
MOMENTS OF QUADRATIC DIRICHLET
L-FUNCTIONS IN FUNCTION FIELDS

1. Number field Case

∑
|d|≤X

L(
1

2
, χd)

k ∼ akgkx(log x)
k(k+1)

2 , (1)

where the sum is over real primitive characters χd character mod d, ak
is an Euler product and gk is a constant coming from Random matrix
theory.

Known results:

(1) k=1 Jutila
(2) k=2 Jutila and Soundararajan
(3) k=3 Soundararajan
(4) k=4 possibly on GRH, using ideas of Soundararajan and Young

FKRS

Mk = XPk(log x) + o(X), (2)

where Pk(x) has degree k(k + 1)/2.

2. Function field case

2.1. background in function field. q a prime ≡ 1 (mod 4)

Fq[x]↔ Z
monic irreducible polynomials↔ primes

|f | = qdeg f ↔ |n|∑
f monic deg f≤n

a(f)↔
∑
n≤X

a(n)

Notation :
Mn := monic polynomials of degree n, |Mn| = qn.
Hn := monic, square free polynomials of degree n, |Hn| = qn(1− 1

q
)
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Zeta function:

ζq(s) =
∑
fmonic

1

|f |s
=
∞∑
n=0

qn

qns
=

1

q1−s
. poles s = 1, no zeros

Z(u) =
∑

f monic

udeg f =
1

1− qu
, poles at u =

1

q

χD(f) =

(
D

f

)
, Legendre symbol

L(u, χD) :=
∑

f monic

χD(f)udeg f

If D 6= �, L(u, χD) is a polynomial.

• If D ∈ H2g+1, L(u, χD) is a polynomials of deg 2g.
• Functional equation: L(u, χD) = (qu2)gL( 1

qu
, χD)

• RH: All zeros lie on |u| = 1√
q

2.2. Function Field moment problem. Find asymptotic formulas
for

Mk =
∑

D∈H2g+1

L(
1

2
, χD)k,

as q2g+1 →∞
• Fix g, let q →∞, Katz and Sarnak
• Fix q, let g →∞,

– k = 1: Andrade-Keating

M1 = q2g+1P1(2g + 1) +O(q
3g
2
(1+ε))

Hoffstein, Rosen

M1 = q2g+1P1(2g + 1) +O(qg(1+ε))

Florea

M1 = q2g+1P1(2g + 1) + q
2g+1

3 Q1(2g + 1) +O(q
g
2
(1+ε))

– k = 2, 3

Mk = q2g+1Pk(2g + 1) +O(q
kg
2
(1+ε)), degPk =

k(k + 1)

2

– k = 4

M4 = q2g+1(a10g
10 + a9q

9 + a8q
8) +O(q2g+1g7+

1
2
+ε)
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conjectures:(Andrade-Keating Recipe)

Mk = q2g+1Pk(2g + 1) + o(q2g+1), degPk =
k(k + 1)

2
Recipe ∑

D∈H2g+1

L(
1

2
+ α1, χD) · · ·L(

1

2
+ αk, χD)

Λ(s, χD) = Λ(1− s, χD)∑
D∈H2g+1

Λ(
1

2
+ α1, χD) · · ·Λ(

1

2
+ αk, χD)

Properties:
– Symmetric under permutation of αi
– αi → −αi ∑

D∈H2g+1

∑
f1...fk

χD(f1, . . . , fk)∏
i |fi|

1
2
+αi

f1 · · · fk = l2,

1

|H2g+1|
→
∏
p|l

(1 +
1

|p|
)−1 =: a(l)

∑
D∈H2g+1

∑
f1...fk

χD(f1, . . . , fk)∏
i |fi|

1
2
+αi

=
∑
lmonic

a(l)
∑

f1···fk=l2

1∏
i |fi|

1
2
+αi

=
∏
p

(
1 +

1

1 + 1
|p|

∑
1≤i≤j≤k

1

|p|1+αi+αj
+ · · ·

)
=

∏
1≤i≤j≤k

ζ(1 + αi + αj)A(α1, . . . , αk)

2.3. Proof of moments results.

• Approximate functional equation∑
D∈H2g+1

L(
1

2
, χD)k = 2

∑
deg f≤kg

∑
D∈H2g+1

χD(f)dk(f)√
|f |

•∑
D∈H2g+1

χD(f) =
∑
C|p∞

∑
h∈M2g+1−2 degC

χf (h)− q
∑
C|p∞

∑
h∈M2g−1−2 degC

χf (h)
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χD(f)udegD =

∏
p-f

(1 + χp(f)udeg p) =
L(u, χf )

L(u2, χ2
f )

=
(1− qu2)L(u, χf )∏

p|f (1− u2 deg p)
=
∑
C|p∞

u2 degC

Use Poisson summation formula to evaluate

∑
deg f≤kg

dk(f)√
|f |

∑
C|p∞

∑
h∈M2g+1−2 degC

χf (h)

Poisson summation formula:

• a ∈ Fq(( 1
x
)), a =

∑
ai(

1
x
)i, e(a) = e

2πitr(a1)
q .

• G(V, χf ) =
∑

u (mod f) χf (u)e(uV
f

)

deg f = n even,

∑
h∈Mm

χf (h) =
qm

|f |

G(0, χf ) + (q − 1)
∑

deg(V )≤n−m−2

G(V, χf )−
∑

deg(V )=n−m−1

G(V, χf )



q2g+1
∑

deg f≤kg,deg feven

dk(f)

|f |
∑
C|f∞

1

|C|2

G(0, χf )√
|f |

+
∑

deg(V )'deg f−2g+2degC

G(V, χf )√
|f |


• V = 0, G(0, χf ) 6= 0 ⇐⇒ f = �. f = l2,

q2g+1
∑

deg f≤kg/2

dk(f
2)

|f |
∏
p|l

(1 +
1

|p|
)−1 = q2g+1P1(2g + 1) + Error

∑
l

dk(f
2)udeg f =

∏
q

(1 +
k(k + 1)

2
udeg p + . . . ) = Z(u)

k(k+1)
2 Gk(u)

k = 1, q2g+1P1(2g + 1) +O(qg)

k = 3, 4, q2g+1P2(2g + 1)

k = 2, q2g+1g

k = 1, qg

• V 6= 0, Heuristically,



MOMENTS OF QUADRATIC DIRICHLET L-FUNCTIONS IN FUNCTION FIELDS5

deg(f)− 2g + 2 deg(C) > 0

deg(C) < deg(f)

=⇒ deg(f) >
2g

3
G(l2, χf )√
|f |

∼ 1

→2g

3
≤ deg f ≤ g

→q
2g+1

3 Q(2g + 1)

∑
f

G(V, χf )dk(f)√
|f |

wdeg f ∼ L(w, χf )
k

q2g+1 1

2πi

∮
|w|= 1√

|f |

∑
deg f≤kg

1

wdeg f |f |
∑

V ∈H2g+1

L(w, χD)k
∏
p|V

Ap(w)
dw

w

– k = 1, 2, 3� q
kq
2
(1+ε)

– k = 4, upper bounds∑
D∈H2g+1

|L(w, χD)|4 � q2g+1g4+ε
(

min{g, 1

Q
}
)6

,

This leads to a bound of size q2g+1g9+ε. Write w = 1√
q
eiθ,

then for |θ| ≤ 1
q
, use upper boudn q2g+1g10+ε,. For θ ∼ α,

use upper boudn q2g+1g4+εα−6. Take α ∼ log log g,∑
deg≤4g

d4(f)χD√
|f |

=
∑

deg≤4g−α

d4(f)χD√
|f |

+
∑

4g−α<deg f≤kg

d4(f)χD√
|f |

= q2g+1P10(4g − α) +
1

2πi

∮
|u|=1

1− uα

(1− u)u4g

∑
D∈H2g+1

L(
u√
|q|
, χD)

du

u
+O(g9−

1
2
+ε)

= q2g+1(a101
10 + b9g

9α + a9q
9 + b8q

8α2 + · · · − b9g9α− b8q8α2 + . . .

= q2g+1(a101
10 + g9 + . . . )

• Can get down to g4 by iterating the process.
• V 6= � term doesn’t contribute to 4-the moment, but will con-

tribute for k > 4.


