MOMENTS OF QUADRATIC DIRICHLET
L-FUNCTIONS IN FUNCTION FIELDS

1. NUMBER FIELD CASE

1 k(h+1)
Z L(Q:Xd)k ~ apgrr(logz) 2, (1)

ld]<X

where the sum is over real primitive characters yy4 character mod d, ay
is an Euler product and gy is a constant coming from Random matrix
theory.

Known results:

(1) k=1 Jutila

(2) k=2 Jutila and Soundararajan

(3) k=3 Soundararajan

(4) k=4 possibly on GRH, using ideas of Soundararajan and Young

FKRS
M, = X Py(log z) + o(X), (2)
where Py (z) has degree k(k + 1)/2.

2. FUNCTION FIELD CASE

2.1. background in function field. ¢ a prime =1 (mod 4)

F,[z] < Z
monic irreducible polynomials <+ primes
I =g < In|

> alf)e ) aln)

f monic deg f<n n<X

Notation :
M,, := monic polynomials of degree n, |M,| = ¢".

H,, := monic, square free polynomials of degree n, |H,| = ¢"(1 — %)
1
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Zeta function:

1
= —— - poles s =1, no zeros
q —S

1 1
Z(u) = Z uless = — poles atuz;

D
xp(f) = (?) , Legendre symbol

L(u,xp) == > xp(flu*s’

f monic
If D#0, L(u, xp) is a polynomial.

o If D € Hyyi1, L(u, xp) is a polynomials of deg 2g.
e Functional equation: L(u,xp) = (qu2)gL(qLu7 Xp)
e RH: All zeros lie on |u| = —-

2.2. Function Field moment problem. Find asymptotic formulas
for

1
Mk = Z L(§7 XD)ka
DeHogt1
as ¢t = oo

e Fix g, let ¢ — oo, Katz and Sarnak
e Fix ¢, let g — oo,
= 1: Andrade-Keating

M, = ¢® 1 Py(2g + 1) + O(q 2 119)
Hoffstein, Rosen
My = ¢* "' Py(2g + 1) + O(¢*'T9)

Florea
My =¢¥H P20+ 1) +¢ 5 Qi(29 + 1) + O(¢201+9)
k=23
kg ( k(k+1
My, = ¢* ' Py(2g +1) + O(q2 "), deg Py, = %

— k=4
M4 — q2g+1(a10910+a9q9+a8q )+O( 2g+1 7+ +e)
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conjectures:(Andrade-Keating Recipe)

k(k+1
M, = ¢ P29 + 1) + 0(¢*™), deg P, = k(k+1)

Recipe

1 1
Z L(§ + a1, Xp) L(§ + ag, Xp)
DeHagt1

A(s,xp) = A1 —s,xp)

1 1
Z A(§ + a1, Xp) - 'A(§ + ak, Xp)
DeHogt1
Properties:
— Symmetric under permutation of «;
— O; — —Q
Z Z XD (fi,--, fx)
i,
DeHagy1 f1... |fi|2+
fofro =1,

Z XD(fb---,fk)
o,
DeHagr1 f1..-fx Hz |fl| 2t

1
= a(l =i
Y Y o

lmonic f1fr=I2

1
H<1+1+|p|1z W+'..)

<i<j<k

H Cl—l—ai—l—ozj)A(al,...,ak)

1<i<j<k

2.3. Proof of moments results.
e Approximate functional equation

> gtz 3y hAD

DeHagt1 deg f<kg D€EH2g+1
[ ]

dooxo = D xi—=ad, D xsh)

DeHtagi1 Clp™ heMagi1_2degC Clp™ heMag_1_2degC
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ZXD(f)UdegD _ H(1+Xp(f)udegp) _ L(u, xr) _ (1 —C]u2)L(U, X¢) _ Z y2desC

2 _ de
Mf L(u27Xf) Hp‘f(l u2 gp) Clp>®

Use Poisson summation formula to evaluate

> e Z > wu

deg f<kg C’\p00 heMagi1-2degc

Poisson summation formula:

271'7,t'r(u1)

e a €Fy((3)),a=3ai(3), e(a) = e
o G(Vixy) =22, (mod f) Xf( u)e UT)

deg f = n even,

heEMm

2g+1 G(0, xy) G(V,xy)
! 2 |f| 'S \OP " 2 7

deg f<kg,deg feven C|f |f| deg(V)~deg f—2g+2degC

e V=0,G0yx;)£0 = f=0 f=10,

2
DY L [Ta+ %Yl = ¢ Pi(29 + 1) + Error

deg f<kg/2 /] [ Pl
S au(yss = [Ja+ MED ey 200" 6,0
l

q
k=1, ¢ Pi(29 +1) + O(¢)
k=34, ¢ P29+ 1)
k=2, ¢**g
k=1, ¢

e IV # 0, Heuristically,
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deg(f) —2g 4+ 2deg(C) > 0
deg(C) < deg( )
—> deg(f) >

G(ZQ,Xf)
/]

2
—>§g§degf§g

~1

—q5 Q29 +1)

Z G(v, Xf)dk(f)wdegf ~ L(
- /]

1 1 dw
QQQH%% 1 Z T ] Z L(w, xp)* HAp(w)_
|”~U|:W deg f<kg VeHag+1 plV
— k=1,2,3 < ¢F0+9
— k = 4, upper bounds

1 6
S Lw o)t < g (min{g, 1 ) |

w, x5)*

DeHagi1 Q
This leads to a bound of size ¢?9*1¢°T¢. Write w = feie,
then for |0] < é, use upper boudn ¢**1¢g!%*¢. For 0 ~

use upper boudn ¢®*1g**<a=5. Take o ~ loglog g,

_ ds(f)xp
I R SV -

deg<4g deg<4g—a 4g—a<deg f<kg
1 1 —u” U du 1
_ 2g9+1 9—=+e€
=q P1o(49—a)+fj{ — L(—= 7XD) +0(g"27™)
27 Jyuj=r (1= w)uts DG%H Vil
= ¢® M (a101" + bog’a + agq” + bsq®a® + - - — byg’a — bgg®a® +

=" a1 +¢° +...)

e Can get down to g* by iterating the process.
e V 2 [ term doesn’t contribute to 4-the moment, but will con-
tribute for k > 4.



