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Macroscopic balls? Size of 47
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Why? Uniform non-linear quotients of B-spaces vs. linear quotients.

Lip(X, Y) has UAAP one space: finite-dim.
=
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Triangle inequality (always true) = convexity of the unit ball:

Ixllv Ivlly <1 = |2 <1

Uniform convexity (not always true): Ve > 0 36 > 0 :

|Mwmmy<1ux—my>e:H H <15,

Holds: Y = (P LP; p € (1,00). Fails: p € {1,00}. In general:
Uniformly convex renorming = “super-reflexive” C reflexive.

Also fails: (.~ ¢9) 2, g € {1, 00} (reflexive but not super-)
I 4@
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Quantitative differentiation

Case: dim X = n < 0o, Y uniformly convex.

Proof of Bates et al: rX7Y(g) = 0 = (via ultrafilters) contradiction!
No info on size of rX7Y(g) > 0.

S. Li & A. Naor (2013): r*77(g) > exp(—Cyn“"te Jgtev),
Geometric proof by approximate midpoints & uniform convexity.
Now: beat this by Harmonic Analysis!

We prove: rX—)Y(g) > eXp(—Cyecn+CY/€Cn+CY) (ecn vs. n" — ecnlog n)
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X, Y normed spaces with dim X = n < oo, dmY = cc.
Ve > 0 30 = dx_y(e) > 0 such that:
If a 0-net N C Bx has bi-Lipschitz embedding into Y of constant C,

then X has bi-Lipschitz embedding into Y of constant < 7 ,
—€

In fact, 0x_y(g) > exp(—(n/c)") (Bourgain 1985)

Quantitative differentiation = a new proof of this (same) bound
when Y is unif. convex (Li-Naor 2013)

Point: If an affine f is bi-Lipschitz on a fine enough net, then it is
bi-Lipschitz on all of X. So need f ~ affine on a large enough ball.
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Finding the ball

“Control the average = control the smallest value”

Want to prove: (after extending f to Lip.(R"; Y))

. [Hf(y)—P(y)Hy} dyﬁdx
|5UPPf| n deg P<1 JB(x,t) t

c q
< (evncl1Fll )

|dea: K>/¢ )—>/E|nfgb Iog—lnfgb

t [r1] rra1]

. K
-=c |if r:exp(——>.
g £

K
= inf ¢ <
[r,1] log
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Case Y = R: Dorronsoro (PAMS 1985),
but with ¢” (or more; only implicit) instead of n°.

Embedding of Wl’q(R”; Y) into a “local approximation space’’;
extensions within theory of function spaces by Seeger, Triebel. ..

We need: extension to dim Y = oo, good control on dimR" = n.
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Dorronsoro = embedding theorem

Dorronsoro follows if J: f — f(y) — Py:f(y) maps

J WS LR X Ry, B(Xt;)(y ) dx) —: 19(t79)

D’s proof: fractional spaces first; integer order by interpolation!
(W = Sobolev, H = Bessel potential, B = Besov space)

o Wh9 < HY < [Flso’q, Flsl’q]a, So <1< sy,

@ H9 — B;"q < W9,

o J: W9 5 [9(t759), s ¢ 7,

o [LI(t™9), LI(t™19)], = LI(t9)

Each “<" and “—" comes with an implicit constant to control!
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) = f)I /e
HfHqu(Rn) [/ann ’X_y‘nJrsq dxdy)

involves finite differences

@ like the local approximation norm,

@ unlike the integer-order Sobolev norm

11l vira@ny = [Vl LRy
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Embeddings proved by singular integral / Fourier multiplier estimates.

0.
Ex. £l e = Z 10if||eo vs. || || re = ||V —AF| e = \/—J7A

J
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Y-valued = need Y € UMD (unconditional martingale differences)
UMD C uniformly convex C reflexive — but all = for “usual” spaces

LS(LE(L5(---))) (oo times, 1 < s # t < 00) € unif. convex \ UMD
Qiu (JFA 2012); first example by Pisier (1975)

Need good dimension control.



Dimension-free bounds for singular integrals




Dimension-free bounds for singular integrals

Some cases are classical:




Dimension-free bounds for singular integrals

Some cases are classical:

IRl z(errivyy = IHl| 2(r@ivyy = WP vs. HLP




Dimension-free bounds for singular integrals

Some cases are classical:

IRl z(errivyy = IHl| 2(r@ivyy = WP vs. HLP

H(—A)iSHg(Lp(Rn;y)) < C(S)Bp’y — Hl’p VS. [Hso’p, I_'I51,p]0




Dimension-free bounds for singular integrals

Some cases are classical:

IRl z(errivyy = IHl| 2(r@ivyy = WP vs. HLP

[(=2)%lz@e@nivy < C(S)Bpy = HP vs. [HOP, H*7),
(Bp,y = "UMD constant” = max(p —1,1/(p — 1)) if Y =R)




Dimension-free bounds for singular integrals

Some cases are classical:

IRl z(errivyy = IHl| 2(r@ivyy = WP vs. HLP

[(=2)%lz@e@nivy < C(S)Bpy = HP vs. [HOP, H*7),
(Bp,y = "UMD constant” = max(p —1,1/(p — 1)) if Y =R)

Need a few new ones,




Dimension-free bounds for singular integrals

Some cases are classical:
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(Bp,y = "UMD constant” = max(p —1,1/(p — 1)) if Y =R)

Need a few new ones, e.g. (s € (0,2]):
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Some cases are classical:

IRl z(errivyy = IHl| 2(r@ivyy = WP vs. HYP
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Need a few new ones, e.g. (s € (0,2]):

Y = C, a = 1: Banuelos—Bogdan (JFA 2007) by Lévy processes
Y € UMD, a = 3: H.—Li—Naor, ad hoc It6 calculus
Y € UMD, a = 1: Yaroslavtsev (arXiv 2017), full extension of B&B

ecn—l— Cy

= Dorronsoro with n® = r*7Y(g) > exp ( — ) Y € UMD
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Yet another approach: heat flow e

(T.H. & A. Naor, arXiv 2016; accepted in JEMS)

Improved bound in correct generality (uniformly convex space)
Same general strategy, new (‘right”) proof of Dorronsoro.

Direct proof of key embeddings: W14 — B;q < local approx space.
“Guess" optimal polynomial in B(x, t): P(y) = Taylor. e 2f(y).

Besov space Béq with heat-based (“canonical”) definition:

dt

2 /q
P A L A )

(Higher order extension by T.H. & J. Merikoski (arXiv 2017):
Wka — Bk — kth order local approx space.)
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for any subordinated diffusion semigroup P:.
(Y = C: Stein 1970; Y unif. convex: Martinez—Torrea—Xu 2006)
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But:

@ cfd

not subordinated (= average of another diffusion semigroup)
@ e V=2 (subordinated Poisson semigroup) has other problems

@ We need to bound 0,, instead of 0,

= new approach motivated by Martinez—Torrea—Xu.Rota gives:

D1l A e B gy = D el < €8 4
keZ keZ

fllLa(rn:y)

Use Ll-bound of the kernel of V2tV e2 t2 to bound

VEVe™Sf = Y~ 27K2/kpve? th (XA — 32 Af

k=—1

Similar idea = removal of subordination assumption from abstract
Littlewood—Paley theory by Q. Xu (personal communication, 2016)!



Thanks for your attention!




