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2/733 OPTIMAL MATCHING

optimal matching: minimal transportation cost

between two sets of (random) points

Xi,..., Xy, Yi,...,Y, independent random points in RY
mm Z c(Xi, Yo
o permutation of {1,...,n}

c(+,-) cost function

c(xv,y) = [x—ylP, 1 <p<oo

transportation cost between an empirical and a reference measure



3/ 733 EXPECTED OPTIMAL MATCHING

Xi,..., Xy, Yi,...,Y, independent random points in R?

1
IE(mUln E Z |XZ — YU(i)p>

i=1
o permutation of {1,...,n}
dependence
» dimension d
»1 <p<oo (mostly p=1and p = 2)

» common distribution of X;,Y;



UNIFORM MODEL

Xi,..., Xy, Yi,...,Y, independent random points in R?

1
E(“B“ 2 X Ya(z‘)”)

i=1
o permutation of {1,...,n}
X;,Y; uniform on [0,1]"

typical distance between 7 uniform pointsin [0,1) =~ ﬁ

1L 1
expected: E(mam p Zl |Xi — Ya(i)]P) ~ oy
i=

only true when d >3



AKT THEOREM

Ajtai-Komlés-Tusnady (1984)

Xi,...,Xu, Yi,...,Y, independent, uniform on [0,1]2

n

o1 logn p/2
E(m;nnZ’XZ—YU(Z)Vj) ~ < " )

i=1

1<p<oo

A~ B <— %BSASCB

combinatorial arguments (dyadic partitions)



Ajtai-Komlés-Tusnddy (1984)

1<p<oo

alternate generic chaining ideas

Shor, Leighton (1989-91), Talagrand (1992-94)



Ajtai-Komlés-Tusnddy (1984)

1<p<oo

other distributions?

Gaussianon R? (p = 2)



GAUSSIAN SAMPLES

motivation

“Il y a les questions qui se posent

et les questions que 'on se pose”

Henri Poincaré

(incomplete) result

X1,..., Xy, Yi,...,Y, independent, standard normal on R?

n

1 logn 1 ’ (logn)?

logn
possible conjecture 081 o



OPTIMAL MATCHING

Xi,..., Xy, Yi,...,Y, independent random points in R?

1
IE(mUln E Z |XZ — YU(i)p>

i=1
o permutation of {1,...,n}
dependence
» dimension d
»1 <p<oo (mostly p=1 and p = 2)

» common distribution of X;,Y;



KANTOROVICH METRIC

cxv,y)=lx—ylf, 1<p< oo

1 o 1 &
/"Ln:EZ(SXp Vnzazélﬁ
i=1 i=1
1 n
mgnn;\xi =Y, = Wh(n, vn)
=

Kantorovich metric
i) = inf [ [ vy dn(ry)
™ R4 JRA

m with respective marginals ; and v



OPTIMAL MATCHING

what is the cost of optimal matching

E(Wg(ﬂm Vn))

between two independent samples Xi,...,X,, Yq,...,Y,7?

if the samples are iid with common law 1

what is the cost of optimal matching

E(Wg(ﬂna /O) ?

1 n
Hn = nzl:(SXi
i=



W1 REPRESENTATION

p=1

Wi (v, ) = sup (/Rdsodv—/Rdsodu>

¢ :R? - R 1-Lipschitz

Wi (ftn, 1)) = sup (31 > [eXi) ~ E(MXJ)J)
i=1

supremum of empirical processes

generic chaining



PARAMETERS

. . 1o
Xq,...,X, iidin R? with law 1L, fy = nz;(sx’
=

first order study of

E(Wp(tn, 1)) or  E(Wp(p, )

» dimension d
» mostly p =1 and p = 2 (W; < W)

» distribution u



STANDARD RATES

upper bounds on I[:?J(Wf7 (1tn, 1))

standard rates:

comparison with the known uniform example

unusual or stronger rates for irregular distributions (d > 3)



ONE-DIMENSIONAL CASE

specific representations of Kantorovich metrics

Wi(v, 1) = /+OO |G(x) — F(x)|dx

—0o0

G, F distribution functions of v,z on R

quantile representation for W, (v, 1), p>1

1
Wh(v, 1) :/0 IG7H(t) —F1(t)|"at



i on R with distribution function F

E(W (o)) ~ 7=

if and only if

/ " JEA—F@)dx < oo

(for example [, |x|Tdp < co, g > 2)



1 & 1 <
/’l'?l — E;6Xi7 vy = E;éyl

n

L1 1 .
WZ(,UJn,Vn) = H}TmE;|Xi_YU(i)|p = E;lxi =Y/

order statistics X; < --- < X;, Y] <o <Y

E(Wh(un, ) ~ = S B(X; ~E(X)P)
i=1

1<p<oo



ONE-DIMENSIONAL UNIFORM

E (W} (s o ZE X; —EX;)|")

p uniformon [0, 1]

X beta(i,n—i+1)

1
p 1
E(Wp(ﬂn,u)) ~ Y
p=2

E(W3(pin, 1)) = g

bipartite  E(W3(un, 1)) = 300 D)



@ on R with distribution function F, density f

S|

E(W3(ptn, 1)) =~

if and only if

dx < oo

/+°° F(x)(1 - F(x))
—o f(x)



i on R with distribution function F

]E(Wl(ﬂn; N)) ~

Si-

if and only if

o VF(x)(1—F(x))dx < oo

(for example [, [x[Tdp < oo, g > 2)



STANDARD RATE W3

i on R with distribution function F, density f

B (W, 1) =

S|

if and only if

dx < oo

/'+°° F(x)(1 - F(x))
—o f(x)

oo F(x)(1 — F(x)) B 1 H1—1t)
/. f T /0 e

I(t) = foF(t) (isoperimetric profile)



LOG-CONCAVE DISTRIBUTION

E(W3(tin, 1)) =

Q|-

if and only if

L1 —1)
/0 T0E dt < o

i log-concave

accurate two-sided bounds

E (W3 (ptn, 1)) ~ 1/1

n

dt
Jnrny  I(H)?




TECHNICAL STEPS

order statistics X < --- < X
E(W(iin, 1)) ~ — ZVar (X7)

distribution of X; log-concave, density

) = (1 )FY Q- F0) @, xeE

Var(X]) ~ .

1 n/(n+1) t(l - t)
E (W3 (1, ~2 / dt
(Walpn ) nJymeny  I(8)?



LOG-CONCAVE DISTRIBUTION

1
E (W3 ~—
(WZ(IU‘HMU‘)) n /]'/(n+1) I(t)2

71/(71"1‘1) t(]. _ t)

dt

e ;1 standard normal, I(t) =~ t log%, t—0

loglogn
E(W3 (1, 1)) ~ %

e . exponential, It) = t, t -0

logn
E(W3 (i, 1)) ~ Og

general 1-d investigation =~ Bobkov-L (2016)



ONE-DIMENSIONAL GAUSSIAN
p uniformon [0, 1]

1
EWp(unw) ~ —7  1<p<oo

1 standard normal on R

(

1 if 1<p<?2
log1 .

E(Wp(n, ) = { 2755 if p =2

if p>2

1
L n1(log n)P/2

W, more sensitive to distribution than W;



p uniform on [0, 1)
1
n

logn

E (W3 (s 1)) = d=1

AKT  E(W3(un, p)) ~ d=2

n

(of the order of the uniform spacings nﬁ )



HIGHER DIMENSION d > 3

Dereich-Scheutzow-Schottstedt (2013)

Fournier-Guillin (2015)

general 1, enough moments (dyadic partitions)

E(W3 (i, p)) = o(%) d=2,3

o) o

BW3Guni) = O ) 4

n2/d

E (W3 (ptn, 1))

v
Ul



LIMITS

some limit may exist

v
W

Hm n E(Wy (g, ) = 4 d

n—o00

lim n¥ Y E(W3(un, 1)) =74 d >5

n—o00

modified subadditivity arguments
Dobric-Yukich (1995), Boutet de Monvel-Martin (2002) W,

Barthe-Bordenave (2013),
Dereich-Scheutzow-Schottstedt (2013) W,, p < %

(stronger rates for singular distributions)



Ajtai-Komlos-Tusnady theorem
p uniform on [0, 1]?

logn
E(W3(sn, 1)) =~ 5

general bounds

i enough moments

E(W3 (ks 1) = O(%)



DIMENSION 2

1 enough moments

E(Wi(pn, 1)) = O<W)

(for example [0, |x|[Tdp < 0o, g > 1)

generic chaining methodology

Talagrand (1992), Yukich (1992)



Ajtai-Komlés-Tusnady theorem

¢ uniform on [0, 1]?

_ logn
T on

E (W3 (tn, 1))

general bounds

i enough moments

E(W3 (1, 1)) = O(\;)

1 Gaussian?

DIMENSION 2



Ambrosio-Stra-Trevisan (2016)

bipartite

lim
n—00 log n

1
E(W%(Nna Vn)) = o

pde ansatz by Caracciolo, Lucibello, Parisi, Sicuro (2014)



NEW PDE-TRANSPORTATION APPROACH

Ambrosio-Stra-Trevisan (2016)

1 normalized Riemannian volume element

(M,g) compact Riemannian manifold, dimension 2

1

E(W5(un 1) = 4

lim
n—00 log n

2-sphere/torus: Holden-Peres-Zhai (2017) gravitational allocation



MAIN STEPS

upper bound

E<W%(Mn,u)) — <108”>

n

e regularization
e energy estimate

(Sobolev-type inequality, heat kernel estimates)

(M,g) compact Riemannian manifold, dimension d

(weighted manifold, Markov triple)



REGULARIZATION
pe(x,y), t>0,x,y € M heat kernel (t=1t(n) —0)
1< 1<
Hn = nz;axi — dﬂfz = n;ﬁt(xi,-)du
1= 1=
standard convexity of W,
E(W3(ptn, 11)) < Dy + E(W3(pih, 1))

dispersion contribution

D= [ [ dyPpe ) dndu). t>0



ENERGY ESTIMATE
E(W3 (1, 1))
1 n
density d,u,,t1 = n;pt(Xi,-)du
i=
central limit theorem heuristics
) = 1S pkey) ~ 1+ L)
f—fy—ni:1pt iy N

infinitemisals

f=14+¢g, [y8dn=0

1
lim 5 W) = [ V(=) )P



new W, bound

dual Sobolev norm Jugdu =0

I8l = ( /M |V((—A)‘1g)|2du)1/2




1
EWz(v,u)z = sup (/MQWdV—/MSOdM)

¢ : M — R bounded continuous

d 2
Qup(x) = yig]& [so(y)—i—%], xeM, u>0

) ) d 1
Hamilton-Jacobi T Que = 5 |VQuSO|2



INTERPOLATION

%WZ(V,,U)Z = sup(AQlde—AAwdu>

0:[0,1] — [0,1] increasing

/wa/¢@
/ du/ 1+9 Qu@dudu

- [ [ s 1+9<u>g)%\vgugoﬂdudu

1
/ 1
:/ / [ 0" (u ~1¢) - VQup — (1+9(”)g)§|quw\2}dudu
0o JM
1 ! 0/ u —1 2
S/cJ/z\42lJm9 )78) | dpdu



dual Sobolev norm Jyugdu=20

e = (/AAW“-A)‘%)M)M

trace formula

(-A)7t = /OooPsds

/MIV((—A)‘lg)Izdu = /Mg(—A)_lgdu = 2/000/M(Psg)2duds



VARIANCE

Wowo) <8 [ [ (Pug)?duds
0 M

density dv = fdp

§=f-1=13 [pXy) 1]

i=1

variance

E((Psg)) = 1 B([pres(Xu,y) —11%) = 1 [paanvy) 1]

E(W3 (1, 1)) < i/:/M ps(y,y) — 1] duly) ds



SUMMARY

E(W3(un, 1)) < Dt + E(W3(uy, 1)), £>0

dispersion

Dy = /M /M d(x,y)? pr(x,y) dp(x)dp(y)

energy (trace) estimate

E(W3 (i, 1 / / ps(y,y) — 1] dply) ds



OPTIMIZATION

BWHns)) < ety [~ [ [puty) = 1] dutw) ds

(M,g) compact Riemannian manifold, dimension d

Dy = / / d(x,y)? pe(x,y)du(x)du(y) < Ct

C
ps(y.y) < g5 0<s<1
. % if d=1
optimization ¢ ~ ek E(W%(un,u)) < Clzg” if d=2



CONCLUSION

O(2) if d=1

E(W3 (i, 1)) = O(l"ﬁ”) if d=2

0(3) if d=3
heat kernel bounds ps(y,y) < T/z reflect the dimensional rates

similar (optimal) conclusions for E(Wg(pﬂ, 1))



NEW PDE-TRANSPORTATION APPROACH

Ambrosio-Stra-Trevisan (2016)

1 normalized Riemannian volume element

(M,g) compact Riemannian manifold, dimension 2

lim
n—00 log n

E(W%(Mna M)) = 1~

more precise arguments
only for p =2,d =2

limit open for example for E (W1 (u, 1))



GAUSSIAN SAMPLES

Xi,..., X, independent

with standard Gaussian law ; in R?

order of

E(W3 (s, 1) ?

pde-transportation technology

extended to the Gaussian setting



LOWER BOUND

A uniform on [0,1]?

Ui, ..., U, independent with law A\, vy = 1 S dou,

T~ n

A= %2 (y)
X du
D(x) = e xcR, D, <1
0= Kt @l <

E(W3 (stny 1) > E(W3 (v, A))

AKT  E(W3(um,\) ~ k’f”



GAUSSIAN SAMPLES

u standard Gaussian on R?

pde-transportation approach

E(W3 (ks 1) < Df*i/:/M [ps(y,y) — 1] du(y) ds

pi(x,y), t>0,x,y¢€ R?  Mebhler kernel

—2t

1 e
pxy) = o o ( — g o+ b~ 20 53]

no uniform bounds



GAUSSIAN SAMPLES

BWHnos)) < ety [ [pst) = 1) duto ds

D, = /M /M % — yPpr(ey) du(x)duly) < 2dt

/Psyy )duly (1_es)d

optimization in

1 .
i) - o) i 422



LOCALIZATION
pR normalized restriction of p totheball B = B(0,R), R~ /logn

Z1,...,Zy, independent with law R

xR —

1

X; if X/ <R
Z:; if X/ >R

n
E(W3(un, 1)) = O<1)7 i = %Zf&ﬁ
i=1

1 0B
/Mps(%y) d,uR(y) = 1 _e,s>d/2 M(Hd )

0 ~s'/2 as s—0

1(6B)
o ~ AB) ~R? as 6R <1




GAUSSIAN RATES

u standard Gaussian on R?
O(Lgfg”) i d=1

E (W3 (1, 1) = O(M) if d=2

o('%:) if d>3

good enough to cover d = 1

(?) unnecessary extra factor R* = logn for d > 2



plausible conjecture

logn
E(W3 (i, 1)) =~ S

simulation  Stra (2016)

lim
n—00 log n

(77)

g1l =

E(W3 (s, 1)) =



same pde-transportation methodology

(same as for uniform)



SETE (FRANCE) 2015

Thank you for your attention



KANTOROVICH METRIC

Vershik (2013) wrote a historic essay explaining why it is more
fair to fix the name “Kantorovich distance” for all metrics like
W) (calling them Kantorovich power metrics).

Some general topological properties of W1 were studied in 1970
by Dobrushin, who re-introduced this metric with reference to
[Vasershtein 1969]; apparently, that is why the name
“Wasserstein distance” has become rather traditional.

As Vershik writes, “Leonid Vasershtein is a famous
mathematician specializing in algebraic K-theory and other
areas of algebra and analysis, and ... he is absolutely not guilty
of this distortion of terminology, which occurs primarily in
Western literature”.



