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Rank one unitary perturbations

@ Given unitary U on H, fix unit vector b € H

o All rank one K = (-,b) % =: ¢b* for which perturbed
operator U + K is unitary parametrized by complex |y| = 1:

U, =U+K=U+ (y—1)bb*U

o WLOG: b star-cyclic, i.e. H = span{U"b, (U*)*b: k € Z,}
@ In the spectral representation of U wrt b we have

U,y — Mg —+ (’)/ — 1)15* on LQ(,LL) where = ,LLU’b

@ When |vy| < 1, then U, is a c.n.u. contraction; fix such ~

@ Translate the problem into its functional model

Our goal: Carry out this correspondence!



Model theory and the Clark operator ®

e Unitarily equivalent formulation of rank one contractions U,

e A Clark operator is a unitary operator ® : Ky — L?(u) so that
U®=dMpy and P1=ab

where:

o There is a 1-1 correspondence {u,b} <> {0 € H>*(D)}

e The model space Ky is a backward shift invariant subspace of
a generally vector-valued (possibly weighted) L? space

o If 6 is inner, then Ky = H?(D) © OH?*(D) by Beurling

o My = PyM,|x, is the compression of the forward shift

e WLOG a=1



What should ®* look like? A formal computation

Take |y| = 1 and substitute
Uy, =U+(yv—1)bb"U
into M,®* = ®*U,. Using ®*b = 1 we obtain
M, ®* = ®"U, = QU + (v — 1)bb*U| = @*U + (v — 1)1b"U.

ASSUME that ®* is an integral operator with kernel K(z,&) and
deal only with the integrand:
(y-1§ _ 1-1
K = = —
9= =2

Integrating wrt spectral measure u, we obtain a Cauchy-type SIO.




Unitary rank one perturbations were studied by Aleksandrov, Ball,
Clark, Douglas—Shapiro—Shields, Kapustin, Poltoratski, Ross,
Sarasson, etc.

A self-adjoint setting was studied by Albeverio—Kurasov,
Aronszajn—Donoghue, delRio, Kato-Rosenblum, Simon, etc.

Finite rank generalizations occur in literature by Albeverio—Kurasov
(extension theory), Kapustin—Poltoratski (case p L dx).



Finite rank unitary perturbations

@ Consider unitary operator U on separable Hilbert space H
@ Assume U is star-cyclic!

@ By the spectral theorem, WLOG, assume U = M in
H = L?(u), where p is a probability measure on T

@ We study the family of rank d perturbations U + K with
Ran K C E for some a priori fixed E < H, dmFE = d

@ All unitary perturbations U + K of U can be parametrized as
T=U+(R- IE)PEU,

where R runs over all unitary operators in E



Slight reformulation
The perturbation T'=U + (R — I,) P, U can be rewritten as

T=U+B(I-1_)B'U

where:

e We factorized R through C? by picking an isometric operator
B:C¢!— H,RanBCE

@ A “matrix” representation of B comes about from defining
functions by, € L?(u) by by, := Bey,
@ B is the multiplication by the row vector function

B(£) = (b1(£),b2(&); - - -, ba(§))

@ The adjoint acts by B*f = f"]r f(&)B*(&)du(&)
@ Then R = BI'B* where I' is a d X d matrix

For rank one unitary perturbations this reduces to the usual

T=U-+(y—1)bb*U withyeT.



Star-cyclic subspaces and c.n.u. contractions

@ Recall: Vector ¢ is star-cyclic for an operator T, if

H =span{T%p, (T*)*p: ke Z,}

@ Ex.: Given ONB {f;};en of H, consider the unitary operator
U=> vifif] with v; #; fori# j and v; € T. This
operator is star-cyclic with star-cyclic vector o = S~ 27 f;.
Take E = span{ f1, fo} and consider rank two perturbation

T =7 f1fi +Vfofi + Yin vififf. Operator T has
eigenvalue v with multiplicity 2. T" is not star-cylic.

@ A subspace E is star-cyclic for an operator 7' on H, if

H =span{T"E,(T*)*E : k € 7, }

If E = Ran B is a star-cyclic subspace for U and ||I'||o < 1, then
T=U+ B(I' -1)B*U is a c.n.u. contraction.




Model theory

For a contraction 1 its defect operators and defect spaces are

D,:=1-TT)"?, D, :={-TT""?

9., := clos Ran DT, 9, .. = closRan DT*

T T

Operator-valued characteristic function 6 € H*®(D—9.,),
where dim?%® = dim @T and dim®, = dim @T*

Here dim® = dim®,, =d

The model space Ky is a backward shift invariant subspace of

L?(D, ©D; W), the model operator My is the compression
of the forward shift

Sz.-Nagy—Foias uses W =1 and with A := (Ip — 8*9)1/2

Ko = (010152(?2*()1))) S (2) H*(D)

If 6 is inner, then A = 0. So Ky = H?(D,) © 0H?*(D)



Operator-valued characteristic function 6
In the formula for the characteristic function

Or(z) = B* (—T + 2Dpe (1, — 27%) " DT) (B*U)" | , zeD

£y

we need to invert a 2d X 2d matrix.

Let T =U + B(I' — Ica)B*U with strict contraction I'. In matrix
representation the characteristic function ., € H ®(Cl—CY) is

1
6..(2) = —T + D, Fy(2) (ch (- ch)Fl(z)) D,., where

R(:) = B (1, -0 0B = [ L Maute)

with matrix-valued function M, M; (&) = b;(§)bk(§).

If I' is also normal, then the characteristic functions QF and 6 are
related via linear fractional transformation

O = D' (0 - D) (I, — I'*0)~'D,..



Clark operator
@ A Clark operator ® : Kg — H is unitary with @My =T

@ Parametrizations C : C% — @Me and C, : C? — @M*
0
if there is a Clark operator ® so that the diagram commutes

p,— Y ,p_c N 0,.
9., D,,.

In the above setting, the following parametrizations agree

(T8O ool o
C.e, (—AQWWD>G 0(0)0*(0))"?e,, e, €CY

o — 271 (0(2) = 0(0)\ “1/2, e
c._< A )a 0% (0)0(0))"2¢e, ecCL

agree,

Lemma

v




Representation of ®*
Operator C : C* — @Me can be realized as multiplication by

2d x d matrix-valued function: (Ce)(z) = C(z)e for e € C%. And
let C(2) be so that (Cyey)(2) = Ci(2)es for e, € Cq,

Consider the usual finite rank perturbation setting:
@ T=U+B(I'—Ica)B*U with |T|| <1 and U = Mg in H = L?()
@ Ran B star-cyclic; 6 characteristic function of T'; Ky model space

@ C and C, parameterizing unitary operators agree ® : Ky — H.

@ And let C(z), Ci(2) be as above.
Then for all b € RanB and for all f € C'(T) we have

(8" 10)(2) = /(2)C.(x)B*b + Ci(2) / / (ﬁ)__zjg'z)B*

with C1(z) = Cy(2) — 2C(2), B*(§) = <b1(€)7b2(€)7"'7bd(€))—r
and B*b = [ B*(£)b(&)du(§).

(£)0(§)du(€)




Regularization

Fix f € L?(u) and g € L?(C? @ CY) so that f and g have compact
supports, supp f Nsuppg = &. Through approximation

@ s = [ @0 [ L ©duein)

T r1—2%
Those terms of the representation formula for ®* that include f(2)
vanish because of the separated support assumptions.

‘((I)*f7 g)| S HfHLQ(,u)HgHL2((C2d).

Let ;v and v be Radon measures in RY without common atoms.
Assume that a kernel K € L2 (1 x v) is LP restrictedly bounded,
with the restricted norm C'. Then the integral operator with T
kernel K is a bounded operator LP(u) — LP(v) with the norm at

most 2C'.

Through standard mollification (T} *g¢)(z) = f’]r 9 B (&) du(€)
is bounded with norm independent of r.




®* on all of L?(p)

o The Cauchy-type operator (T> *¢)(z) = fT 1{(—253*(5)61#(5)

has L? boundary values as r — 1— for a.e. z € T
o Define pointwise (T2 *¢)(z) := lim, ;= (T}® *¢)(z)
@ Operators ClTiB*“ : L?(p) — L*(C? @ C%) are bounded and

Cle = w.o.t- lim ClTTB H
r—1+

In Sz.-Nagy—Foias transcription ®* is represented for f € L?(u1) by

(@7 f)(2) = Ci(:)(TY " f)(2) + f(2)¥(z), =z €T, where

U(2) 1= b (2)[Cu(2)B*b — C1(2) (T2 b) ().




Summary

@ Defined finite rank perturbations and star-cyclic subspaces
@ Introduced model spaces and Clark operator

@ Matrix-valued characteristic functions related by linear
fractional transformations, if I' is normal

@ Universal representation for @7 on CL(T) and ...

o ... on all of L?(y1) via regularization in Sz.-Nagy—Foias
transcription



Some possible future questions

Allow non-simple U
Investigate cyclicity properties
Perturbation theory (expressing (i in terms of u)

Infinite rank perturbations 7" with trace class D,

Ramifications for Anderson-type Hamiltonians (infinite rank
random perturbations includes the discrete random
Schrodinger operator)



