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The maximal Radon transform is defined for x € R¢ by setting

MZTf(x) = sup |[M]f(x)],
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where
1

MFf(x) = g [ = Pk))dy,
|Bi| Jg,
B, ={y € RF:|y| <t} and
Py) = (Pi(y),---Paly))
is a polynomial mapping, i.e. P;(y) is a real-valued polynomial on R,
> It is very well known that for every p > 1 there is a C, > 0 such that
IMEF ey < Collf Nl ey

for any f € LP(RY).
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Bourgain’s ergodic theorem

Let (X, B, 1) be a o-finite measure space with an invertible
measure-preserving transformation 7 : X — X.

In the mid 1980’s Bourgain extended Birkhoff’s ergodic theorem and
showed that for every f € [P (X, i) with p > 1 there is a function
f* € LP(X, u) such that

Jim Avf(x) = £ (5

p-almost everywhere on X for the averages

N
AL () = 1 ST Ox)
n=1

defined along any polynomial P with integer coefficients.
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Although, for Birkhoff’s averaging operator, it was not very difficult to find a
dense class of functions (say on L?(X, 1)) for which pointwise convergence
holds, for Bourgain’s averaging operator

N

AR () = 1 ST O)

n=1
along the polynomials P of degree > 1, it is a hard problem. Even for
P(n) = n?,since (n+ 1)*> —n* =2n + 1.
For overcoming the lack of dense class, Bourgain showed
» [? boundedness of the maximal function,

» Given a lacunary sequence (N; : j € N), for each J > 0 there is C > 0
such that

J

P P2 )2
(S0 sup Jakr—abs(2) " < el

=0 NENNj+1)

for some ¢ < 1/2.
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Variational seminorm

For any complex-valued functions (a,(x) : ¢ > 0) and r > 1 the variational
seminorm is

J—1 1/r
Vi(a;(x):t>0)= sup (Z\atj+l(x)—atj(x)\r) .
h<n<...<ty —0
l‘j>0 J

Observe that
> V.(a,(x) : t > 0) < oo implies (a,(x) : t > 0) is a Cauchy sequence.

» Moreover, we have

fgglar(X)\ < Vilai(x) 2 1> 0) + [ag, (x)]

where f; is an arbitrary element of (0, c0).

In fact there is a simpler object to control r-variations.



Jump function

For any complex-valued functions (a,(x) : ¢t > 0) and any A > 0 we define
A-jump function

Nx(a;(x) : t > 0) = sup {J € No: 3J o<r<...<1y 121}i£1j|atj+l(x) —ag;(x)| > )\}.

» The jumps Ny (a,(x) : t > 0) are pointwisely comparable with the
r-variation. Namely we have a uniform in A > 0 bound

ANx(ai(x) : 1> 0)] Vr < V.(a;(x) :t>0).

» The advantage of N (a,(x) : t > 0) is that we have a reverse inequality
in the following sense:

Lemma
Let ]l <p<ooand1 < p <r < oothen

sup || A[Na(a,(x) : 1> 0)]"7]] .

A>0

max{1/p,1/p}
)

WViar: 1> )|, <, (

This inequality can be extended to I7>*° spaces as well.
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Theorem (Jones, Seeger and Wright)
For every p € (1,00) and r € (2,00) there is C, > 0 such that for all
feL’(RY)
r
|V, (MFf 1> O)HU, < CmeHU’-

Moreover, the constant C, is independent of coefficients of the polynomial
mapping P.
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Jump function estimates in the continuous setup
Let B, = {y € R*: |y| <t} and

1

MP
f( ) ‘Bt’ 5

f(x_ ( ))dya

where P : R¥ — R4 is a polynomial mapping.

NAMTf(x) : 1> 0)
=sup{J € No : 3 gcr<..<y 1m1n IMT Fx) = MTF(x)| > A},

Theorem (Jones, Seeger and Wright)
For every p € (1, 00) there is C, > 0 such that for all f € L” (Rd)

sup |A[NA(MPf =1> 0)] P, < Gyl

Moreover, the constant C, is independent of coefficients of the polynomial
mapping P.
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We have for any r > 2 that

1/2
Vi(MFf:it>0) <, V,(MEfine Z)+(ZV2(MZ’f 1€ [2n72n+1))2> .
nez

For the jump function we also have for every A > 0
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» The L7 (R?) estimates for short variations

S e

H (ZVz(MZDf = [2n72n+1))2)1/2

follow from the Littlewood—Paley theory.

» The long Vr(/\/@f 'n e Z) and jumps )\[NA (/\/lff 'n € Z)} "2 have
a different nature!
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Theorem (Pisier and Xu/Bourgain)
For every p € (1, 00) there is C, > 0 such that

sup [[A[Nx(f, :n € N)]l/ZHU, < Cp||fool| -
A>0

Moreover, at the endpoint for p = 1 we have weak-type (1, 1) inequality.
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Long variations and jumps

Now we apply the inequalities from the last display for dyadic matringales
(. : n € Z) taken with respect to Christ’s cubes which correspond to the
nonisotropic dilations determined by the underlying polynomial mapping P.

» Then we have
V(MBS 0 € ) 4 AN MBS~y n € 7))

< (X ImMEr -5l

nez

1/2

» Moreover, for every 1 < p < oo and every f € L”(R?) we have

/2
H S [MEF 1) HUSWHU.

nez

And we are done!
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Variational estimates 1n the discrete setup

Let P = (Py,...,Py;) : Z¥ — Z4 be a polynomial mapping with integer
coefficients. Define Radon averages

where By = {y € Z* : |[y| < N}. Then

Theorem (M., E.M. Stein and B. Trojan)

For everyp € (1,00) and r € (2,00) there is C, > 0 such that for all
few(z?)

e

max{1/2,1/p}
)

IV, (MEf N eN)||, < cp(r;

Moreover, the constant C,, is independent of coefficients of the polynomial
mapping P.
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Let

be the Radon averages as before, where
By = {y € Z* : |y| < N}.

Then our main result is the following:

Theorem (M., E.M. Stein and P. Zorin—Kranich)
For every p € (1, 00) there is C, > 0 such that for all f € (Zd)
1/2

sup |[A[Nx(M{f : N € N)]

lp < Gollfler-
A>0

Moreover, the constant C), is independent of coefficients of the polynomial
mapping P.
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Suppose that K € C' (R*\ {0}) is a Calder6n-Zygmund kernel obeying

YK+ VR < 1
for all y € R¥\ {0} and a cancellation condition

/ K(y)dy =0
MZy[<X

for all A\ < \,. Define truncated Radon transform
TVf(x) = > flx=PO))K®Y)

where By = {x € Z* : |x| < N}.
Theorem (M., E.M. Stein and P. Zorin—Kranich)
For every 1 < p < oo there is C, > 0 such that for all f € (¢ (Zd)

sup AN (T N € )] [, < Gyl

Moreover, the constant C), is independent of coefficients of the polynomial
mapping P.



Proof of the variational estimates

To simplify arguments let us consider that P(x) = x? and d > 2. We prove
that for any r > 2

|Vi¥Zf 1 € No)[ gy < O fllecay-
Let

N
1
Ky(x) = N Z op (k) (%),
k=1

then

MJf(x) = K *f(x).
For f € (Y(Z) let

F(&) =Y (k)

keZ

and observe that
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Some heuristics

» First of all we have to understand the behaviour of
1 & y
_ 2milk
my (&) = N kg_l e .

> We see that if £ is an integer, then

my(§) = 1. There is no decay at infinity like < [N¢|~!/9!

» Now we would like to replace my (&) with the integral

1
Py () :/ 2N g
0

» However, we can not do this naively, since the derivative of the phase
function k¢ arising in the exponential sum is equal to dk¢~'¢ and may
be large. Thus in general we have no control over the error term

mN(f) - (I)N(f)-
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Gaussian sums

If £ =a/qand (a,q) = 1 then we see that my(a/q) behaves like a complete

Gaussian sum
27Tl
G(a/q) E

Indeed,

Cl/q Z 27rz“kd Z Z eZm“(qk—l—r)d Z 2mig

— <k<N

This suggests that the asymptotics for my should be concentrated in some
neighbourhoods of Diophantine approximations of £ with small
denominators.



Small denominators - asymptotic formula for my (&)

From Dirichlet’s principle for any £ € [0, 1] and we can always find
a/q € [0,1) suchthat 1 < g < N%(logN)~”, (a,q) = 1 and
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Small denominators - asymptotic formula for my (&)

From Dirichlet’s principle for any £ € [0, 1] and we can always find
a/q € [0,1) suchthat 1 < g < N%(logN)~”, (a,q) = 1 and

_ (logN)”

a

£ — =
q

forany 3> 0.1f 1 < g < (logN)”

N q
IE i€k 1§ E mi(€—9)(gn+r)? 2mwid(gn+r)?
k=1

r=1 _r N—r
q<nS q

1 1 d d
2mier! 4 Z 2= ) (an+r)

r=1 _r N—r
§ <=7

q 1
_ (1 Zézmgﬂ) . (/ ezm(ég)(Nx)"dx) + O(N~V?).
q 0



Small denominators - asymptotic formula for my (&)

From Dirichlet’s principle for any £ € [0, 1] and we can always find
a/q € [0,1) suchthat 1 < g < N%(logN)~”, (a,q) = 1 and

_ (logN)”

a

£ — =
q

forany 3> 0.1f 1 < g < (logN)”

N q
IE i€k 1§ E mi(€—9)(gn+r)? 2mwid(gn+r)?
k=1

r=1 _r N—r
q<nS q

1 q
amisr? 4 Z 2mi(§—4) (gn+r)’

:qu e q N e
r=1 —§<n§¥
1 o 2midr! : 27mi(€—2) (Nx)¢ 1/2
~(Essemr) ([ eenora) oo,
A 0

Therefore, if £ is in the neighbourhood of a/q as above, we have

my(§) = G(a/q) - n(§ —a/q) + O(N~'/?).



Large denominators - Weyl’s inequality
It was observed by Hardy and Littlewood that if | — a/q| < (log N ) < g ?

and (a,q) = 1 and (logN)? < g < N%(log N)~" then

for any o > ag.



Large denominators - Weyl’s inequality
It was observed by Hardy and Littlewood that if | — a/q| < (log N ) < g ?

and (a,q) = 1 and (logN)? < g < N%(log N)~" then

for any o > ag. This follows from the following variant of Weyl’s
inequality.

Lemma (Weyl’s inequality)
Let P(x) = agx? + ... + aix. Suppose there are (a,q) = 1 such that
lag — a/q| < q2. Then there is C > 0 such that

N | 1 1 1/2¢7!
Y e < ClogN( + =+ i)
m=1

N N¢
uniformly in N and q.

|
N



Large denominators - Weyl’s inequality
It was observed by Hardy and Littlewood that if | — a/q| < (log N ) < g ?

and (a,q) = 1 and (logN)? < g < N%(log N)~" then

for any o > ag. This follows from the following variant of Weyl’s
inequality.
Lemma (Weyl’s inequality)

Let P(x) = agx? + ... + aix. Suppose there are (a,q) = 1 such that
lag — a/q| < q2. Then there is C > 0 such that

11 1 1 p 1/2¢71
- 27iP(m) 1
~[ D¢ §ClogN< +N+Nd>
m=1
uniformly in N and q.

Weyl’s inequality is usually formulated with N® loss instead of log V.
However for our purposes we need a more subtle variant with logarithmic
loss.



Projections =,(§)

For an integer / € N and y > 0 let us define the following projections

Za(6) = Y n"(E —a/q))

a/qeU,
with a smooth cuf-off function 7 and
Uy ={a/qeT: (a,q) =1andq € Py},

where the denominators g € P,; have appropriate limitation in terms of their
prime power factorization.



Projections =,(§)

For an integer / € N and y > 0 let us define the following projections
Z0(6) = ) 0"V ~a/q))
a/qeU,
with a smooth cuf-off function 77 and

Uy ={a/qeT: (a,q) =1andq € Py},

where the denominators g € P,; have appropriate limitation in terms of their
prime power factorization.

Since
mon (&) = mon (§)(1 — Zu(§)) + man (§)ZEu(§),

the first term is supported in the regime where Weyl’s inequality is efficient.
The second we approximate by the integral.



The highly oscillatory part my: (1 — =)

Form Weyl’s inequality we have

cord
emek

S @+1)7°

1
iman (§)] = o

k=1

for a large a > 0, provided that 1 — =,,(&) # 0. Therefore, by Plancherel’s
theorem

HVr(F_l(mzn(l —Enz)f) :I’lEN())He2 HVl( (m2 1 —Hnl ) HENO)HEZ
< |F (me (1 =201 0

neNy

S D+ D7 flle S Wflle-

neNy




The asymptotic part mon=,;
Recall that if a/q € %, then we have

my (&) =~ G(a/q)-®m(E—a/q) = ( Ze%’ ) ( /O 1 ezm<5—3><2”X>"dx).

Therefore,

Mo (§)Z0() >~ mb(€)

s>0

where

mu () = > Gla/q)®x (& — a/q)n(2 X (¢ - a/q)),

a/qeW

with %, C %, and has the property that if ¢ € # then g > s'.



The asymptotic part mon=,;
Recall that if a/q € %, then we have

my (&) =~ G(a/q)-®m(E—a/q) = ( Ze%’ ) ( /O 1 ezm<5—3><2”X>"dx).

Therefore,

Mo (§)Z0() >~ mb(€)

s>0

where

m(€) = ) Gla/q)®x (€ —a/qn(2 X (€ —a/q)),

a/qeW

with %, C %, and has the property that if ¢ € # then g > s'.

The task now is to show that for any s > 0 we have
[V (F~ (mbf) :n € No)|| o < Cls + 1) [f ]2

for every f € (*(Z), where § > 0 comes from the estimate
G(a/q)| < Cq~°



The case 0 < n < 2°

Simple numerical inequality
For any sequence (a; : 0 <j <2%) C C,fors € NU{0} and r > 2, we have




The case 0 < n < 2°

Simple numerical inequality
For any sequence (a; : 0 <j <2%) C C,fors € NU{0} and r > 2, we have

s 21 1/2
Vr(an : 0 S n S 2s> S \/EZ ( Z \a(,-H)zi — ajzi 2)
i=0 j=0

Hence by Plancherel’s theorem we obtain

[VA(F~ (msf) :0<n <29,
s 2° (i+1)2'—1 o2\ 172
2 (S (% s -min))
= k ]21 EZ

s 271 (FD2i-1

ST X o -my

i=0 N j=0 k=2

2

1/2 .
) < s+ D fle.

L



The case n > 2°

For the second part we show that

SJ (S+ 1)_61—'_1 | ||SUP 1 HVr(F_l (CI)N) * g N € N)HLZ(R)‘VHEZ(Z)
Sl =



The case n > 2°

For the second part we show that

HVF(]:_1<m§"f) n oz 2S)H€2(Z)

< (s+ 1)~ s IHV,(]-"_I(CI)N) 2N €N flee)
Sl =

which by Jones, Seeger and Wright theorem one can conclude that for any
r>2andp € (1,00)

HVF(]:_I((I)N) xg:N € N)HLP(R) 5 ”g”l}’(R)-



Where are the difficulties?

One of the major obstacle in the discrete theory is the following inequality

Nx(F; + Gyt > 0)(x) <Ny jo(Fr:t>0)(x) + Ny 2(Gr - > 0)(x).
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One of the major obstacle in the discrete theory is the following inequality

Nx(F; + Gyt > 0)(x) <Ny jo(Fr:t>0)(x) + Ny 2(Gr - > 0)(x).

Therefore, with this definition of jumps we cannot justify that

11/2
H)‘[N/\ (F~ (m2”f) n>2") } HEZ(Z)
S(s+D) sup | A[NA(F T (@y)%g N € N) ]‘“HLZ -

||g||L2(R):1



Where are the difficulties?

One of the major obstacle in the discrete theory is the following inequality

Nx(F; + Gyt > 0)(x) <Ny jo(Fr:t>0)(x) + Ny 2(Gr - > 0)(x).

Therefore, with this definition of jumps we cannot justify that

“11/2
H)‘[N/\ (F~ (m2”f) n>2") } HEZ(Z)

ST swp [ANA(FTH(@w) g N EN) 1oy Vo
Bllzm)=

However, the real interpolation turned out to be useful!



Real interpolation K-method

>

Let (Ag,A) be a compatible couple of normed vector spaces (this
means that they are both contained in some ambient topological vector
space and the intersection Ag N A; is dense both in Ag and in Ay).

Fora € Ay + A; the K-functional is defined

K(t,a,A1,Ar) = _inf ([laollay + tllaila,)
al

a= an

For 6 € (0,1) and 1 < r < oo we define real interpolation space

oC rdt
[Ao, Av]e.r = {a cAy+A;: / (Z_QK(t,a,Al,Az)) " < oo}.
0

[Ao, A1]e , is equipped with the norm

>, cdt\ "
il = ([ @K aaran) )

If r = oo we have ||| (4,.4,],, = SUP,so? °K(t,a,A1,As).

lo,r



Example

» Let (X, B, i) be a measure space. For any measurable function
f : X — C we define its decreasing rearrangement by setting

fA)=inf{x>0:p({xreX:|f(x)] >\ <t}

» The Lorentz space L74(X, uu) for 0 < p,q < oo is defined as a space of
those measurable functions f : X — C for which

e = ([~ @) e

t

and for p = g we have 14(X, u) = L7 (X, ).

» For g = oo we have weak L” space and

Ifllzre = supt'/Pf* ().

>0



Example

» Iff € LY(X, ) + L= (X, 1) then
K : ’ll’loo t * d

» Consequently for0 < p <ooand 1 < g < o0

L', L>®)g,4 = LP9(X, p),

where

1 1-60 0
p 1 00



Real interpolation for the jump function

Theorem

Let (X, B, 1) be a measure space. Then for every 0 < p < oo and
0 < g < oo there are constants 0 < ¢, , < C, , such that for every
measurable function f : (0,00) x X — C we have

Cp.q i‘i% [A[NA(f (2, x) = 1> 0)] 1/2HU’7‘1(X,d,u(x))

< [LOO(VOO),LP/Z’q/z(V1)] 1/2,oo(f)

< Crgsup [AINA( (1) 1> 0) 2 e



Real interpolation for the jump function

Theorem

Let (X, B, 1) be a measure space. Then for every 0 < p < oo and
0 < g < oo there are constants 0 < ¢, , < C, , such that for every
measurable function f : (0,00) x X — C we have

12
Cp.q i‘i% [A[NA(f(2,x) £ > 0)] qu(x,du(x))
< [LOO(VOO),LP/Z’q/z(V1)] 1/2,oo(f)

< Cpy ilil(j) H)\[N,\(f(t,x) > O)]l/2

Hl}’vq(X,d/J(x))'

Therefore, if | < p = g < oo the space

[LOO(Voo)pr/z’q/z(V])] .

is a Banach space.



Thank You!



