SIEVE WEIGHTS AND THEIR SMOOTHINGS

Notation: n ~zx if x <n <2z
Counting twin primes

#{n ~x:n,n+2prime } = #{n~z:(a,m) =1},

where

m = H p, a=n(n-+2).
p<V2z

Mobius inversion:

1(a,m):l = Z ,U(d>

d|(a,m)
gives a formula

#{n ~x:n,n+ 2 prime }

=3 >" p(d),
)

n~z d|(a,m

=y u@ >, 1

new
djm n(n+2)=0 (mod d)

m = [],<,5: P =~ V", problems arise when d is big.
want to find a strong correlation:

Liam)=1 = Z pa, pa=0,ifd>D = o
d|(a,m),d<D

Combinatorial sieve:
pa = p(d)lgep, d=p1...p;

Selberg’s sieve :

Lama1 < | 3. M| - M=1X=0,ifd>RD=R

d|(a,m)
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2

#{nwx:n,n+2prime}§2 Z)\d

n~e \d|(am)

= > A > 1

d:d[ld’ldilz] ”(”+2)£()Nx(mod d)
d
= D A (s# + O(p(d))) :
dy,d2<R

where p(d) = #{n € Z/dZ : n(n+2) =0 (mod d)}.

log R/d\ >
A ~ cp(d) ( liglé ) la<r

#{n ~z:n,n+2 prime } < (8 —1—0(1))%,
log” x

where ¢ = 2] 55(1 — %)(1 — Il))—2’ twin prime constant
Counting k-tuple primes

#{n~x:n+hy,n+hy,...,n+ hy all prime }

need

Aa = cpu(d) (@)k La<r

General

M) = S ut)f (1225

dln

supp(f) C (=00,1], f(1) =1 == My(n;R) =1 ifp|n — p>R

T

<x: ~
#{n<z:pln = p>R} og B

M B) = 3 ju(d)

dn
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If n=2m,2tm,

R)=> u(d)

din

=Y uld)+ > ()

dlm dlm
d<R d<R/2

= Y uld)

dlm
R/2<d<R

= 41 if m has a unique square free divisor in (R/2,R]

Ford:
T

#{n < x : n has a unique square free divisor in (R/2,R|} = (log )" (log log R)*/2"

where § = 1 — 1“10%& = 0.086071--- < 1. This implies that

ZM n; R)? —(logR)5+°

n<x

while
z

#{n<z:p|n :>p>R}%lOgR

If feCYR),n=p"m, p{fm, then

=S (152) - St (SAE))

dlm

logp
log R logd
d
/ ZM ( gR) ¢

dlm

If f € CAR) and n = p}* - - - p'{*m, (p; is the j-th smallest prime factor
of n),

log pq logp g
log R log R ].O d
Mf(n;R)—(—l)A/ / ZM (u1+ A ua+ Ogg )dg

0

 logpy  logpa
: ‘R
S logR  logR M (m: R)

If n is typical, then

M (A) (m; R)
. < f
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(soft) Conjecture:

Z M (n; R)?* <max

n<z

x Emgx M(nv R)zk
log R’ (log R)%k '

T T

almost primes typical integers

Conjecture :

Z M(n; R) ~ cpz(log R)5*

n<x

need By — 2kA < 0 < A > 5& for M;(n; R)** to behave like a sieve
weight.
Two questions:

1. By =?
2. Is (soft) conjecture true?

For the second question, we have
Theorem 1 (GKM 16 ). Suppose f € CA(R), f, f',..., f are uni-
formly bounded, supp(f) C (—o0,1],

a) If A> Lt 41, then

) 2k 3/2 L 2
Z M;(n;, R)* < «a —logR’< >R>a, 1>a> )

n<z B log R
3p|n,;<R“
ZanR ~ O oa T R (szleogQR,R—)oo)
n<x

b) If A< Lk 41, then

ZMf(n; R)* < z(log R)Pk=2KA-1)

n<x
For the first question on Ej:
(1) k=1, E; =0, (Dress, Iwaniec and Tenenbaum, '83)
(2) k=2, Ey =0, (Motohashi, '04)

(3) Vk, Ej exists, (Balazard, Naimi, and Pétermann, ’08, de la
Bréteche, '01)
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2k
S M RP =3[ 3 u@)
n<x n<z \d|n,d<R
= Z pu(dy) - - pi(do) Z 1
di,...,dor <R 4 n%x‘
p(dy) - - - pldi) 2k
= +O(R
v Z [dlv"'7d2k] ( )

di) - p(da) 71 R
x> R o 1’ / / p(da ds
(270 J(s)= R(s24)= 07 dlz ol da] 1} sid;’

[di,... dox) = p => 3 #0,s.t.

1
log R

di = p,Z el
dj=1j¢1
1
~ (—1>|I\p1+817 Sy = 281'
1€
Z ,U, d2k> R _ F(S) HI evenz() C(l + SI)
dl’ " d%] i=1 sid;' 1 oaa €1+ s1)

.....

Shift sop to the left, poles when s; =0, 2k € I I even,

order = Z (=DM

I£0,2kel,s;=0

Denote sor = L(s1,...,S2), where £ is a linear form. Shift sgp 1,
pick poles~ when s; = 0 and 2k — 1 € I. sop1 = Li(S1,...,Sok_2)
~ Sop = L(S1, ..., Sop—2). Shift 2k — m variables, s; = Z] 1 @i jSj
SI_O(E)ZZG“” —O@Z(LU—OVJ
=1 el i€l
E, = max Z (=) =2k +m

m2>1
A contains I, | I#0,C{1,...,2k}
>ier ai,j=0V]

optimal: m =1, (ay,...,az) = (1,—1,...,1,—-1)

2k
hoe (%) -



