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Background: differentiation = affine approximation

f : X → Y is differentiable at x (with derivative A ∈ L (X ,Y ))

∀ε > 0 ∃δ > 0 ∀y ∈ B(x , δ) :

‖f (y)− f (x)− A(y − x)‖Y < ε‖y − x‖X < εδ

⇒
∀ε > 0 ∃δ > 0 sup

y∈B(x ,δ)

‖f (y)− P(y)‖Y
δ

< ε

for the affine function y 7→ P(y) = a + Ay (a = f (x)− Ax)

“f is arb. close to affine functions on infinitesimal balls”

Macroscopic balls? Size of δ?
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Uniform differentiation

Bates, Johnson, Lindenstrauss, Preiss, Schechtman (GAFA 1999):
Lip(X ,Y ) has UAAP (uniform affine approximation property) if

∀ε > 0 ∃r = rX→Y (ε) > 0

∀f with ‖f ‖Lip(BX,Y) := sup
x 6=y

‖f (x)− f (y)‖Y
‖x − y‖X

≤ 1

∃δ ≥ r , x ∈ X , affine P : X → Y :

sup
y∈BX (x ,δ)

‖f (y)− P(y)‖Y
δ

< ε‖f ‖Lip

Why? Uniform non-linear quotients of B-spaces vs. linear quotients.

Theorem:

{
Lip(X ,Y ) has UAAP
(∀ε : rX→Y (ε) > 0)

⇔
{
one space: finite-dim.
the other: unif. convex
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Uniform convexity

Triangle inequality (always true) ⇒ convexity of the unit ball:

‖x‖Y , ‖y‖Y ≤ 1 ⇒
∥∥∥x + y

2

∥∥∥
Y
≤ 1.

Uniform convexity (not always true): ∀ε > 0 ∃δ > 0 :

‖x‖Y , ‖y‖Y ≤ 1, ‖x − y‖Y ≥ ε⇒
∥∥∥x + y

2

∥∥∥
Y
≤ 1−δ.

Holds: Y = `p, Lp; p ∈ (1,∞). Fails: p ∈ {1,∞}. In general:

Uniformly convex renorming = “super-reflexive” ( reflexive.

Also fails: (
⊕∞

n=1 `
q
n)`2 , q ∈ {1,∞} (reflexive but not super-)
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Quantitative differentiation

Case: dimX = n <∞, Y uniformly convex.

Proof of Bates et al: rX→Y (ε) = 0 ⇒ (via ultrafilters) contradiction!

No info on size of rX→Y (ε) > 0.

S. Li & A. Naor (2013): rX→Y (ε) ≥ exp(−CY n
cn+cY /εcn+cY ),

Geometric proof by approximate midpoints & uniform convexity.

Now: beat this by Harmonic Analysis!

We prove: rX→Y (ε) ≥ exp(−CY e
cn+cY /εcn+cY ) (ecn vs. ncn = ecn log n)
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”Application”: Bourgain’s discretisation thm (’85)

X ,Y normed spaces with dimX = n <∞, dimY =∞.

∀ε > 0 ∃δ = δX→Y (ε) > 0 such that:

If a δ-net N ⊂ BX has bi-Lipschitz embedding into Y of constant C ,

then X has bi-Lipschitz embedding into Y of constant ≤ C

1− ε ,

In fact, δX→Y (ε) ≥ exp(−(n/ε)Cn) (Bourgain 1985)

Quantitative differentiation ⇒ a new proof of this (same) bound
when Y is unif. convex (Li–Naor 2013)

Point: If an affine f is bi-Lipschitz on a fine enough net, then it is
bi-Lipschitz on all of X . So need f ≈ affine on a large enough ball.
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bi-Lipschitz on all of X . So need f ≈ affine on a large enough ball.
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New strategy via Lq affine approximation, q <∞

T.H., S. Li, A. Naor, Discrete Analysis (2016).

X = (Rn, ‖ ‖X ).

r = rX→Y
q (ε) : ∀f : BX (0, 1)→ Y

⇒ ∃δ ≥ r , x ∈ X , affine P : X → Y : ‖P‖Lip ≤ 3‖f ‖Lip,
( 

BX (x ,δ)

[‖f (y)− P(y)‖Y
δ

]q
dy
)1/q

< ε‖f ‖Lip

Lemma: rX→Y (ε) ≥ rX→Y
q

((ε
9

)1+n/q)
. (Idea: Lip∩Lq ⊂ L∞)

Below: case ‖ ‖X = ‖ ‖2.
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Finding the ball

“Control the average ⇒ control the smallest value”

Want to prove: (after extending f to Lipc(Rn;Y ))

1
| supp f |

ˆ

Rn

ˆ ∞

0
inf

degP≤1

 

B(x ,t)

[‖f (y)− P(y)‖Y
t

]q
dy

dt
t

dx

≤
(
cY n

c‖f ‖Lip

)q

Idea: K ≥
ˆ 1

0
φ(t)

dt
t
≥
ˆ 1

r

dt
t

inf
[r ,1]

φ = log
1
r
inf
[r ,1]

φ.

⇒ inf
[r ,1]

φ ≤ K

log 1
r

= ε if r = exp
(
− K

ε

)
.
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Enter Analysis: Dorronsoro’s theorem

( ˆ

Rn

ˆ ∞

0
inf

degP≤1

 

B(x ,t)

[‖f (y)− P(y)‖Y
t

]q
dy

dt
t

dx
)1/q

≤ cY n
c‖∇f ‖Lq(Rn;Y n)

≤ cY n
c‖f ‖Lip| supp f |1/q

Case Y = R: Dorronsoro (PAMS 1985),
but with cn (or more; only implicit) instead of nc .

Embedding of Ẇ 1,q(Rn;Y ) into a “local approximation space”;
extensions within theory of function spaces by Seeger, Triebel. . .

We need: extension to dimY =∞, good control on dimRn = n.
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Dorronsoro = embedding theorem

Dorronsoro follows if J : f 7→ f (y)− Px ,tf (y) maps

J : Ẇ 1,q →Lq
(
Rn+n × R+,

1B(x ,t)(y)

tq
dy

dt
t

dx
)

=: Lq(t−q)

D’s proof: fractional spaces first; integer order by interpolation!
(W = Sobolev, H = Bessel potential, B = Besov space)

Ẇ 1,q h Ḣ1,q h [Ḣ s0,q, Ḣ s1,q]σ, s0 < 1 < s1,

H si ,q ↪→ Ḃ si
qq ↪→ Ẇ si ,q,

J : Ẇ si ,q → Lq(t−siq), si /∈ Z,
[Lq(t−s0q), Lq(t−s1q)]σ = Lq(t−q)

Each “h” and “ ↪→” comes with an implicit constant to control!
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qq ↪→ Ẇ si ,q,
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qq ↪→ Ẇ si ,q,
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Why indirect?

Fractional Sobolev norm

‖f ‖Ẇ s,q(Rn) =
(¨

Rn×Rn

|f (x)− f (y)|q
|x − y |n+sq

dx dy
)1/q

involves finite differences
like the local approximation norm,
unlike the integer-order Sobolev norm

‖f ‖Ẇ 1,q(Rn) = ‖∇f ‖Lq(Rn).
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Enter singular integrals

Embeddings proved by singular integral / Fourier multiplier estimates.

Ex. ‖f ‖Ẇ 1,q :=
∑

j

‖∂j f ‖Lp vs. ‖f ‖H1,q := ‖
√
−∆f ‖Lq ⇒

∂j√
−∆

= Rj

Y -valued ⇒ need Y ∈ UMD (unconditional martingale differences)

UMD ( uniformly convex ( reflexive — but all = for “usual” spaces

Ls(Lt(Ls(· · · ))) (∞ times, 1 < s 6= t <∞) ∈ unif. convex \ UMD
Qiu (JFA 2012); first example by Pisier (1975)

Need good dimension control.



Enter singular integrals

Embeddings proved by singular integral / Fourier multiplier estimates.

Ex. ‖f ‖Ẇ 1,q :=
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Dimension-free bounds for singular integrals

Some cases are classical:

‖Rj‖L (Lp(Rn;Y )) = ‖H‖L (Lp(R;Y )) ⇒ Ẇ 1,p vs. Ḣ1,p

‖(−∆)is‖L (Lp(Rn;Y )) ≤ C (s)βp,Y ⇒ Ḣ1,p vs. [Ḣ s0,p, Ḣ s1,p]σ

(βp,Y = “UMD constant” = max(p − 1, 1/(p − 1)) if Y = R)

Need a few new ones, e.g. (s ∈ (0, 2]):

‖F−1
( |ξj |
|ξ|
)s

F‖L (Lp(Rn;Y )) ≤ βαp,Y ⇒ Ẇ s,p vs. Ḣ s,p

Y = C, α = 1: Banuelos–Bogdan (JFA 2007) by Lévy processes
Y ∈ UMD, α = 3: H.–Li–Naor, ad hoc Itô calculus
Y ∈ UMD, α = 1: Yaroslavtsev (arXiv 2017), full extension of B&B

⇒ Dorronsoro with nc ⇒ rX→Y (ε) ≥ exp
(
− ecn+cY

εcn+cY

)
, Y ∈ UMD
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‖(−∆)is‖L (Lp(Rn;Y )) ≤ C (s)βp,Y ⇒ Ḣ1,p vs. [Ḣ s0,p, Ḣ s1,p]σ
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‖(−∆)is‖L (Lp(Rn;Y )) ≤ C (s)βp,Y ⇒ Ḣ1,p vs. [Ḣ s0,p, Ḣ s1,p]σ
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Yet another approach: heat flow et∆

(T.H. & A. Naor, arXiv 2016; accepted in JEMS)

Improved bound in correct generality (uniformly convex space)

Same general strategy, new (“right”) proof of Dorronsoro.

Direct proof of key embeddings: Ẇ 1,q ↪→ Ḃ1
qq ↪→ local approx space.

“Guess” optimal polynomial in B(x , t): P(y) = Taylor1x e
t2∆f (y).

Besov space Ḃ1
qq with heat-based (“canonical”) definition:

‖f ‖Ḃs,M
qq (Rn;Y ) =

( ˆ ∞

0
‖t−s(t2∆)Met

2∆f ‖qLq(Rn;Y )

dt
t

)1/q
, M > s/2.

(Higher order extension by T.H. & J. Merikoski (arXiv 2017):
Ẇ k,q ↪→ Ḃk

qq ↪→ kth order local approx space.)
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‖f ‖Ḃs,M
qq (Rn;Y ) =

( ˆ ∞

0
‖t−s(t2∆)Met

2∆f ‖qLq(Rn;Y )

dt
t

)1/q
, M > s/2.

(Higher order extension by T.H. & J. Merikoski (arXiv 2017):
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Proof sketch

f − P = f − Taylor1x e
t2∆f

= (f − et
2∆f ) + (et

2∆f − Taylor1x e
t2∆f ) = I + II

I = −t2
ˆ 1

0
∆et

2s∆f ds = −t2
ˆ 1

0
divet

2s∆∇f ds

‖f − P‖Lq
t

≤
ˆ 1

0
‖t div et2s∆(∇f )‖Lq ds

II = error of Taylor approx = . . . = similar to I

Both boil down to “Littlewood–Paley inequality”
(ˆ ∞

0
‖t div et2∆~g‖qLq(Rn;Y )

dt
t

)1/q
≤ cY n

c‖~g‖Lq(Rn;Y n),
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Littlewood–Paley theory in uniformly convex spaces
Pisier’s renorming thm: unif. convex = q-convex for some q ∈ [2,∞):

∥∥∥x + y

2

∥∥∥
q

Y
≤ ‖x‖

q
Y + ‖y‖qY

2
− δ
∥∥∥x − y

2

∥∥∥
q

Y

(
≤ 1− δ ε

q

2q
if . . .

)

q-convex = martingale cotype q: ∀ martingales fn ∈ Lq(S ;Y )

( ∞∑

n=1

‖fn − fn−1‖qLq(S;Y )

)1/q
≤ cY ,q sup

n
‖fn‖Lq(S ;Y )

(Y = C: q = 2 orthog., q =∞ trivial, q ∈ (2,∞) interpolation)
⇒ (via Rota’s representation thm (’62) of semigroups by martingales)

( ˆ ∞

0
‖t∂tPtf ‖qLq(S ;Y )

dt
t

)1/q
≤ cY ,q‖f ‖Lq(S ;Y )

for any subordinated diffusion semigroup Pt .
(Y = C: Stein 1970; Y unif. convex: Martínez–Torrea–Xu 2006)
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But:

et∆ not subordinated (= average of another diffusion semigroup)

e−t
√
−∆ (subordinated Poisson semigroup) has other problems

We need to bound ∂xi instead of ∂t
⇒ new approach motivated by Martínez–Torrea–Xu.Rota gives:
∑

k∈Z
‖etk∆f−etk+1∆f ‖qLq(Rn;Y ) =

∑

k∈Z
‖fk−fk+1‖qLq(S ;Y ) ≤ cqY ,q‖f ‖Lq(Rn;Y )

Use L1-bound of the kernel of
√
2kt∇e2k t∆ to bound

√
t∇et∆f =

∞∑

k=−1

2−k/2
√
2kt∇e2k t∆(e2k t∆ − e3·2k t∆)f

Similar idea ⇒ removal of subordination assumption from abstract
Littlewood–Paley theory by Q. Xu (personal communication, 2016)!
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The end

Thanks for your attention!


