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b.

» Characterize the norm of the commutator [b, T|, where T is a

Starting point: Coifman, Rochberg and Weiss, Factorization
CZO, acting LP(R") — LP(R"), in terms of the BMO norm of
Recall:

theorems for Hardy spaces in several variables, 1976
» Hilbert transform

Hf (x) := p. v. /
R
» Riesz transforms

» Calderén-Zygmund Operators

Tf(x) =

| K)o dy
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» Characterize the norm of the commutator [b, T|, where T is a
b.

CZO, acting LP(R") — LP(IR"), in terms of the BMO norm of
Recall:

» Commutators

[b, T|f := b(Tf) — T(bf)
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Starting point: Coifman, Rochberg and Weiss, Factorization
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Recall:

theorems for Hardy spaces in several variables, 1976

» Bounded Mean Oscillation

| 2 <b>Q =

1
Ibllewo = sup /Q 1b(x) — (b)g | dx
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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator [b, T|, where T is a
b.

CZO, acting LP(R") — LP(IR"), in terms of the BMO norm of
Recall:

» Bounded Mean Oscillation

1
Ibllomo = sup o /Q 1b(x) — (b} | dx
> (b)g = ‘—an b(x) dx.

» HY(R") - BMO(R") Duality (Fefferman, 1971)
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» Characterize the norm of the commutator [b, T|, where T is a
b.

Recall:

of Coifman, Rochberg and Weiss,
Factorization theorems for Hardy spaces in several variables, 1976
CZO, acting LP(R") — LP(RR"), in terms of the BMO norm of

» Weight: non-negative, locally integrable function w on R".
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» Characterize the norm of the commutator [b, T|, where T is a
CZO, acting LP(R") — LP(RR"), in terms of the BMO norm of
b.

Recall:

» Weight: non-negative, locally integrable function w on R".

> LP(w): [f(x)IP dw

» One-weight Inequalities: T : LP(w) — LP(w) — mostly v/
» Two-weight Inequalities: T : LP(u) — LP(A\) — much harder!
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[b,H]: LP (1) = LP(A)

bounded

> Extend to all CZO’s T on R"
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[b,H]: LP (1) = LP(A)

=)
bounded

b € BMO(v)

> Extend to all CZO’s T on R"

» Long-term: Extend to multiparameter setting
» Dyadic approach
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16, T1: LP(p) = LP(N)I| < [1bllsmow)

I. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
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b, T] = LP(p) = LA < 11bllBmo)
bounding

[b, Dyadic Shift]
Il. Bound:

I[b, Dyadic Shift] - LP(n) = LP(A)|| < [1bllamo)
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bounding

[b, Dyadic Shift]
Haar Functions: [ € D

1
hl A

\/m (1[/— - I[/+)
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Haar Functions:

[b, Dyadic Shift]

{h/: 1 € D} = onb for L°
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= | [b, H]f = cE,, ([b, IT1,]f)
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. 1 T .
11, f - 7 I;;w (1) (hi_ — hy,)
= | [b, H]f = cE,, ([b, IT1,]f)

I[b, L] = LP(p) = LPMI < 1Bl smow)
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Paraproducts:

Il. Bound: |[[b, Dyadic Shift] : LP(u) — LP(N)[| < ||bllemow)

mof =Y b(I)(F), b whf =Y b(I)F(I)
/ /

1
/]
bf = mpf + mpf + meb

[b, LT]f

b(IIIf) — III(bf)

(mpl + 7wy T — Iy, — 7y f
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Lower Bound: Key Idea
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Key fact: equivalent definitions of Bloom BMO:
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Lower Bound

S bR I
Follows the same strategy in CRW.
Key fact: equivalent definitions of Bloom BMO

1Dl BMov) =

= sup

2 (0) J|b(x)— (b)o|dx

1
/v
1 5 p
”b“BMO(v) Sgp <H(Q)jQ|b(X) <b>Q| dl)
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S bR I
Follows the same strategy in CRW.
Key fact: equivalent definitions of Bloom BMO

b ”BMO(V) = Sup

2 (0) J|b(x)— (b)o|dx
0)

16l ppoz vy = sup<

2
@, P 0 ‘”1)

i,
bl Bmo W) = sup< (Q)j |b(x)— <b>Q| dl)

«0O0>» «F» «E>»




Lower Bound

S Nb R I
Follows the same strategy in CRW.
Key fact: equivalent definitions of Bloom BMO

b ”BMO(V) = Sup

2 (0) J|b(x)— (b)o|dx
0)

16l ppoz vy = sup<

2
@, P 0 dv_1>

i,
bl Bmo W) = sup< (Q)j |b(x)— <b>Q| dl)

«0O0>» «F» «E>»




E S. Bloom: A commutator theorem and weighted BMO -
Trans. Amer. Math. Soc. 292 (1985), no. 1

R. R. Coifman, R. Rochberg, G. Weiss: Factorization theorems
for Hardy spaces in several variables, Ann. of Math. 103
(1976), no. 3

T. Hytonen: The sharp weighted bound for general

Calderén-Zygmund operators, Ann. of Math. 175 (2012), no.
3.

B. Muckenhoupt, R. L. Wheeden: Weighted bounded mean
oscillation and the Hilbert transform, Studia Math. 54
(1975/76), no. 3

S. Petermichl: Dyadic shifts and a logarithmic estimate for
Hankel operators with matrix symbol, C. R. Acad. Sci. Paris
Ser |. Math. 330 (2000), no. 6

«A4O0> «AFF» «AF>» E)>»

PN &




