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Green-Tao type theorem for multiplicative functions?

Let  ¢1,....0, € Z[X1,. .., Xs] linear forms,

pairwise non-proportional
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Question: Can one evaluate (*) in general for multiplicative
functions h; : N — R (or C); thatis, if

hij(nm) = hj(n)h;(m) whenever gcd(n,m) =17

Yes — at least for /; satisfying the following conditions:



A class of multiplicative functions

Let M denote the set of multiplicative functions 7 : N — R
such that

there is H > 1s.t. [h(p*)| < H at all prime powers;
|h(n)] <. nforalln e N, e > 0;
there is oy, > 0 such that

= Z [h(p)[logp = an;

T

for all ¥ € (x/(logx), x), C fixed, x sufficiently large,
q < (logx)© with p < loglogx = plg, (A,q) = 1, we have:

S h(n) = Z h(n ( <q>1o;xﬂ(”m§f)|))-

n<x n<x’
n=A (q) n=A (q) pfq




Lemma (Shiu)

Suppose conditions (1) and (3) hold. If x is sufficiently large (w.r.t.
H) , q divisible by all primes p < loglogx and gcd(A,q) = 1, then

q Ih(p)
LYl ghee (X191,

n<x
n=A (mod q) pm

uniformly in A and q, provided that q < x'/?,



multiplicative functions in arithmetic progressions

Theorem (Granville-Soundararajan). Let C > 0 be fixed,
h : N — C multiplicative and bounded. For given x consider the
primitive characters of conductor < (log x)¢ and enumerate

them as x1, x2, . . . in such a way that
’ > h(n)xa(n ) ‘ > h(n)xaz(n ‘
n<x n<x

If x sufficiently large, /2 <X <x, g < (log x)C and k > 2, then

LY =L Y g X

n<X x (q) n<X
n=a(q) induced by
X155 Xk

+ Oc (\/Iz(log x)_l+\}12+6> :
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Note: h e M satisfies 1 >_p<x [H(p)|logp > oy, and, hence,

H <1 + Vl(;?”) >, (logx)* ¢,

psx
plq

so can take k=1+ [a}jz].
We may decompose h=gx*---xgxg into H bounded
multiplicative functions (+ one with sparse support) by setting

o [(npyH ifk=1
g(p)_{o ifk>1

Applying the above with g reduces the stability condition to
studying

1

X Z h(n)x(n).

n<x

for x (mod g), g < (logx)C.



Write

Si(x) = . S f(x)

n<x

Then the stability-condition is equivalent to:
S (%) ~ Sy (')
for x' € (x(log x)~¢, x) whenever
Sty ()] < Sy (%)
for x (mod g) with 1 < g < (logx)¢ and p < loglogx = p|q.

Can show:
S (x) ~ Sppy (x)
for ¥’ € (x(logx)~, x).



Using a Selberg—Delange type argument:

m general divisor functionsdy = 1% ---x 1

k

m the function
r(n) = #{(x,y) € Z* : ¥* + y* = n}

m the indicator function of the set of sums of two squares

m characteristic function of set of numbers composed of
primes that split completely in a given Galois extension
K/Q of finite degree

all belong to M.



For non-negative h: stability holds if the main term in [GS] is
determined by trivial character, i.e. if

Six (X)] = 0(Spy (%))

for all non-trivial y (mod g), g < (logx)C.

Example: h(n) = |A¢(n)], Ar the normalised Hecke-eigenvalue of
a primitive holomorphic cusp form of weight k € 2N for which

X
Ar(n) Y I(p)|logp > ZA}<p)logp~§

p<x psXx
For a € [0,2],
#{p <x:0 < |X(p)| < a}logx ~ xp(a)

[via Hal4dsz-Granville-Soundararajan (after decomposing hy),
Sato-Tate, PNT in APs and a consideration of (tlogp,), mod 1]



Lethy,....h, € M, ¢1,...,¢r be as before and w(x) = loglog x.
Then there are constants B1,By > 0and W : Ryy — N,

H p® (p) < (logx)B,  a(p,x) €N
p<w(x
such that the following asymptotlc holds as T — oc:

VollTK > IThtein) +a) =

neZ*NTK i=1

(I 3 me)

i=1 n<T
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vollTK Z Hhi(sﬂi(n)+ﬂi) = Z Z

neZNTAK i=1 ‘wl,...,wr(T) At Ar
plwi=p<w A *
wi\(logT)B e(Z/W(T)Z)
r
(W 10 iy S 1
i=1 n<T
A; (W(T)) (Z/wWZ)

A0 ’”>>-

w = lem(wy, ..., wy) < (log T



vollTK Z Hhi(sﬂi(n)+ﬂi) = Z Z

n€ZsNTR i=1 ‘wl,..éwr(T) A, Ar
plwi=p<w 7 *
wi\(logT)B €(Z/W(T)Z)
r
(Hhi(wl > hi(n ) Z H o) b= ()
i=1 n<T
A; (W(T)) (Z/wWZ)
_ hi(p)
w = lem(wy, ..., wy) <logT HH( ))
j=1p<T
Write

=Y )

n<x

The error term dominates if |Sy, (x)| = o(S}, (x)) for some i.



By recent work of Elliott / Tenenbaum, [Sj, (x)| =< 5 I (x) if there
exists t € R such that

[hi(p)| — R((p)p")
Z p

< 00,
P

and |5y, (x)| = o(Sy|(x)) otherwise.



By recent work of Elliott / Tenenbaum, [Sj, (x)| =< 5 I (x) if there
exists t € R such that

< 00,

[hi(p)| — R((p)p")
27
and |5y, (x)| = o(Sy|(x)) otherwise.

Frantzikinakis and Host (2016) studied correlations of bounded
complex-valued &; for which there are #; and x; such that

< 00.

3 1—R((p)x;(p)p™)

7 p

In the same setting, Klurman (2016) obtains asymptotics for

> “hi(Py(n)) ... he(Py(n)).

n<x
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Green and Tao’s nilpotent Hardy-Littlewood method

Such asymptotic formulae hold, provided

1. there are simultaneous pseudo -random majorants for the
functions hqlq,.., helg,ry, T— oo

2. asT — oo,

( S hi(m ) 1<i<r),

m<T

is orthogonal to nilsequences.
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Family of pseudo-random majorants

{V(T) AL T R>0}T6N such that »(1) s
1. a pointwise majorant

Ih(n)| < vD (n) forn <T, wuniformlyinT,

2. of correct average order

B SRS S

n<T n<T

3. satisfies the linear forms condition: As T — oo,

% > I wim) = *0(1))1_[%2”(”(”)

nefl, T} i=1 i=1 = n<T

for ¢;(n) = p;(n) + a; with ¢; € Z[uy, ..., us] pw linearly
independed linear forms where t,d, and the coeff’s are
bounded.



What are we looking for?

For multiplicative arith. functions one can hope for

v (m) = > gmAa,
d<T

where v € (0,1/2) can be chosen as small as necessary.

Goldston—Yildirim, Green—Tao:

VD (m) = (Zu<d>x(1§§£))2.

dim
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Majorants for positive multiplicative functions

Suppose h:N — Ry is multiplicative and satisfies
(a) h(pk) < HF for all prime powers,
(b)  h(m) <5 m® as m — oo for any 6 > 0, and
(©)  h(pF1) < h(pF) for all prime powers.

(Thus g = p * h is non-negative.)

Define h A{L,..., T} - Rypvia

WD (m

Z Tam &(

a<T

Would like h(m) < h(WT) (m) form < T.
Consider bad sets S(k) = {m < T : h(m) > H"“hg) (m)}.

Note that
Vm3k : m € S(k)\S(k+1)

thus h(m)

<Y H g (m)hD (m).

k=0



With the help of a structure theorem (due to Erd6s) for S(k),
this yields a pseudo-random majorant

()| < v¥(n)

for h € M with



Decomposing h

Suppose h:N — Rxy.
h(n) = K ()l (n),

where
H(p*) = max(1, h(p), . .., h(pb)),
ie hi(pF1) <K (p"),and

W (") = hp") /it (p*) (<1)
Then
h(n) < v(n) = vi(n)’(n)
if
W (n) < v (n).
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Majorants for bounded multiplicative functions

Note: If n =mymy and (mq1,mp) =1, then h(n) < h(my) .

Aim: A551gn toany n < T asuitable divisor m(n) < T and
set (1) = h(m(n)).

Problem: Need to be able to reconstruct for any divisor m, the
set {n:m(n) =mj}.

Solution:
n= PR 1_[79‘17 >T7

i<j

Vb(n) = Z Z lQm\n lom>1v 1(p\Q”—mép>Q) h(Qm) .

QLT m<T?
plm=p<Q



Green and Tao’s nilpotent Hardy-Littlewood method

1. there are simultaneous pseudo -random majorants for the
functions hqlq,.., Sl t— 00

2. ast— oo,
‘{1 (Zh ), a<i<n,
vl m<t

is orthogonal to nilsequences.
” h; has no non-trivial large Fourier coefficient.”

Combined with a proof of part 2, this allows us to evaluate
> (e +ar). . he(er(x) + a)
x€ZSNTK

with hy, ... h € M.



