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Green–Tao type theorem for multiplicative functions?

Let ϕ1, . . . , ϕr ∈ Z[X1, . . . ,Xs]
linear forms,

pairwise non-proportional

a1, . . . , ar ∈ Z
h1, . . . , hr : N→ C

and consider the linear correlation∑
x∈Zs∩TK

h1(ϕ1(x) + a1) . . . hr(ϕr(x) + ar) (∗)

where K ⊂ [−1, 1]s, convex. (T →∞)

Question: Can one evaluate (*) in general for multiplicative
functions hi : N→ R (or C); that is, if

hi(nm) = hi(n)hi(m) whenever gcd(n,m) = 1?

Yes – at least for hi satisfying the following conditions:
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A class of multiplicative functions

Let M denote the set of multiplicative functions h : N→ R
such that

1 there is H > 1 s.t. |h(pk)| 6 Hk at all prime powers;
2 |h(n)| �ε nε for all n ∈ N, ε > 0;
3 there is αh > 0 such that

1
x

∑
p6x

|h(p)| log p > αh;

4 for all x′ ∈ (x/(log x)C, x), C fixed, x sufficiently large,
q 6 (log x)C with p < log log x⇒ p|q, (A, q) = 1, we have:

q
x

∑
n6x

n≡A (q)

h(n) =
q
x′

∑
n6x′

n≡A (q)

h(n) + o

(
q

φ(q)
1

log x

∏
p6x
p-q

(
1 +
|h(p)|

p

))
.



Lemma (Shiu)
Suppose conditions (1) and (3) hold. If x is sufficiently large (w.r.t.
H) , q divisible by all primes p < log log x and gcd(A, q) = 1, then

q
x

∑
n6x

n≡A (mod q)

|h(n)| � q
φ(q)

1
log x

exp

(∑
p6x
p-q

|h(p)|
p

)
,

uniformly in A and q, provided that q 6 x1/2.



multiplicative functions in arithmetic progressions

Theorem (Granville-Soundararajan). Let C > 0 be fixed,
h : N→ C multiplicative and bounded. For given x consider the
primitive characters of conductor 6 (log x)C and enumerate
them as χ1, χ2, . . . in such a way that∣∣∣∑

n6x

h(n)χ1(n)
∣∣∣ > ∣∣∣∑

n6x

h(n)χ2(n)
∣∣∣ > . . .

If x sufficiently large, x1/2 6 X 6 x, q 6 (log x)C and k > 2, then

q
X

∑
n6X

n≡a(q)

h(n) =
q

φ(q)

∑
χ (q)

induced by
χ1,...,χk

χ(a)
1
X

∑
n6X

h(n)χ(n)

+ OC,ε

(
√

k(log x)−1+ 1√
k
+ε

)
.
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Note: h ∈M satisfies 1
x
∑

p6x |h(p)| log p > αh and, hence,

∏
p6x
p-q

(
1 +
|h(p)|

p

)
�ε (log x)αh−ε,

so can take k = 1 + dα−2
h e.

We may decompose h = g ∗ · · · ∗ g ∗ g′ into H bounded
multiplicative functions (+ one with sparse support) by setting

g(pk) =

{
h(p)/H if k = 1
0 if k > 1

.

Applying the above with g reduces the stability condition to
studying

1
x

∑
n6x

h(n)χ(n).

for χ (mod q), q 6 (log x)C.



Write
Sf (x) =

1
x

∑
n6x

f (x).

Then the stability-condition is equivalent to:

Shχ(x) ∼ Shχ(x′)

for x′ ∈ (x(log x)−C, x) whenever

|Shχ(x)| � S|h|(x)

for χ (mod q) with 1 < q 6 (log x)C and p < log log x =⇒ p|q.

Can show:
S|h|(x) ∼ S|h|(x′)

for x′ ∈ (x(log x)−C, x).



Using a Selberg–Delange type argument:

general divisor functions dk = 1 ∗ · · · ∗ 1︸ ︷︷ ︸
k

,

the function

r(n) = #{(x, y) ∈ Z2 : x2 + y2 = n}

the indicator function of the set of sums of two squares
characteristic function of set of numbers composed of
primes that split completely in a given Galois extension
K/Q of finite degree

all belong toM.



For non-negative h: stability holds if the main term in [GS] is
determined by trivial character, i.e. if

|Shχ(x)| = o(S|h|(x))

for all non-trivial χ (mod q), q 6 (log x)C.

Example: h(n) = |λf (n)|, λf the normalised Hecke-eigenvalue of
a primitive holomorphic cusp form of weight k ∈ 2N for which

|λf (n)| 6 d(n),
∑
p6x

|λf (p)| log p >
1
2

∑
p6x

λ2
f (p) log p ∼ x

2

For α ∈ [0, 2],

#{p 6 x : 0 6 |λf (p)| 6 α} log x ∼ xµ(α)

[via Halász-Granville-Soundararajan (after decomposing hχ),
Sato-Tate, PNT in APs and a consideration of (t log pn)n mod 1]



Main result

Let h1, . . . , hr ∈M, ϕ1, . . . , ϕr be as before and w(x) = log log x.
Then there are constants B1,B2 > 0 and W̃ : R>0 → N,

∀x : W̃(x) =
∏

p<w(x)

pα(p,x) 6 (log x)B1 , α(p, x) ∈ N,

such that the following asymptotic holds as T →∞:

1
vol TK

∑
n∈Zs∩TK

r∏
i=1

hi(ϕi(n) + ai) =

∑
w1,...,wr

p|wi⇒p<w(T)
wi6(log T)B2

∑
A1,...,Ar∈

(Z/W̃(T)Z)∗

(
r∏

i=1

hi(wi)

1
T

∑
n6T

n≡Ai (W̃(T))

hi(n)

)

1

(wW̃)s

∑
v∈

(Z/wW̃Z)s

r∏
j=1

1
ϕj(v)+aj≡wjAj (wjW̃)

w = lcm(w1, . . . ,wr) + o

(
1

(log T)r

r∏
j=1

∏
p6T

(
1 +
|hi(p)|

p

))
.
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By recent work of Elliott / Tenenbaum, |Shj(x)| � S|hj|(x) if there
exists t ∈ R such that∑

p

|hj(p)| − <(hj(p)pit)

p
<∞,

and |Shj(x)| = o(S|hj|(x)) otherwise.

Frantzikinakis and Host (2016) studied correlations of bounded
complex-valued hj for which there are tj and χj such that

∑
p

1−<(hj(p)χj(p)pitj)

p
<∞.

In the same setting, Klurman (2016) obtains asymptotics for∑
n6x

h1(P1(n)) . . . hr(Pr(n)).
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Background

Green and Tao’s nilpotent Hardy-Littlewood method
Aim: Asymptotic formulae for linear correlations of arithmetic
functions

ϕ1, . . . , ϕr ∈ Z[X1, . . . ,Xs]
linear forms,

pairwise non-proportional

a1, . . . , ar ∈ Z
h1, . . . , hr : Z→ C

Consider the linear correlation∑
x∈Zs∩tK

h1(ϕ1(x) + a1) . . . hr(ϕr(x) + ar)

= tsβ∞
∏

p

βp + o(ts),

where K ⊂ [−1, 1]s, convex. (as t→∞)
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Green and Tao’s nilpotent Hardy-Littlewood method

Such asymptotic formulae hold, provided
1. there are simultaneous pseudo-random majorants for the

functions h1|{1,...,T}, . . . , hr|{1,...,T}, T →∞;
2. as T →∞,

hi

∣∣∣
{1,...,T}

−
( 1

T

∑
m6T

hi(m)
)
, (1 6 i 6 r),

is orthogonal to nilsequences.

” hi has no non-trivial large Fourier coefficient.”
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Family of pseudo-random majorants{
ν(T) : {1, . . . ,T} → R>0

}
T∈N

such that ν(T) is

1. a pointwise majorant

|h(n)| � ν(T)(n) for n 6 T, uniformly in T,

2. of correct average order

1
T

∑
n6T

ν(T)(n)� 1
T

∑
n6T

|h(n)|,

3. satisfies the linear forms condition: As T →∞,

1
Td

∑
n∈[1,T]d

t∏
i=1

ν(T)(ψi(n)) = (1 + o(1))
t∏

i=1

1
T

∑
n6T

ν(T)(n)

for ψi(n) = ϕi(n) + ai with ϕi ∈ Z[u1, . . . ,us] pw linearly
independed linear forms where t, d, and the coeff’s are
bounded.
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What are we looking for?

For multiplicative arith. functions one can hope for

ν(T)(m) =
∑

d6Tγ

1d|mλd,

where γ ∈ (0, 1/2) can be chosen as small as necessary.

Goldston–Yıldırım, Green–Tao:

ν(T)(m) =

(∑
d|m

µ(d)χ
( log d

log Tγ
))2

.

h = 1 ∗ (µ ∗ h)
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Majorants for positive multiplicative functions

Suppose h : N→ R>0 is multiplicative

and satisfies
(a) h(pk) 6 Hk for all prime powers,
(b) h(m)�δ mδ as m→∞ for any δ > 0, and
(c) h(pk−1) 6 h(pk) for all prime powers.

(Thus g = µ ∗ h is non-negative.)

Define h(T)γ : {1, . . . ,T} → R>0 via

h(T)γ (m) =
∑

d6Tγ

1d|m g(d).

Would like h(m)� h(T)γ (m) for m 6 T.
Consider bad sets S(κ) = {m 6 T : h(m) > Hκh(T)γ (m)}.
Note that

∀m∃κ : m ∈ S(κ)\S(κ+1) thus h(m) 6
∑
κ>0

Hκ+11S(κ)(m)h(T)γ (m).
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(Thus g = µ ∗ h is non-negative.)

Define h(T)γ : {1, . . . ,T} → R>0 via

h(T)γ (m) =
∑

d6Tγ

1d|m g(d).

Would like h(m)� h(T)γ (m) for m 6 T.
Consider bad sets S(κ) = {m 6 T : h(m) > Hκh(T)γ (m)}.

Note that

∀m∃κ : m ∈ S(κ)\S(κ+1) thus h(m) 6
∑
κ>0

Hκ+11S(κ)(m)h(T)γ (m).
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With the help of a structure theorem (due to Erdős) for S(κ),
this yields a pseudo-random majorant

|h(n)| � ν](n)

for h ∈Mwith

1 6 |h(pk−1)| 6 |h(pk)| , (k > 1).



Decomposing h

Suppose h : N→ R>0.

h(n) = h](n)h[(n),

where
h](pk) = max(1, h(p), . . . , h(pk)),

i.e. h](pk−1) 6 h](pk) , and

h[(pk) = h(pk)/h](pk) ( 6 1)

Then
h(n)� ν(n) = ν](n)ν[(n)

if
h[(n)� ν[(n).



Majorants for bounded multiplicative functions

Note: If n = m1m2 and (m1,m2) = 1 , then h(n) 6 h(m1) .

Aim: Assign to any n 6 T a suitable divisor m(n) 6 Tγ and
set ν[(n) = h(m(n)).

Problem: Need to be able to reconstruct for any divisor m, the
set {n : m(n) = m}.
Solution:

n = pa1
1 . . . p

ak
k ,

∏
i<j

pai
i > Tγ

ν[(n) =
∑

Q6Tγ

∑
m6Tγ

p|m⇒p<Q

1Qm|n 1Qm>Tγ 1(p| n
Qm⇒p>Q) h(Qm) .
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Green and Tao’s nilpotent Hardy-Littlewood method

1. there are simultaneous pseudo-random majorants for the
functions h1|{1,...,t}, . . . , hr|{1,...,t}, t→∞;

2. as t→∞,

hi

∣∣∣
{1,...,t}

−
(1

t

∑
m6t

hi(m)
)
, (1 6 i 6 r),

is orthogonal to nilsequences.
” hi has no non-trivial large Fourier coefficient.”

Combined with a proof of part 2, this allows us to evaluate∑
x∈Zs∩TK

h1(ϕ1(x) + a1) . . . hr(ϕr(x) + ar)

with h1, . . . , hr ∈M.


