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Linear restriction estimate

Fourier restriction (extension) estimate

(Restriction) problem

Let S be a smooth compact hypersurface with surface measure do, find
the optimal range of (p, q) s.t.

HﬂSHLq(S;dJ) S | flloe@ny-

Yumeng Ou (MIT) A cone restriction estimate May 15 2017 2 /21



Linear restriction estimate

Fourier restriction (extension) estimate

(Restriction) problem

Let S be a smooth compact hypersurface with surface measure do, find
the optimal range of (p, q) s.t.
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o fell — fis continuous, bounded = all ¢q € [1, ®0] work.
o fel? — fel? — allge (1,00 fail.
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Linear restriction estimate

Fourier restriction (extension) estimate

(Restriction) problem

Let S be a smooth compact hypersurface with surface measure do, find
the optimal range of (p, q) s.t.

HﬂSHLq(S;dJ) S | flloe@ny-

o fe ! = fis continuous, bounded = all g € 1, o0] work.

o fel? — fel? — allge (1,00 fail.
What happens if 1 < p < 27

Equivalent (extension) problem

Esgl oy < 19w sms - Bsola) = [ a(€)ei"€do(6)
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Linear restriction estimate

Fourier restriction (extension) estimate

@ Related problems: Kakeya conjecture, Bochner-Riesz conjecture,
spacetime norms of solution to certain PDE, etc.
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Linear restriction estimate

Fourier restriction (extension) estimate

@ Related problems: Kakeya conjecture, Bochner-Riesz conjecture,

spacetime norms of solution to certain PDE, etc.

@ S needs to contain sufficient curvature. Prototype examples:
compact subsets of sphere, paraboloid, cone:

C:= {(f,fn) ERn_l X an — |€|7 1 <€] < 2,\V/j},

Ef(z) = Ecf = / s €€ de
2Bn— n—
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Linear restriction estimate

Fourier restriction (extension) estimate

@ Related problems: Kakeya conjecture, Bochner-Riesz conjecture,

spacetime norms of solution to certain PDE, etc.

@ S needs to contain sufficient curvature. Prototype examples:
compact subsets of sphere, paraboloid, cone:

C:={(6&) e R xR: & =[¢]. 1 <& < 2,Vj},
Ef(z) = Eof = / 6i(zv1£1+---xn—1£n—1+xn|€|)f(g) d¢.
QBn—l\Bn—l

Cone restriction conjecture

For all p > 2(n_21) ,q" < ™=2p, there holds

HEfHLP(Rn) < HfHLQ(QBn—l\Bn—l).
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Conjecture: |Ef|, < |f|, for p > (n D,q’ < =2y

n

The conjecture was solved only in n = 3 ([Barcelo '85]) and n = 4
([Wolff "01]).
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Conjecture: |Ef|, < |f|, for p > (n 1),q’ < =2y

n

The conjecture was solved only in n = 3 ([Barcelo '85]) and n = 4
([Wolff "01]).

Theorem (O-Wang ’17)

For n = 5, the cone restriction estimate holds in the full conjectured
range p > %, ¢ < %p.
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Conjecture: |Ef|, < |f|, for p > (n 1),q’ < =2y

n

The conjecture was solved only in n = 3 ([Barcelo '85]) and n = 4
([Wolff "01]).

Theorem (O-Wang ’17)

For n = 5, the cone restriction estimate holds in the full conjectured
range p > %, ¢ < %p.

Theorem (O-Wang ’17)

For n > 3, there holds |Ef||pprn) < | f|Lr2pn—1\pn-1) Whenever
(4 if n =3,
p><2~§2fé if n > 3odd,
\ 33714 if n > 3even.
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

By “e-removal”, it suffices to prove the localized version

B £l r(ny S B Iza(amm-ryaney.
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

By “e-removal”, it suffices to prove the localized version

B £l r(ny S B Iza(amm-ryaney.

Decomposing cone C into strips 7 with radius K~ yields

Ef =) Efr, #{r} SK"? (K <R

Frequency
space

T @ Frequency: 7 is contained in a
+1 rectangular box of sidelengths
Ix K tx . x K71 x K72
@ Space: Ef; is essentially supported

and constant in its dual tubes of
Physical R" sidelengths 1 x K x --- x K x K?.

space \ G(7): long direction of the tubes.
K?
1
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

Decompose Bp into small balls Bg2. For each By, let V < R™:
(k — 1) dim subspace (2 < k < n).

IEfleB,) S| D) Efrlieeoy+1 Y, Efelios,.) -
g “TgV”

(- 7/
- -
Y ~N"

Narrow Broad

“7€ V" G(r)is close to V up to angle K~ 1.
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

Decompose Bp into small balls Bg2. For each By, let V < R™:
(k — 1) dim subspace (2 < k < n).

IEfleB,) S| D) Efrlieeoy+1 Y, Efelios,.) -
g “TgV”

(- 7/
- -
Y ~N"

Narrow Broad

“7€ V" G(r)is close to V up to angle K~ 1.
1). Narrow part: decoupling + Hoélder’s inequality

p/2
| S Bl o SK5< 5 EfT%p@KQ))

14 TEV” 14 TEV”

<KC0kP) Z HEfTHJZp(BKz)'

13 TEV”
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

Sum over Bp-:

| ) Efolt i < KOO S ELD, .

1 TEV”

@ Lorentz rescaling: blow up the scale of 7, shrink the scale of Bp.

@ Induct on R: induction closes when p > p1(k,n).
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

Sum over Bp-:

| ) Efolt i < KOO S ELD, .

1 TEV”

@ Lorentz rescaling: blow up the scale of 7, shrink the scale of Bp.
@ Induct on R: induction closes when p > pi(k,n).

2) Broad part: “k-broad” restriction estimate for p > po(k,n)

p O(1 p
Z | Z EfTHLp(BKQ) S Z KO )fgg‘/}i, EfTHLp(BKQ)
BKQCBR “’7‘¢V” BKQCBR

SC(K, )R f|7q-
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Linear restriction estimate

Reduce to “k-broad” restriction estimate

Sum over Bp-:

| 3 Bl lay < KOMD BB

1 TEV”

@ Lorentz rescaling: blow up the scale of 7, shrink the scale of Bp.

@ Induct on R: induction closes when p > p1(k,n).
2) Broad part: “k-broad” restriction estimate for p > po(k,n)

O(1
Z H Z EfTHLp(B 2) Z K ()fngv}?,, EfTHLP(BKz)

BKQCBR “’7‘¢V” KQCBR

<SC(K, )R fll7

3) Find the best k that balances pi(k,n), pa(k,n).
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k-broad restriction estimate

k-broad norm

B = min max | FE
ILLEf( KQ) Vi,...,Va(k—1)-subspace of R" <T¢Va, H f |Lp(BK2>>
gives rise to a measure on any open set U
HEfHBLp _,LLEf(U) Z pef(Bgz2).
BKQCU

Theorem (O-Wang ’17)

For any 2 < k < n, € > 0, there is a large constant A s.t.

|Efl gLy (Br) SKe RGHf”LQQB”‘l\B”_l)
k,A

holds for all K and p > p(k,n) =2 - 5.

v
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Why need so many (k — 1)-subspace Vi, ..., Vy?

Unlike L?, |Ef| 5 rr () is not literally a norm. But for A sufficiently

large, it satisfies for all A = A1 4+ As

e Triangle inequality

|E(f1 + f2)HBLpA(U) HEleBLp ot HEfQHBL%AQ(

e Holder’s inequality
IEflnrg yan < 1EA S, o) EF I, oy

where 1 < p,p1,p2 <0, 0 < a <1,
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k-broad V.S. k-linear

k-linear restriction conjecture

If f; is supported in U;, 1 < j < k, where Uy, ..., U, < 2B"1\B"~!
are transversal, i.e. |G(Uy) A --- A G(Ug)| 2 1, then
|1/k

€ 1/k
SR H | 550 oy gy

LP(BR)

whenver p > p(k,n) == 2 - nﬁi?
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k-broad V.S. k-linear

k-linear restriction conjecture

If f; is supported in U;, 1 < j < k, where Uy,..., U, C 2B\ Bn—l
are transversal, i.e. |G(Uy) A --- A G(Ug)| 2 1, then

k
| [IESIM
j=1

k
€ 1/k
< R H HfjHL/Q(QBn—l\Bn—l)
LP(BR) J=1

whenver p > p(k,n) == 2 - nﬁi?

e Only known for k£ = 2, n ([Wolff '01], [Bennett-Carbery-Tao ’06]).
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k-broad V.S. k-linear

k-linear restriction conjecture

If f; is supported in U;, 1 < j < k, where Uy,..., U, C 2B\ Bn—l
are transversal, i.e. |G(Uy) A --- A G(Ug)| 2 1, then

k
| [1E£1V*
=1

k
€ 1/k
< R H HfjHL/Q(QBn—l\Bn—l)
LP(BR) J=1

whenver p > p(k,n) == 2 - nﬁ;g

e Only known for k£ = 2, n ([Wolff '01], [Bennett-Carbery-Tao ’06]).

@ k-broad estimate is a weaker substitute for this.
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k-broad V.S. k-linear

k-linear restriction conjecture

If f; is supported in U;, 1 < j < k, where Uy,..., U, C 2B\ Bn—l
are transversal, i.e. |G(Uy) A --- A G(Ug)| 2 1, then

k
| [1EfV*
=1

k
€ 1/k
< R H HfjHL/Q(QBn—l\Bn—l)
LP(BR) J=1

n+k
n+k—2"°

whenver p > p(k,n) == 2 -

e Only known for k£ = 2, n ([Wolff '01], [Bennett-Carbery-Tao ’06]).
@ k-broad estimate is a weaker substitute for this.

e Some schemes of using bilinear /multilinear restriction to prove
linear restriction: [Wolff ‘01|, [Tao ’02], [Bourgain-Guth ’11].
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Prove k-broad using polynomial partitioning

Wave packet decomposition

Frequency
space

Physical
space

Wave packet decomposition: f = >, . fo., + RapDec(R)|f] 2.
@ supp fg.o © 0, E fg, is essentially supported and constant on Tg,,.

2
L2 ~ ZQ,U |f9,’l)

@ Orthogonality: HZQUf&v %2.
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Prove k-broad using polynomial partitioning

Polynomial partitioning

Theorem (Guth ’16)

Fix constant D, there exists a polynomial P on R"™ with deg (P) < D
s.t. Z(P) divides R™\Z(P) into disjoint union of ~ D" open sets O;
with equal measure pgr(O;), where pps is the measure determined by

B = min max | Ef|" :
'LLEf( KZ) Vi,...,Va(k—1) -subspace of R® (TqéVa,Va H fT‘Lp(BK2)>
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Prove k-broad using polynomial partitioning

Polynomial partitioning

Theorem (Guth ’16)

Fix constant D, there exists a polynomial P on R"™ with deg (P) < D
s.t. Z(P) divides R™\Z(P) into disjoint union of ~ D" open sets O;
with equal measure pgr(O;), where pps is the measure determined by

B = min max | Ef|" :
'LLEf( KZ) Vi,...,Va(k—1) -subspace of R® (TqéVa,Va H fT‘Lp(BK2)>

e Property: a straight line (not contained in Z(P)) can cross Z(P)
at most D times.
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Prove k-broad using polynomial partitioning

Polynomial partitioning

Theorem (Guth ’16)

Fix constant D, there exists a polynomial P on R"™ with deg (P) < D
s.t. Z(P) divides R™\Z(P) into disjoint union of ~ D" open sets O;
with equal measure pgr(O;), where pps is the measure determined by

B = min max |Ef,|¥ :
'LLEf( KQ) Vi,...,Va(k—1) -subspace of R® (T¢Va,Va H fT‘Lp(BK2)>

e Property: a straight line (not contained in Z(P)) can cross Z(P)
at most D times.

o Fatten up Z(P) to wall W = Np1/2(Z(P)): make sure that each

~

Ty, can intersect at most D cells O; := O;\W.
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Prove k-broad using polynomial partitioning

Three cases

Which part of B and f makes the most contribution to pg¢(Bgr)?

o >, ,uEf(&;) (Cellular case)

® LUEfians (W) where firans
concentrates on the wave

packets cutting cross Z
(Transversal case)

(") ILLEftang(W) where ftang
concentrates on the wave

packets tangential to Z
(Tangential case)

Yumeng Ou (MIT) A cone restriction estimate May 15 2017 13 / 21



Prove k-broad using polynomial partitioning

Cellular case ) . pg f(&) induct on # of wave packets

Recall #{O;} ~ D". f; := 21, O J00 = pes(0i) = npg,(05).

Yumeng Ou (MIT) A cone restriction estimate May 15 2017 14 / 21



Prove k-broad using polynomial partitioning

Cellular case ) . pg f(&) induct on # of wave packets
Recall #{O;} ~ D". f; := 21, O J00 = per(0i) = ey, (05).

o 3 urf(0;) = ups(Br)

— most ¢ satisfies ,LLEf(O )2 D " ugps(BR). (3.1)

o Each Ty, intersects < D different O)'s = Y lfilz. < D|f]3,

—> most i satisfies | f;|7. < D[ f]7.. (3.2)
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Prove k-broad using polynomial partitioning

Cellular case ) . pg f(éz) induct on # of wave packets
Recall #{0;} ~ D". fi:= Y, 65,20 fow = p5s(0i) = g, (0).

o 3, niy(0:) % pps(Br)
— most ¢ satisfies ,LLEf(O )2 D " ugps(BR). (3.1)
e Each Tj, intersects < D different O’s = Y lfilz: < DIf]5.
—> most i satisfies | f;|7. < D[ f]7.. (3.2)

Fix 7 satisfying both, then

(3.1) % (3.2)
D"upy,(0;) < D"RP|fillh, < RPD"DU—™PR|f|h,.

A

1ef(Br)
#: Induction hypothesis. Induction closes when n + (1 —n)p/2 < 0
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Prove k-broad using polynomial partitioning

Transversal case pgy,.  (W): induct on R

Cover W with balls {B;} of radius p = R17°. f; := 2T, B2z Jo-
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Prove k-broad using polynomial partitioning

Transversal case pgy,.  (W): induct on R

Cover W with balls {B;} of radius p = R17°. f; := 2T, B2z Jo-

luEftrans(W)
<ZMEJC] (B] M W)
J

J

p/2
*
< NSl < p® <Z fj%?)
J
>k<* epan/2 P~ REP P
N Y Hpr X HfHLz

(#: Induction hypothesis. =#: Each
Ty, can transversely cut through at
most D" B;’s.)
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Prove k-broad using polynomial partitioning

Tangential case ugy,, (W): reduce dimension

This essentially becomes
a restriction problem in
R™ 1 on which we perform
another polynomial parti-
tioning.

Yumeng Ou (MIT) A cone restriction estimate
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Prove k-broad using polynomial partitioning

Tangential case ugy,,,(W): reduce dimension

This essentially becomes
a restriction problem in
R™ 1 on which we perform
another polynomial parti-
tioning.

@ Cellular case

e Tangential case: induct on dimension m of the variety Z. (Base
case: m=k —1, pg¢s(Bg2) =0, VBg2.)
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Prove k-broad using polynomial partitioning

Tangential case ugy,,,(W): reduce dimension

This essentially becomes
a restriction problem in
R™ 1 on which we perform
another polynomial parti-
tioning.

@ Cellular case

e Tangential case: induct on dimension m of the variety Z. (Base

case: m=k —1, pg¢s(Bg2) =0, VBg2.)

e Transversal case: the hard part!

Yumeng Ou (MIT) A cone restriction estimate

May 15 2017
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Prove k-broad using polynomial partitioning

The hard case: tangential in R", transversal in R"

Frequency
space

Physical
space

Bg

o Cover W = Np1/2(Z" 1) < R™ with balls {B,} of radius p < R.

@ Induct on R: for p < R, need new (smaller) wave packets
f=24sfs; +RapDec(p)|f|r2 (strips 0 of radius p~1/2).

° fou concentrates on small wave packets that are roughly inside
Th,, with angle < p_1/2.
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Prove k-broad using polynomial partitioning

The hard case: tangential in R", transversal in R"

@ The large and small wave packets are
connected via medium tubes of
sidelength 1 x RY2 x ... x RY2 x p.
(Locally, mini directions are roughly
the same.)

Induction hypothesis: if

supp f € N 1/2(Z") whose wave
packets Tj - are tangent to Z" (Angle
<p V2 Ty < N,us2(Z)) and
transversal to Z"~ !, then
HEfHBLZ,A(Bj) < Pl fl -

Angle condition is satisfied, but
distance condition is not.
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Prove k-broad using polynomial partitioning

The hard case: tangential in R", transversal in R"

Solution: divide W = Np1/2(Z) into layers {3} of thickness p!/2.
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Prove k-broad using polynomial partitioning

The hard case: tangential in R", transversal in R"

Solution: divide W = Np1/2(Z) into layers {3} of thickness p!/2.

@ Use transversal information to
estimate contribution from
each layer ¥ (induct on R).

IR% e Use tangential information to
sum up layers: || fess|/z2 is
equidistributed across different
layers.
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Prove k-broad using polynomial partitioning

Transverse equidistribution estimate: Z hyperplane

Lemma

Either a) supp f < finitely many sectors 7 (of radius K1) or b) Z is
transversal to the orthogonal complement of Zj.

Frequency Zcf e Case a): zero (by k-broad

space . \ ' norm definition).
- e Case b): supp f is contained in
L D

Physical S Ng-12(Zo) nC = Ef is
space locally constant along Z@L for
RY2 hence |Ef|| 2 is
Z equidistributed across the
layers. Then by Plancherel,
Zc'l/ " |f]lz2 is also equidistributed.
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Prove k-broad using polynomial partitioning

Transverse equidistribution estimate: general case

e Run the argument locally inside each small ball B = Bp1/2, which
determines a tangent space V to Z.

e Divide the balls into two groups: whether V' is in case a) or b).
The wave packets that are covered by balls in group a) make zero
contribution.

@ Reduce to f.ss that concentrates on medium wave packets which
intersect at least one ball B in group b).

@ | E fess| 2 is equidistributed across the layers. Same for | fess| 2.
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Prove k-broad using polynomial partitioning

Transverse equidistribution estimate: general case

e Run the argument locally inside each small ball B = Bp1/2, which
determines a tangent space V to Z.

e Divide the balls into two groups: whether V' is in case a) or b).
The wave packets that are covered by balls in group a) make zero
contribution.

@ Reduce to f.ss that concentrates on medium wave packets which
intersect at least one ball B in group b).

@ | E fess| 2 is equidistributed across the layers. Same for | fess| 2.

Thank you for your attention!
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