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- we work in Euclidean space R?, d > 1
Q c R¥ cube with center cg and sidelength ¢

SQ=:10g2€Q
local norms

_1
Fro =107 |figf . pe (0]
p-Hardy Littlewood maximal function

M, (f)(x) = sup (f)p.010(x)

QcRd4
- Holder tuple
1
£=(t1,....tm), t€[l00l,j=1,...,m—1, Z—=1

< implies positive absolute dimensional constant
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Sparse collections and sparse forms

The collection of (dyadic) cubes Q € S is 7-sparse if VQ € S
there exists Eg C Q with

- |Eol = nlQ|
cQ#FQ' eSS = EQHEQ/Z(D
namely if 3 pairwise disjoint {Eg : Q € S} of major subsets

Positive sparse forms

—

If5 = (p1y ... pm) € (0,00]™, f = (fis. .., fn) define

PSFL(F) = > 10l ﬁ<fj>1)j=Q

QeS Jj=1

associated to a sparse collection S
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Sparse domination and strong-type

If p= (p1,...,pm) and A is an m-linear form, define
IAll5 sparse = inf{ |A(f)| < CsupPSF (f) for all f (f1,.. fn)} :

LEMMA 1. If

- T is m-sublinear, (T(fi, . . ., fin-1), fm) = A(f)
. fis a Holder tuple with max{1,p;} <tj <oco,j=1,...,m

tm
then HT LM X oo X LIt 5 [Tm1

= CZﬁllA”ﬁ,sparse

Proof. It || All5 sparse = 1, for all fwe find S such that

NGRS AGESEDY |EQ|(]—[<]3>p Q) <ot Y |EQ|(1_[1anijfj)

QeS QeS8

m m
< 2’7_1 /Rd (1—[ ijf]) < 2’7_1 l_[ ||Mp]f]||t] <C f)ﬁ ”f]”t]
j=1 j=1
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Sparse domination and weak-type

LEMMA 2 (folklore? Culiuc-DP-Ou, arXiv:1610.01958). If
T is (m — 1)-sublinear, (T(f1, . .. ,fm_l),f_m> = A(f)
m

« p is a tuple with minp; > 1, E 1% > 1.
J
j=1

Then

=
R

Il
—
I

”T [P Lo [P Lq’m” < ”A“ﬁ,sparse’

~
Il
—_
I |-

ReM. In fact

|A(f)| S ||A||ﬁ,sparse<Mp1,...pm_l (_fla L ,fm—l)aMpmfm>

whence Lemma 2 and weighted variants (observation by K. Li)

A relevant example: “T LY — L < ClIT |1, p), sparse Whenever 1 < p < oo,
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Sparse and sharp weighted norm inequalities

(sample) LEMMA 3 (self contained proof: K. Moen, Arch. Math. (Basel)).

max{1, 77 }

“T . Lt(w) = Lt(W)“ S ”(T(), '>||(1,1),sparse[W]At ', where

1 _1 t
[wla, := sup ((w)po(w ) o) 1<t < oco.
0

NI
=

Proof forp = 2. If S sparse, Q € S, then |Q| < |Eg| = / win? < (W(EQ)U(EQ))

Eo

Write v = w™L. Using [|Tllzz(y) = sup {KT(fw). go) « | fllzzw) = Iglliz(oy = 1},

KT(fw), 9w S Tl 1y.sparse ) 1QI(f w1 0¢gw™ 0

QeS
< Z (<W>1, Q<v>1,Q) (W(EQ)% ?X;Q ) (U(EQ)% <<9;>11,§ )

QeS

< ot fonpran) ( [ongra) < pa,

F. Di Plinio (U. Virginia) Sparse domination




The endpoint maximal truncation approach

THaM (Lerner’13; Conde-Rey, Lerner-Nazarov; Lacey’15; Lerner’15)
Let T CZO. Then 4S8 = S(T, f) such that pointwise

Tfl s ) (Foilo

QeS

The maximal operator approach: define

Mrf = sup ||T(f1R\3Q)||LOO(Q)1Q

QCcR interval

« Mt dominates T: |Tf| < ||IT|lis1,00l f1 + M7 f

- M7 is controlled by T*: Mpf < Myf +T*f

Using the resulting weak type (1,1) of Mt ~» sparse.
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A non-exhaustive list of related works

Non-kernel and rough SIO

 Bernicot-Frey-Petermichl, Sharp weighted norm estimates beyond CZ theory,
arXiv:1510.00973, Analysis and PDE.

« Hytonen-Roncal-Tapiola, Quantitative weighted estimates for rough
homogeneous singular integrals, arxiv:1510.05789, Israel J. Math.

« Benea-Bernicot-Luque, Sparse bilinear forms for Bochner Riesz multipliers and
applications, arXiv:1605.06401, Transactions LMS

Non-homogeneous singular integrals

 Conde and Parcet, Nondoubling Calderon-Zygmund theory -a dyadic approach,
arXiv:1604.03711.

 Volberg and Zorin-Kranich, Sparse domination on non-homogeneous spaces
with an application to A, weights, arXiv:1606.03340, to appear, RMI

Vector-valued singular integrals

 Nazarov-Petermichl-Treil-Volberg, Convex body domination and weighted
estimates with matrix weights, arXiv:1701.01907.

... out of more than 30 ArXiv postings in 18 months
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The main idea in a simple setting: martingale transform

Ao(fifo) = D> efuhi)fa k), 1AQl1 1ysparse < 2° sup lei]
IeD:IcQ IeD

Proof. Set Q := {max. dyadic L € Q with (f;); ; > 22<fj>1,Q for some j = 1, 2},
For=|JL  Aalh.f) = D elfihi)foho)

Le@ ICcQ,I7Fo

- L € Q are pairwise disjoint and )Q \ FQ‘ > 210

fi=9i+by (Gdno <2Xfiduo, b= D b, suppb C L / bjL =0
LeQ !

Ao(fis )l < IAQ(fis Pl + D IAL(fi )] = 1AQG1. )1 + ) IAL(fi, o)

Le@ Le@
< 1QKg2.0¢92)2.0 + ) IAL(fi. fo)]
Le@
< 2°1QK fdnolfdro + ) IAL(fi. f2) ..ITERATE
Le@
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Uniform sparse domination via dyadic shifts

L?-bounded dyadic shifts:

Sg(fl’fz) = Z €QSQ(fl,fZ), SQ(flafz) 3:/ KQ(xlaxz)fl(xl)fZ(xZ) dx1dx,
QeD OxQ

(A1) sup  ISH(fi, f)l < IIfillzll foll

e={ep }eD?

(A2)if L € D,L C Q and s < sg — o then Kg(+, x3) is constant on R for all x; € Q,
and symmetric assumption with x1, x, interchanged.

THEOREM (Culiuc-DP-Ou, arXiv:1610.01958).

&
sup ||Sg||(1,1),sparse S ©.
£

ReM. Hytonen representation theorem + convex hull ~ [[T]|(1,1) sparse < 1 for T CZO
ReM. Easy extension to R”-valued f;, with (f;)1 o replaced by convex bodies

(o = {l—élfgfqodx: ol < 1} c R"

variation on theme by Nazarov-Petermichl-Treil-Volberg.
Sparse domination




Weighted inequalities for rough singular integrals

Rough homogeneous SI

Tof(x) =p.v. /Rd fx—y)Q (%)

d
= aelList, Q =0,
|yl gd-1

A very brief history:
« forp,q > 1, T, TS : L — LP; method of rotations, C-Z, 60 years ago.
« T« L' — L“*; Hofmann, Christ-Rubio ’88 in d < 7; Seeger, JAMS, *96.
« TS L' — L"% isnot known even if ¢ = co and might be false

e To:Li(w) = LY (w)ifweA,,q=o
(Duoandikoetxea-Rubio de Francia’86, Watson’90, Duoandikoetxea’93)

Quantitative weighted inequalities: when q = oo

max 1
« ITallLtwy < Co [W]Zt w{h 7, Hytonen-Roncal-Tapiola’15, [JM

s Tallpt(w) < Ct,f[w]ir when 1 < 7 < t < oo: Perez-Rivera-Roncal ’16, IJM
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Sparse domination of T and corollaries

THEOREM A, Conde-Culiuc-DP-Ou, arXiv:1612.09201

g ”TQ”(l,q’),sparse S q”Q”Lq,llogL forall1 < g < oo;
ol p)sparse S I%HQHOO for all 1 < p < co.
max{l, t_lq,}

CrqllQllpariogr[wly | qg <t<oo (SHARP)
* I TallLt(w) < t 5

CoIQla[w]ET 1<t <o

(applying K. Li, Coll. Math. 2017)

* 1 TafllLeewy < CellRlooll fllLe ety 1<t<o (SHARP)

(applying D. Beltran, Rev. Mat. Iberoam. 2014)

M Tof ety € W12 IR IMEIlLe 0<t< oo
due to K. Li-Perez-Roncal-Rivera Rios, arXiv 2017)
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Stopping collections and norms

Q is a stopping collection of cubes with top Q if ; ;%; *fﬂﬂ H
| Jr=shac 3o
A il B
T H  E
- LNL #0 = L =1L’ (disjoint) R
e |sp — sl =28 = 7L N 7L = @ (Whitney) e
H

sup sup(h)p,l p < 0

Nkl @ = yre@ i=L
Il p=oo

- Yp(Q) = {h : supph 30, IIhlly,@) < =},
- Xp(Q) = {b €eY,(Q):b= Z by, suppby C L}
Le@
-XP(Q) = {b € X,(Q) : /bL =0 VLEe Q}
L
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An abstract sparse domination theorem

Let T be an operator on R¢ with uniformly bounded truncations:
- (Tf1, f2) = o lim Al (fi, f2), sup [|AG llp2ra)xrzra) < 1

0 ——0
0 o<s

- N(filg, f2) = A (filg, f2l:0),  €(Q) =2°

A (Ailos )l < 1QK ). { f2)p.30 for some 1 < py, pp < 0.

For a stopping collection L € Q with top Q define

1
Aq(hy, hy) = 0l A°Q(hi1p, hy) — Z ASL(hllL,hz)] = Aq(h11g, ha130).
Le@Q

Rem. Uniform L*-bound of A = |Aq(h1, k)| < My, llh2lly @) J
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An abstract (continuous) sparse domination theorem

THEOREM C, Conde-Culiuc-DP-Ou, arXiv:1612.09201
Assume in addition that
|[Aq(b,h)| < CLIIbllxpl(Q)IIhlly,,z(a),
A(h. )] < Cullhlly(@)lIblly, (q)

uniformly over all stopping collections Q. Then

”A”(pl,pz),sparse S CL.
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Veritying condition (L)

Rem. If b € X,(Q) then

Aalb.h) = Y Nk, N(bh) = I_él NN (kbR

j>1 §<sQ LeEQ:s; =s—j-3

If b € X;(Q) (aka mean zero)

(1) K w-smooth CZ kernel: |A/ (b, h)| < a)(Z_j)IQIIIl?IIXl||h||y1

(2) RH, ||Q|le = 1, trivial estimate: |A/ (b, h)| < 161l x, |12l]

(3) RH, Q]I = 1, weak-(1,1) (Seeger) IN (b, h)| < 2~ “/[|bll g lIAlly,
Interpolating (Riesz-Thorin or Marcinkiewicz) (2), (3) in h yields

c(p-1)

IN(b,h)| 52 7

NQleollbllg hlly,,  p>1

and we get [Ag(b, h)| < %nbnxl I|Ally, by summing up.
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Localized estimates: maximal rough truncations

- Let K be a w-smooth CZ kernel. Then for 2 < g < oo

Aifd= [ sw

R4 N,o<t|<---<IN<S

/ K(x9)fi(o) dy

J<|x—y|§tj+1

fulx) dx
f?

satisfies Aq(b, h) + Aq(h,b) < llollpinillbllx, I17lly,

- splitting (Duoandikoetxea-Rubio, Hytonen et. al.) for all A > 1:
To=) T, ITlowm S A I(T)*llpe s 27
j>1
leading to
AQl(T)*1(b.h) + Aq[(T)*1(h.b) < A2 IIblLg _, IIAlly,,
tA

and finally
AQ[T31(b, h) + AQ[TZ1(h,b) < A||b||)'<1 1 ||h||y1+%
A
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Sparse domination of T}

TaEOREM (DP-K. Li, 2017, preprint)
For all A > 1 there holds

*
”TQ ||(1+%,1+%),sparse S A

Corollary:

1T L (w) < Ct”Q”oo[W]j{Ttl 1<t< oo

extending Hytonen-Roncal-Tapiola to maximal truncated case
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Multilinear operators given by singular multipliers

We consider the multiplier forms

Moo= [ mo([]Fe) e

E1+&E+E3=0 =1
& & A
/< \ 7 B%DDDD
SO Lo ,
\W2), “r 0 &
V : Gy
RANK 0: CorIFMAN-MEYER RANK 1: BILINEAR HILBERT TRANSFORM
sup sup |¢]!%] |6gm(§)| <Cn sup sup |dist(£,T)|%! |0?m(§)| <Cn
la|<N & la|<N &
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L? bounds for multilinear multipliers

We expect Holder type bounds

T, : L9 x L% > L', %+é=%, q1,q2 > 1

for the formal adjoints A, (f1, f2, f3) = (T (f1, 12), f3),

T (fis f2) () = / m(E) Fi(E) Fo(E)e™EHE) 4
E1+&+E3=0

» RANK 0: bilinear CZ translation invariant kernels, r > 3

- RANK 1: most significant example m(¢) = sign(&; — &) is bilinear HT

BHT(f,. f,) (x) = p.v. /R file=Dfie+ )

and r > % necessary in such generality (Lacey-Thiele’97,

Muscalu-Tao-Thiele’01)
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Sparse domination of multilinear multipliers

THEOREM (Culiuc-DP-Ou, arXiv:1603.05317)

There holds
mEXEK ) ”Am”ﬁ,sparse = K(ﬁ)CN(ﬁ)
3
— . 1
for all tuples p = (p1, p2, p3) with p; > 1, Z minip;. 2] < 2.
J°

J=1

Example tuples: (1%,27,27), (§+, %1—, 27)...

ReM. This result recovers L' -theory and thus is sharp up to endpoints.
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Corollaries: multilinear weighted estimates

COROLLARY

{
{

Let g = (91, g2, q3) and a weight vector 0 = (vy, v,, v3) satisfying

3 3 1
1 <g; < oo, Z%zl, l—[vjqul
=1 j=1
Then
CI] P]
Sup |AM(ﬁ, f:27 ﬁ)' < (me(p q)) p )l_[ ||ﬁ||LqJ(vJ)
m RANK 1 q

where the infimum is taken over open admissible tuples p with p; < g; and
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Corollaries: weighted,vector-valued estimates

COROLLARY (sample) (unweighted: Silva’12 JLMS, Benea-Muscalu’15, APDE)

Let m = {my} be a sequence of RANK 1 multipliers and

T - ({fir ) Uf2r}) = AT (fiks fox))
F0r1<CI1,QZaC]3<OO, 237’1,’”2,”3SOO
’ / ;
Ty 0 L9 (015 €7) X L% (05 £72) — L9 (u; £3)"), u@’ =ov"v”

whenever either of these hold (and more examples)

'UjEAq%HﬂRHz, j=1,2

"UJ‘EA%, j=1,2

Proof. Domination theorem + weighted Fefferman-Stein

||{Mpfk}“Lq(v;£r) < C ([U]A%) I fiHla geer) 1 < p < min{q,r)
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Sparse domination of variational Carleson operators

Consider the r-variational Carleson operator

N § r 1/r
J o~ .
C.f(x) = sup sup E f(&)e*¢dé¢
N€N§0<---<§N j:1 fj—l

THM (DP-Do-Uraltsev, arXiv:1612.03028, improving on Oberlin-Seeger-et. al. *09.

Ifr >2andp > r’ then ||C;ll(,1),sparse < Cp-

COROLLARIES: improving on Do-Lacey’12

maxi{ 1, ——
* NG NIt (wy < Crlw] S 1)}, 1<r<% (SHARP)

* 1CHllLe(wy < C(E, [W]a, ) (SHARP RANGE)

r/
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Multitile maps

o tile t = I, X v, dyadic rectangle of area 1: |/;||w,| = 1
 rank 1 tritile P = (P, P, I’3): triple of tiles P; with
Ip, = Ip, = Ip, =: Ip, wp = wp, X wp, X wp;, dist(wp,R(1,1,1)) ~ |a)pj|
e Py rank 0 collection if above holds and (&, ¢, &) € Cwp for all P € Py,
« Multitile map

3
Ae(fis fon ) = D el | [ EA(H)®),  Fi(£)(P) i= sup [(f, $p))]
PeP j=1

supremum taken over P;-adapted functions, L'-normalized:

A L
supp e € wr, 19 ()] < CylLp N1 (14 Gl

mRANKk = [Am(fi for )l < D Ap,(fis foo f5) with P; of rank k. J
j<C(I)
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Outer L? and Holder inequalities

For F : P — C, and a tree T (rank 0 collection with Ip C It for all P € T)

S(F)(T) = (i 3 |1p||F<P>|2) + sup |F(P)

|IT| PeT* PeT

we consider (out of Do-Thiele 15, Bull. AMS) outer LY norms

1
o0 r
|FllLags) = (/ pMP 7 u(s(F) > 2) dl)
0
where, if 1 outer measure generated by trees with premeasure o(T) = |It|,

p(s(F) > A) = inf {u(Ez) : S(F1(g,)) < A}

Outer Holder inequality

3
As(fi fo )L < C [IE ()1 llpsy VPP
j=1
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Carleson embedding theorems with stopping times

Define

Gf,p,Q = {P eP: lan‘ Mp(fng)(.X') > C<f>p,3Q}

x€3lp

Localized Carleson embeddings (DP-Y.Ou’15, arXiv:1510.06433)

p=1q>1 PRANK 0

1
Fi(f130)1c, <C 7
” i(f130) @,f.p,Q”Lq(s) p.q1Q17<f)30.p {1 <p<2,qg>p PRANK1

In the RANK 0 case, this amounts to interpolating the two inequalities

1 1
sup — > I dp)P s (Piore 1 (P\Grpo) < 510
rer IRl , £ ’ 9
f.p.Q
IPCR

the first of which is the Calderon-Zygmund decomposition.
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Sparse domination in UMD function lattices

THEOREM (a sparse version of Corollary 4 DP-Ou, arXiv:1506.05827)

Let X; = LY (vj), 1<gq; < oo, é+é+é:1.

Let m be a B(Xj, X3, X3)-valued multiplier with

M= {1E1%9gm(E) () : £ lal < N}

Assume that uniformly over n, {m; : j = 1,...n} C M, permutations o.
n . . .
> mlgl.g} gl
j=1

<Cm

9’;(1)

. o
L91 (vs3%) o (2) L92 (v;£2) jp |9i7(3)| L3 (v3)

Then for all L% (v;)-valued functions f; there exists a sparse collection S
3
Am(fi for )15 D101 [ L9 010

QeS8 Jj=1
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Multi-parameter mixed norm weighted estimates

THEOREM (extends DP-Ou, arXiv:1506.05827, see also Benea-Muscalu, 1511.04948)

Let m = m(&, ) be a bi-parameter Rank 0-Rank 1 multiplier:

sup |£]9dist(n, R(1,1,1))#!|020)m(&. n)| < K. lal.Ifl <N
&.n

Then, adjoints T to

Mnlfinfufd= [ m<§,n>(ri1 (&) dédy

&1+&2+83=0
n1+n2+n3=0

extend to bounded linear operators

T : L1 (W1;Lq1 (Ul)) X L1 (Wz;qu (Uz)) — L%’M(W;ng (U))

1 1 1 _
for 1 < q1,¢92,q3 < o0, atete = 1 whenever w; € Ay, v, €A$ N RH,.
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Thank you for your attention!

Work being reported
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local L?, arXiv:1510.06433, ]J. d’Analyse

A. Culiuc, FDP and Y. Ou Domination of multilinear singular integrals by
positive sparse forms, arXiv:1603.05317, submitted

A. Culiuc, FDP and Y. Ou, Uniform sparse domination of singular integrals via
dyadic shifts, arXiv:1610.01958, Math. Res. Lett

Yen Q. Do, FDP and Gennady N. Uraltsev, Positive sparse domination of
variational Carleson operators, arXiv:1612.03028, Ann. Sci. Scuola Norm. Sup.

J. M. Conde-Alonso, A. Culiuc, FDP and Y. Ou A sparse domination principle for
rough singular integrals, arXiv:1612.09201, Analysis and PDE
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