produced	every	year,	then	I	have	
3	-m

es	10	is	produced	every	year.		But	I	w
ant	to	know

	
how

	m
any	is	produced	in	0.5	years.	So	I	know

	how
	m

any	
rabbits	are	produced	per	year,	so	if	I	m

ul-ply	that	by	0.5	
then	I’ll	know

	how
	m

any	m
ore	rabbits	have	been	

produced.	So	I	take	that	new
	num

ber	that	I	get	and	add	it	
to	the	old	popula=on.	

	43	Jeff
:		I	think	you	can	go	dp/dt=30,	actually	your	dt	w

ill	be	0.5,	
and	then	you	add	that	to	the	old	and	then	you	do	it	again	
for	the	next	one.	

	45	D
eb:	…

.	And	once	I	know
	the	new

	popula-on	I	know
	the	new

	
rate	of	change	because	I	know

	the	rate	of	change	is	right	
here.		

Rate	as	
func=onC

rit

Rate	as	
“pop	
length”

Prop.	
reasoning		

	
Treats		
dP/dt	as	
frac=on		



M
e
a
n
in
g
s	fo

r	d
P
/
d
t	

46	Liz:		A
nd	the	reason	for	puh

ng	in	the	new
	popula=on	w

ould	be	
w
hat?		

	47	D
eb:	Because	now

	m
y	popula-on	is	larger	[pulls	hands	apart]	and	

I	know
	the	popula-on	changes	at	a	constant	of	3	-m

es	
w
hatever	that	popula-on	is	at	that	m

om
ent	in	-m

e.	
	48	Liz:		O

kay,	so	basically,	I	get	you	up	into	the	point	w
here	you	say	

you	w
ant	to	put	in,	w

hat	I	understand	is	that	w
e	found	our	

rate	of	change	ini6
ally	at	6

m
e	zero	and	I	understand	using	

that	to	find	out	w
hat	our	popula6

on	is	aU
er	half	a	year.	If	w

e	
are	expected	to	grow

	by	30	rabbits	in	a	year	then,	in	a	half	a	
year	w

e	grow
	by	15	rabbits.	So	w

e’ll	have	15		

Rate	as	
func=on

Rate	as	
pop	length

Rate	as	
propor=on



W
h
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e
a
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g
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th
e
	co
lle
ctiv

e
	m
a
th
e
m
a
tica

l	p
ro
g
re
ss?	

	• The	principle	of	a	form
-func=on-shi^

	(Saxe,	2002)	of	nota=ons	in	
use	is	par=cularly	suitable	for	analyzing	the	interplay	betw

een	tool	
use	(in	this	case	dP/dt	=	3P)	and	conceptual	developm

ent.		

• This	shi^
	describes	the	interplay	betw

een	cultural	form
s	(external	

representa=ons)	and	the	m
eanings	that	develop	for	structuring	and	

accom
plishing	specific	goals.	

• A
s	w

e	saw
,	there	is	a	shi^

	in	the	m
eaning	of	dP/dt	-	from

	steepness	
to	a	“popula=on	length”	(clearly	for	Liz	and	likely	for	D

eb)	

• This	shi^
	coincided	w

ith	“a	value	for	dP/dt	refers	to	the	am
ount	of	

change	over	1	year”	func=oning	as	if	shared	A
N
D
	the	ini=al	

ar=cula=on	of	how
	to	find	the	es=m

ate	for	the	popula=on	at	t	=	0.5.	



Produc-on	Design	
Author:	responsible	for	content	and	form

ula=on	

Relayer:	not	responsible	for	either	content	or	form
ula=on		

Ghostee:	Reform
ulates	previous	content	as	a	new

	idea	

Spokesm
an:	Rephrases	content	in	his/her	ow

n	w
ords	

W
h
a
t	ro

le
s	d
id
	L
iz,	D

e
b
,	Jo
e
,	a
n
d
	Je
ff	p
la
y
	

in
	th
e
	co
lle
ctiv

e
	m
a
th
e
m
a
tica

l	p
ro
g
re
ss?	

	• 
A
uthor	(co-author):	opera=onalize	as	one	w

ho	contributes	to	any	
part	of	an	argum

ent	(D
ata,	Claim

,	W
arrant,	or	Backing)	

	



P
ro
d
u
ctio

n
	D
e
sig
n
	R
o
le
s	

• Talk	turns:	Liz	26;	D
eb	18;	Jeff

	13;	Joe	8	
• Raw

	count	of	co-author	show
s	that	there	w

as	fairly	even	
distribu=on	(Liz	6/14;	D

eb	5/14;	Jeff
	6/14;	Joe	4/14)	

• M
ore	nuanced	look	how

ever	reveals	im
portant	

diff
erences	

• Joe	off
ered	2	incorrect	argum

ents	

• Jeff
	o^

en	Revoiced	(w
ith	and	w

ithout	reform
ula=on)	

• Liz	and	D
eb	did	the	m

ain	intellectual	li^
ing	(as	you	saw

	in	the	
excerpts)	
• 
For	exam

ple,	Liz	w
as	prim

arily	A
uthor	(core	of	argum

ent)	for	C
sy 	and	

as	Spokesm
an	for	m

eaning	of	dP/dt	as	popula=on	length	

• 
D
eb,	on	the	other	hand,	w

as	the	prim
ary	author	for	C

it	

		



P
ro
d
u
ctio

n
	D
e
sig
n
	R
o
le
s	

26	D
eb:		[ar=culates	the	m

ain	itera=on	idea	but	w
ithout	a	

num
erical	result]	A

m
	I	m

aking	sense?	
27	Jeff

:		I	think	so,	so	that	w
ould	be	25,	is	that	w

hat	you’re	
saying?	

28:	Liz:		O
kay	I	think	I	get	w

hat	you’re	saying.	O
k,	so	like	w

e’re	at	
=m

e	zero	and	w
e	have	10	rabbits,	and	supposedly	the	

rate	of	change,	w
ell	not	supposedly,	w

e’re	saying	that	
the	rate	of	change	is	30	[Jeff

:	yeah	for	the]	at	=m
e	zero.	

So	its	going	to	grow
	at	a	rate	of,	I	don’t	know

	if	I’m
	

going	to	say	this	right,	at	30	rabbits	per	year?	[looks	up	
at	D

eb]			
	

Spokesm
an Relayer



Recipient	Design	
Conversa-on	Partner:	listener	w

ith	next	turn	

Co-hearer:	directly	addressed	but	not	treated	as	next	speaker	

O
ver-hearer:	tolerated	by	speaker	but	do	not	par=cipate	

Eavesdropper:	deliberately	excluded	by	speaker	

Talk	turns:	Liz	26;	D
eb	18;	Jeff

	13;	Joe	8	
	For	the	m

ost	part,	Liz,	D
eb,	and	Jeff

	w
ere	conversa=on	

partners	and	co-hearers.		Joe	w
as	m

ostly	a	co-hearer	and	
at	=m

es	an	over-hearer	



P
ro
d
u
ctio

n
/
R
e
cip
ie
n
t	D
e
sig
n
	In
su
fbicie

n
t	

Facilitator	Design	
Focuser	is	assigned	w

hen	a	speaker	directs	aG
en=on	to	a	

par=cular	m
athem

a=cal	issue	

Elicitor	is	given	w
hen	a	speaker	aG

em
pts	to	bring	out	

another’s	ideas	

Checker	is	one	w
ho	seeks	agreem

ent	or	sensibility	of	an	
uG

erance	

Sum
m
arizer	pulls	ideas	together	



F
a
cilita

to
r	D
e
sig
n
	

17	Liz:	So	if	w
e	have	that	[ini=al	rate	of	change	is	30],	the	ques-on	is	

how
	can	w

e	use	that	to	help	us	figure	out	the	popula-on	
a]er	a	half	unit	elapsed?	[32	sec	pause,	everyone	looking	
dow

n	at	their	papers	and	m
aking	m

arks]		

18	Jeff
:	So	I	w

as	just	going	to	say	how
	w
ould	w

e	w
ork	-m

e	into	the	
equa-on	to	get	the	next,	uh,	popula=on	or	change	in	
popula=on?		

40	Liz:	Yeah	I	get	it,	do	you	guys	get	w
hat	Deb	is	saying?		

41	Jeff
:	Yeah	you	get	25	and	then	you	get	55.		

46	Liz:		And	the	reason	for	pu^
ng	in	the	new

	popula-on	w
ould	be	

w
hat?		

48	Liz:		O
kay,	so	basically,	I	get	you	up	into	the	point	w

here	you	say	
you	w

ant	to	put	in,	w
hat	I	understand	is	that		…

..	
53	D

eb:	Everybody	agree?	

Focuser

Focuser

Checker

Elicitor

Sum
m
arizer

Checker



In
	w
h
a
t	w
a
y
s	d
id
	stu

d
e
n
ts’	m

a
th
e
m
a
tica

l	

w
o
rk
	re
ble
ct	d

iscip
lin
a
ry
	p
ra
ctice

s?	
	
Algorithm

a-zing	
• Engaging	in	goal	directed	ac=vity	
• Isola=ng	aG

ributes		
• Form

ing	quan==es	

• Crea=ng	rela=onships	betw
een	quan==es	

• Expressing	rela=onships	sym
bolically	

	



Im
plica=ons	for	Instruc=on	

• Exam
ples	contribute	to	instructor	notes	about	

student	thinking,	about	im
plem

enta=on	sugges=ons,	
video	clips	of	paradigm

a=c	student	thinking	

• Instruc=onal	design	–	Suggest	teacher	ques=ons		
• W

hat	is	the	ini=al	rate	of	change	and	w
hat	does	

this	value	m
ean	to	you?	

• H
ow

	can	you	use	the	30	to	figure	out	the	
popula=on	a^

er	half	unit	of	=m
e?	

• H
elping	students	becom

e	beG
er	sm

all	group	
facilitators	(define	roles,	illustrate	roles,	assign	
roles,	assess	enactm

ent	of	roles)	

S
u
m
m
a
ry
	



Im
plica=ons	for	Research	

• A
	priori	analysis	did	not	include	unit	popula=on	

change	m
eaning	of	rate	–	need	to	m

ake	this	an	
explicit	part	

• Contribute	to	local	instruc=onal	theory	
• O

ff
er	an	approach	for	coordina=ng	individual	

and	collec=ve	m
athem

a=cal	progress	(m
ore	to	

do	on	this)	
• Illum

inate	social	and	individual	processes	that	
contribute	to	m

athem
a=cal	progress	



F
u
rth
er	C

o
o
rd
in
a
tio
n
	

• Choose	an	individual	and	trace	his/her	uG
erances	for	the	w

ays	in	
w
hich	they	contributed	to	the	em

ergence	of	w
ays	of	reasoning	

that	func=on	as	if	shared	and/or	disciplinary	prac=ces	

• Characterize	the	individuals	that	off
er	claim

s,	data,	w
arrants,	and	

backing	(as	related	to	w
ays	of	reasoning	that	func=on	as	if	shared)	

• W
hat	are	their	characteris=cs?		

• W
hat	is	the	instructor’s	role?	

• H
ow

	do	individual	contribu=ons	relate	to	produc=on	and	
recipient	design	roles?	

• H
ow

	do	paG
erns	over	=m

e	in	student	par=cipa=on	relate	to	
grow

th	in	their	m
athem

a=cal	concep=ons?		
• In	w

hat	w
ay	are	diff

erent	par=cipa=on	paG
erns	correlated	w

ith	
diff

erent	m
athem

a=cal	grow
th	trajectories?	

• In	w
hat	w

ays	are	par=cular	classroom
	m

ath	prac=ces	consistent	
(or	inconsistent)	w

ith	various	disciplinary	prac=ces?		



In
d
iv
id
u
a
l	a
n
d
	C
o
lle
ctiv

e
	

M
a
th
e
m
a
tica

l	P
ro
g
re
ss	M

e
ta
p
h
o
r	

Strands	that	m
ake	up	

collec=ve	progress	
	• 

M
eanings	

• 
Produc=on	design	

• 
Recipient	design	

• 
Facilitator	design	

C	O
	

L	L	E	C	T	I	V	E		
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