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Valuations on Convex Bodies

o F family of subsets of R"
» K" space of convex bodies (compact convex sets) in R”

» P" space of convex polytopes in R”
o (A,+) Abelian semigroup
o A function Z: F — (A, +) is a valuation <=

Z(K)+Z(L) = Z(K U L) + Z(K n L)

forall K,Le Fsuchthat K UL KnLeF.
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Valuations on Convex Bodies

o F family of subsets of R"
» K" space of convex bodies (compact convex sets) in R”

» P" space of convex polytopes in R”
o (A,+) Abelian semigroup
o A function Z: F — (A, +) is a valuation <=

Z(K)+Z(L) =Z(KU L)+ Z(K n L)

forall K,Le Fsuchthat KUL KnLeF.

Examples
o K— V,(K) n-dimensional volume of K
e K— 5( surface area of K

K)
o K L(K) number of points in K n Z"

o Km— SK x dx moment vector of K
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Classification of Valuations on Convex Bodies

o Real valuations:
Blaschke 1937, Hadwiger 1949, McMullen 1977, Klain 1995,
Alesker 1998, Ludwig 1999, Ludwig & Reitzner 1999, Bernig
& Fu 2011, Haberl & Parapatits 2014, ...

@ Vector and tensor valuations:
Hadwiger & Schneider 1971, Schneider 1972, McMullen
1977, Alesker 1999, Ludwig 2002, Haberl & Parapatits
2016, Bernig & Hug 2017+, Ma & Zeng 2017+ ...

@ Convex body valued and star body valued valuations:
Schneider 1974 (Minkowski endomorphisms), Ludwig 2002
(Minkowski valuations), Kiderlen 2006, Haber| & Ludwig
2006, Ludwig 2006, Schneider & Schuster 2006, Schuster
2007, Haberl 2009, Abardia & Bernig 2011, Wannerer 2011,
Schuster & Wannerer 2012, Abardia 2012, Parapatits 2014,
Li & Yuan & Leng 2015, Li & Leng 2016, Villanueva 2016,
Villanueva & Tradacete 2016, ...
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The Hadwiger Classification Theorem 1952

Theorem

Z: K" — R is a rigid motion invariant and continuous valuation
<
3 Co,Cl,...,CnER.'

Z(K) = C Vo(K) + -+ Cp Vn<K)

for every K € K.

Vo(K), ..., Va(K) intrinsic volumes of K
Vh(K) n-dimensional volume of K
2V,_1(K) = S(K) surface area of K

V; is i-homogeneous: V(s K) = s'V;(K)
Steiner formula: V,(K 4+ sB") = 2 s"v,_i Vi(K)

Monika Ludwig (TU Wien) Tensor Valuations on Lattice Polytopes 4/31



Lattice Polytopes

@ P lattice polytope in R”
<= P is the convex hull of finitely many points from Z"
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Lattice Polytopes

@ P lattice polytope in R”
<= P is the convex hull of finitely many points from Z"

@ Applications
» Integer programming
» Geometry of numbers
» Algebraic geometry (Newton polytope)
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Invariant Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
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Invariant Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
@ SL,(Z) special linear group over the integers:

X +— P X

¢ n x n-matrix with integer coefficients and determinant 1
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Invariant Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
@ SL,(Z) special linear group over the integers:

X +— P X

¢ n x n-matrix with integer coefficients and determinant 1
@ Z:P(Z") — A is SLy(Z) invariant

=

Z(pP) = Z(P) for all ¢ € SL,(Z) and P € P(Z")
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Invariant Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
@ SL,(Z) special linear group over the integers:

X +— P X

¢ n x n-matrix with integer coefficients and determinant 1
@ Z:P(Z") — A is SLy(Z) invariant

=

Z(¢P) = Z(P) for all ¢ € SLn(Z) and P e P(Z")

@ Z:P(Z") — A is translation invariant

—

Z(P + x) = Z(P) for all x e Z" and P € P(Z")
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Invariant Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
@ SL,(Z) special linear group over the integers:
X +— P X

¢ n x n-matrix with integer coefficients and determinant 1
@ Z:P(Z") — A is SLy(Z) invariant
—
Z(¢pP) = Z(P) for all ¢ € SL,(Z) and P € P(Z")
@ Z:P(Z") — A is translation invariant

<
Z(P + x) = Z(P) for all x € Z" and P € P(Z")

Question. J

Classification of SLy(Z) and translation invariant valuations on P(Z").
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The Betke & Kneser Theorem 1985

Theorem

Z:P(Z") — R is an SLn(Z) and translation invariant valuation

<
1 ¢c,c1,...,cneR:

Z(P) = cLo(P)+ -+ cnLa(P)
for every P € P(Z").

Lo(P),...,Ln(P)  coefficients of the Ehrhart polynomial
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The Betke & Kneser Theorem 1985

Theorem

Z:P(Z") — R is an SLn(Z) and translation invariant valuation

<
1 ¢c,c1,...,cneR:

Z(P) = cLo(P)+ -+ cnLa(P)
for every P € P(Z").

Lo(P),...,Ln(P)  coefficients of the Ehrhart polynomial
Betke & Kneser: unimodular valuations
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

il
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

A
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

L(kP) = > Li(P) k" for ke N
i=0

Monika Ludwig (TU Wien) Tensor Valuations on Lattice Polytopes 8/31



Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

L(kP) = > Li(P) k" for ke N
i=0

o Li:P(Z") - Q is SLy(Z) and
translation invariant and homogeneous of
. degree |
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

L(kP) = > Li(P) k" for ke N
i=0

o Li:P(Z") - Q is SLy(Z) and
translation invariant and homogeneous of
. degree |

* o Eugeéne Ehrhart 1962
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

L(kP) = > Li(P) k" for ke N
i=0

o Li:P(Z") - Q is SLy(Z) and
translation invariant and homogeneous of
. degree |

* o Eugeéne Ehrhart 1962

o Computational aspects
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

1
n!

@ S basic simplex < V,(S) =
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

1
n!

@ S basic simplex < V,(S) =
o T, = [0,61,...,6_,']
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex < V,(S) =%
o Tj=[0,e,...,¢]
. . . . . . . ] Iattlce pOIntS in an
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex < V,(S) =%

on:[oaela"'aej]

e e lattice points in kT,

' o L(kTn) = ko L(iToms) = ("54)
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex < V,(S) =%
o Tj=[0,e,...,¢]
. . . . . . . ] Iattlce pOIntS in an

o L(kT,) = 3 o L(iToz1) = ("9
o L(kT,) =37 o Li(Ty) K
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex < V,(S) =%
o Tj=[0,e,...,¢]
. . . . . . . ] Iattlce pOIntS in an

o L(kT,) = Zf‘(:o L(iTh-1) = (ntk)
. ® L(KTy) = X7 o Li(Tn) K
. @ S basic n-dimensional simplex =

. S = ¢T, with ¢ € SL,(Z)

L(kS) = X0 Li(S) K
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Inclusion-Exclusion Principle

Theorem (Betke 1979; McMullen: AiM 2009)

Let Z:P(Z") — R be a valuation. If F is a cell decomposition of the
n-dimensional lattice polytope P, then

Z(P) = Y (=) FZ(F),

F

where we sum over all faces of F that intersect the interior of P.

Monika Ludwig (TU Wien)

Tensor Valuations on Lattice Polytopes 10 / 31




Dissections of Lattice Polytopes

@ P lattice polytope

@ Every lattice polytope can be dissected into
lattice simplices.
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Dissections of Lattice Polytopes

@ P lattice polytope
@ Every lattice polytope can be dissected into
lattice simplices.

@ Every lattice polygon can be dissected in
basic lattice simplices.
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Dissections of Lattice Polytopes

@ P lattice polytope
@ Every lattice polytope can be dissected into
lattice simplices.

@ Every lattice polygon can be dissected in
basic lattice simplices.

@ For n > 3, there are (full dimensional) lattice simplices S with
L(S) = n+1but V,(S) > .
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Dissections of Lattice Polytopes

@ P lattice polytope
@ Every lattice polytope can be dissected into
lattice simplices.

@ Every lattice polygon can be dissected in
basic lattice simplices.

@ For n > 3, there are (full dimensional) lattice simplices S with
L(S) = n+1but V,(S) > .

Reeve tetrahedron [(0,0,0), (1,0,0), (0,1,0), (1,1,k)] with k € N
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Dissections and Complementations
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Dissections and Complementations
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle

@ Similar arguments for dissecting and
complementing by basic simplices

= existence of Ehrhart polynomial
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle

@ Similar arguments for dissecting and
complementing by basic simplices

= existence of Ehrhart polynomial

= Betke & Kneser theorem
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Ehrhart Polynomial
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Ehrhart Polynomial

o Ly(P) =V, (P) LO(P) ~1

® Lol Zdet afFFmZ")
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Ehrhart Polynomial

o Lu(P) = Vi <P) Lo(P) = 1

® Lol Zc|et afFFnZ")

@ Ehrhart Theory

Zh* <k+n _/)

dim P = n = h¥(P) non-negative, monotone
(Stanley 1980)
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Classification Theorems

Theorem (Betke & Kneser)

Z:P(Z") — R is an SL,(Z) and translation invariant valuation

<
1 c,...,cneR:

L=clog+ --+cly

Theorem (Hadwiger)

Z: K" — R is a rigid motion invariant and continuous valuation

—
1 c,...,cneR:
Z=cW+ -+ V,
v
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Classification Theorems

Theorem (Betke & Kneser)

Z:P(Z") — R is an SL,(Z) and translation invariant valuation

<
3 c,...,cneR:

Z=colo+- +cnlnp

Theorem (Blaschke)

Z:P" — R is an SL,(R) and translation invariant, continuous valuation

<
1 ¢, chneR:

Z=cVW+c,V,
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Minkowski Valuations

o F family of subsets of R”
° » K" space of convex bodies in R”

» P" space of convex polytopes in R”

» P(Z"™) space of lattice polytopes in R”
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Minkowski Valuations

o F family of subsets of R”

° » K" space of convex bodies in R”
» P" space of convex polytopes in R”
» P(Z"™) space of lattice polytopes in R”

e (K" +) convex bodies with Minkowski addition
K+L={x+y:xeK,yel} Minkowski sum of K and L
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Minkowski Valuations

o F family of subsets of R”
° » K" space of convex bodies in R”
» P" space of convex polytopes in R”

» P(Z"™) space of lattice polytopes in R”
e (K" +) convex bodies with Minkowski addition
K+ L={x+y:xeK,yel} Minkowski sum of K and L

e A function Z: F — (K", +) is a Minkowski valuation <=
ZK+ZL=Z2(Kul)+Z(KnL)

forall K,Le Fsuchthat K UL KnLeF.
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Classification of Minkowski Valuations
@ Z: K" — K" is translation invariant <
Z(K+x)=2ZK

for xe R", Ke K"
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Classification of Minkowski Valuations

e Z: K" — K" is translation invariant <
Z(K+x)=2K

for xe R", Ke K"
@ Z:K"— K"is SLy(R) equivariant <=

Z(¢K) = ZK

for ¢ € SLy(R), K € K"
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Classification of Minkowski Valuations

e Z: K" — K" is translation invariant <
Z(K+x)=2K

for xe R", Ke K"
@ Z: K" — K"is SLn(R) equivariant <

Z(¢pK) = 6 ZK

for ¢ € SLy(R), K € K"
@ Corresponding definitions for Z : P(Z") — K"
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Classification of Minkowski Valuations
Theorem (L.: TAMS 2005)

Z:P"— (K" +)is an SL,(R) equivariant and translation invariant
valuation

==
dc=>0:

ZP = c(P+ (—P))
for every P € P".

Monika Ludwig (TU Wien)

Tensor Valuations on Lattice Polytopes

17 /31




Classification of Minkowski Valuations
Theorem (L.: TAMS 2005)

Z:P"— (K" +)is an SL,(R) equivariant and translation invariant
valuation

3c=0:
ZP = c(P+ (—P))
for every P € P".

Theorem (Boroczky & L.: JEMS 2016+)

Z:P(Z") — (K", +) is an SLn(Z) equivariant and translation invariant
valuation
S

da,b>0:

P = a(P = El(P)) aF b(—P aF fl(P))
for every P € P(Z").
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Discrete Moment Vectors

¢(P)= > x  discrete moment vector of P
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Discrete Moment Vectors

¢(P)= > x  discrete moment vector of P
xePNZ"
(P+y)= 2 x= X (x+y)= (P)+L(P)y
x€(P+y)nZ" xEPNZ"
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Discrete Moment Vectors

¢(P)= > x  discrete moment vector of P
xePNZ"
(P+y)= 2 x= X (x+y)= (P)+L(P)y
xe(P+y)nZ" xePNZ"

n+1

U(kP) = > i(P) K

i=1

* (Ehrhart vector polynomial, McMullen 1977)
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Discrete Moment Vectors

¢(P)= > x  discrete moment vector of P
xePNZ"
(P+y)= 2 x= X (x+y)= (P)+L(P)y
xe(P+y)nZ" xePNZ"

n+1

U(kP) = > i(P) K

i=1

* (Ehrhart vector polynomial, McMullen 1977)

@ (i : P(Z") — Q" is an SLy(Z) equivariant valuation, which is
homogeneous of degree |

@ lpi1(P) = J x dx = mpy1(P) moment vector of P € P(Z")
P
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Discrete Steiner Point

Theorem (Boroczky & L.: JEMS 2016+)

Z:P(Z") — R" is an SLy(Z) and translation equivariant valuation
=

Z=1

e Z:P(Z") — R" is translation equivariant <
Z(P+x)=Z(P)+x YxeZ" PeP(Z"

Monika Ludwig (TU Wien) Tensor Valuations on Lattice Polytopes

19 /31



Discrete Steiner Point

Theorem (Boroczky & L.: JEMS 2016+)

Z:P(Z") — R" is an SLn(Z) and translation equivariant valuation
=

Z=1

Theorem (Schneider 1972)

Z: K" — R" is a rigid motion equivariant and continuous valuation

Z:ml

e Z:P(Z") — R" is translation equivariant <
Z(P+x)=Z(P)+x VxeZ" PeP(Z")
o m(K) = if uh(K,u)du Steiner point of K
§n—1

Vn
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Classification of Vector Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z:P(Z") — R" is an SLn(Z) equivariant, translation covariant valuation

<
da,...,c1€R: Z=cali+- -+ cpy1lny1

@ Z:P(Z") — R" is translation covariant <= 37°: P(Z") > R:
Z(P+x)=Z(P)+Z°%P)x ¥ xeZ" PecP(Z")

Monika Ludwig (TU Wien)
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Classification of Vector Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z:P(Z") — R" is an SLn(Z) equivariant, translation covariant valuation
—
da,...,cni1€R: Z=cli+ -+ che1lpsa

Theorem (Hadwiger & Schneider 1971)

Z: K" — R" is a rotation equivariant, translation covariant, continuous

valuation

dc,...,chr1€R: Z=cimy+ -+ Chr1 Mpy1

@ Z:P(Z") — R" is translation covariant «= 37°:P(Z") - R:
Z(P+x)=Z(P)+Z°%P)x ¥ xeZ" PecP(Z")
o Steiner formula: m,y1(K +sB") = Y71 s" 1y, 1 mi(K)
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Classification of Vector Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z:P(Z") — R" is an SLn(Z) equivariant, translation covariant valuation
—
da,...,cni1€R: Z=cli+ -+ che1lpsa

Theorem (Hadwiger & Schneider 1971)

Z: K" — R" is a rotation equivariant, translation covariant, continuous

valuation

dc,...,chr1€R: Z=cimy+ -+ Chr1 Mpy1

Theorem (Ludwig 2002; Haberl & Parapatits 2016)

Z:Pgy — R"isan SLn(R) equivariant and measurable valuation
A

dceR: Z=cmpi1
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Tensor Valuations

o T" symmetric tensors of rank r in R”

@ Valuations Z : K" — T"

» McMullen 1997
» Polynomial valuations: Khovanskii & Pukhlikov 1992
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Tensor Valuations

o T" symmetric tensors of rank r in R”

@ Valuations Z : K" — T"

» McMullen 1997
» Polynomial valuations: Khovanskii & Pukhlikov 1992

oMf(K):rljx@ Ox dx = = f

K r K
moment tensor of K of rank r
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Tensor Valuations

o T" symmetric tensors of rank r in R”

@ Valuations Z : K" — T"
» McMullen 1997
» Polynomial valuations: Khovanskii & Pukhlikov 1992

oMf(K)—rljx@ Ox dx = = f

K r K
moment tensor of K of rank r

@ Applications in Stochastic Geometry, Medical Imaging, Material
Sciences, ...

M. Kiderlen and E. Vedel Jensen (eds.), Tensor Valuations and their
Applications in Stochastic Geometry and Imaging, Lecture Notes in
Math., 2177, Springer, Cham, 2017.

Monika Ludwig (TU Wien) Tensor Valuations on Lattice Polytopes 21 /31



Classification of Tensor Valuations

Theorem (Alesker: Annals 1999, Geom. Dedicata 1999)

Z: K" — T" is a rotation equivariant, translation covariant, continuous
valuation

=

Z is a linear combination of Q' ®"° with 2/ + m +s = r.

° ¢Z"5(K) = S x™u* dOk (K, (x,
RnxSn—1

McMullen 1997

u)) Minkowski tensors

@ Ok (K,-) k-th generalized curvature measure, Q metric tensor

@ Steiner formula:

n—+

M™(K +sB") = Z (VA Z q)_/r f—s—kk
=1 keN
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Translation Covariance

o
M (K)L-

M (K +y) = H

1j=0
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Translation Covariance

Y
M (K)L-

MK +y) = i

=0
Definition (McMullen 1997)

Z: K" — T" is called translation covariant if there exist associated
functions Z/ : K" — T for j =0, ..., r such that

Z(K +y) = ZJ;O Z’f(K)ﬁ

forall ye R" and K € K".
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SL.(Z) Equivariance

Definition
Z:P(Z") — T" is SLn(Z) equivariant
<
Z(¢K) = 6 ZK,

for p € SLa(Z), K e K"
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SL.(Z) Equivariance

Definition
Z:P(Z") — T" is SLn(Z) equivariant

—
Z(6K) = 6 ZK,
for p € SLn(Z), K e K"

=

If Z(K)=>vii®---Qv, then Z(¢K) = > ¢v;; ©--- O ¢v;,.
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SL.(Z) Equivariance

Definition
Z:P(Z") — T" is SLn(Z) equivariant
—
Z(¢K) = ¢ ZK,
for p € SLn(Z), K e K"
—

If Z(K)=> vy ®---Ov;, then Z(¢K) = > v, O - O ¢V;,.

Question.

Classification of SLy(Z) equivariant and translation covariant tensor
valuations on P(Z").
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Discrete Moment Tensors

L'(P)=% ¥ x®---Ox=2%4 > x" discrete moment tensor of P

" xePAZ" Y xEPNZ"
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Discrete Moment Tensors

L"(P) = % > xO--Ox = % > x"  discrete moment tensor of P

XEPNZ" r" " xePAZ"

n+r

L"(kP) = > Li(P) k'

i=1

Khovanskii & Pukhlikov 1992
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Discrete Moment Tensors

L"(P) = % > xO--Ox = % > x"  discrete moment tensor of P

XEPNZ" r" " xePAZ"

n+r

L"(kP) = > Li(P) k'

i=1

Khovanskii & Pukhlikov 1992

@ L;:P(Z") — T" is an SL,(Z) equivariant valuation, which is
homogeneous of degree /
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Discrete Moment Tensors

L"(P) = % > xO--Ox = % > x"  discrete moment tensor of P

XEPNZ" r" " xePAZ"

n+r

L"(kP) = > Li(P) k'

i=1

Khovanskii & Pukhlikov 1992

@ L;:P(Z") — T" is an SLn(Z) equivariant valuation, which is
homogeneous of degree /

@ L; : P(Z") — T" is translation covariant
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Discrete Moment Tensors

L"(P) = % > xO--Ox = % > x"  discrete moment tensor of P

" xePAZ" Y xEPNZ"

n+r

L"(kP) = > Li(P) k'

i=1

Khovanskii & Pukhlikov 1992

@ L;:P(Z") — T" is an SLn(Z) equivariant valuation, which is
homogeneous of degree /

@ L; : P(Z") — T" is translation covariant

r
° Loy,

1
(P) = FJ x"dx =M"(P)  moment tensor of rank r of P
“Jp
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Discrete Moment Tensors

L"(P) = = Z x" discrete moment tensor of P
xePnZ"

o U(P)al) = 3 (xa)

XEPNZ"
1 k
o L'(kT1)(err]) = — X 1"
Ti=1
1 < r+1
_ -1 / Bkr-i—l—/
r—l—lZ( )( / ) !

=0

Johann Faulhaber
(1580 - 1635)

Faulhaber’s sum
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z: P(Z") — T? is an SLn(Z) equivariant, translation covariant valuation
q

—
dc,...,chio e R
2 2
L=cli+ - +cnpo i
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z:P(Z") — T? is an SL,(Z) equivariant, translation covariant valuation
<
= C1,...,Cn+2€]R.'

2 2
Z=aql3+ - +cal2,

Theorem (Alesker: Annals 1999, Geom. Dedicata 1999)
Z : K" — T? is a rotation equivariant, translation covariant, continuous
valuation

S

Z is a linear combination of Q' d>;("’5 with 2] + m+ s = 2.

@ Dimension of space of such valuations for r = 2 is 3n + 1.
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)

Z:P(Z") — T? is an SL,(Z) equivariant, translation covariant valuation
<
= C1,...,Cn+2€]R.'

2 2
Z=aql3+ - +cal2,

Theorem (Ludwig: DMJ 2003; Haberl & Parapatits: AiM 2017)

Z:Po — T2 is an SL,(R) equivariant and measurable valuation

<
E|C1, Co € R:

Z(P) = c1 M?(P) + ¢ M%2(P*)
for every P € P(’b).

o M%2(P*) LYZ tensor of P* (Lutwak, Yang, Zhang: DMJ 2000)
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)

For1 < r <8, a function Z : P(Z") — T" is an SLn(Z) equivariant and
translation covariant valuation

<
5 _ r r
3C1,...,Cn+r€]R. Z_C1L1+'”+Cn+rl—n+r
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)
For1 < r <8, a function Z : P(Z") — T" is an SLn(Z) equivariant and
translation covariant valuation

<
dc,...,cr€R Z=c L+ +cryrLpg,

Theorem (Haberl & Parapatits: AiM 2017)

Z: Py — T isan SLn(R) equivariant and measurable valuation

—
E|C1, o e R:

Z(P) = ct M"(P) + o M%7 (P¥)
for every P € 73(’6).

o M%7 (P*) LYZ tensor of P* of rank r
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Classification of Tensor Valuations

Theorem (L. & Silverstein: AiM 2017+)

For1 < r <8, a function Z : P(Z") — T" is an SLn(Z) equivariant and
translation covariant valuation

<
5 _ r r
3C1,...,Cn+r€]R. Z_C1L1+'”+Cn+rl—n+r

28 / 31



New Tensor Valuations
@ New SLy(Z) equivariant, translation invariant tensor valuation for
n=2and r=29:

N%(T2) = L3(T2) O L3(T2) © L3(T2)
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New Tensor Valuations

@ New SLy(Z) equivariant, translation invariant tensor valuation for
n=2and r=29:

N%(T2) = L3(T2) O L3(T2) © L3(T2)

= (gf)l T, + Xl) [ (d)ng + Xm) with ¢; € SL2(Z) and x; € Z?

m
Z L3(T2)% 0 ¢f

i=1

Monika Ludwig (TU Wien) Tensor Valuations on Lattice Polytopes 29 /31



New Tensor Valuations
@ New SLy(Z) equivariant, translation invariant tensor valuation for
n=2and r=29:
N(T2) = Li(T2) O Li(T2) O Li(T2)

= (gf)l T, + Xl) [ (d)ng + Xm) with ¢; € SL2(Z) and x; € Z?

m
Z L3(T2)% 0 ¢f

i=1

@ Forn=2and r > 9 odd:

LI (T2) ©--- O L¥(T2)

with s; +---+ s, = r and s; = 3 odd
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Ehrhart Tensor Polynomial

n+r

L"(kP) = > LF(P) k'
i=0
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Ehrhart Tensor Polynomial

n+r

L"(kP) = > LF(P) k'
i=0

r L : '
o I-n-‘,—r—l('D) - E;m fFX
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Ehrhart Tensor Polynomial
n+r

L"(kP) = > LF(P) k'

i=0

1 1
L P) = - - r
® Lhira(P) 2 ZF] det(aff F n Z") f,.—x

n+r H

k+n+r—j

L"(kP) = ) hj(P)( nr
j=0

dim P =2 and r = 2 = h{(P) positive definite
@ Berg, Jochemko & Silverstein 2017
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