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Hessian Valuations

Monika Ludwig
joint work with Andrea Colesanti and Fabian Mussnig

Technische Universitat Wien & MSRI Berkeley

MSRI, November 2017
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Valuations on Function Spaces

@ F(X)={f: X —>R} space of real valued functions on X
o f,ge F(X): fvg=max{f,g}, f A g =min{f, g}
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Valuations on Function Spaces

@ F(X)={f:X —> R} space of real valued functions on X
o f,ge F(X): fvg=max{f,g}, f A g =min{f, g}
@ Z:F(X) — Ris a valuation —
Z(f) +7(g) = Z(f v g) + Z(f r g)
for all f,g € F(X) such that f v g,f A g e F(X).
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Valuations on Function Spaces

@ F(X)={f:X —> R} space of real valued functions on X
o f,ge F(X): fvg=max{f,g}, f A g =min{f, g}
@ Z:F(X) — Ris a valuation —
Z(f) +7(g) = Z(f v g) + Z(f r g)
for all f,g € F(X) such that f v g,f A g e F(X).

Examples
LY(R") - R

o LY norm: Z:
{ f [l = fga IF ()] dx

W1,2(Rn) SR
f— SR,, |V£(x)|? dx

@ Dirichlet energy: Z: {
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Valuations on Function Spaces

@ F(X)={f:X —> R} space of real valued functions on X
o f,ge F(X): fvg=max{f,g}, f A g =min{f, g}
@ Z:F(X) — Ris a valuation —
Z(f) +7(g) = Z(f v g) + Z(f r g)
for all f,g € F(X) such that f v g,f A g e F(X).

o Classification of interesting valuations on F(X)

Question: J

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 2/30



Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups G acting on R”

@ Group of rigid motions O(n) x R™: x— Ux+ b
where U is an orthogonal n x n matrix and b e R”
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups G acting on R”

@ Group of rigid motions O(n) x R™ x— Ux + b
where U is an orthogonal n x n matrix and b e R”

@ Special linear group SL(n): x +— Ax
where A is an n x n matrix of determinant 1
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups G acting on R”

@ Group of rigid motions O(n) x R™ x— Ux + b
where U is an orthogonal n x n matrix and b e R”

@ Special linear group SL(n): x — Ax
where A is an n x n matrix of determinant 1

@ Special affine group SL(n) x R": x+— Ax+ b
where A is an n x n matrix of determinant 1 and b e R”
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups G acting on R”

@ Group of rigid motions O(n) x R™ x— Ux + b
where U is an orthogonal n x n matrix and b e R”

@ Special linear group SL(n): x — Ax
where A is an n x n matrix of determinant 1

@ Special affine group SL(n) x R": x — Ax+ b
where A is an n x n matrix of determinant 1 and b e R”

Invariance: Z(f o ¢~ 1) = Z(f) forall f € F(R") and ¢ € G

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 3/30



Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”

@ 7Z:K" — Ris a valuation <
ZIK)+Z(L)=Z(Ku L)+ Z(Kn L)
for all K, L e K" such that K u Le K".
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”
@ Z: K" — R is a valuation <=
ZIK)+Z(L)=Z(Ku L)+ Z(Kn L)

for all K, L e K" such that K u Le K".

@ Hilbert's Third Problem:
Dehn 1902, Sydler 1965, Jessen & Thorup 1978, ...
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”

@ 7Z: K" — R is a valuation <

Z(K) + Z(L) = Z(K U L) + Z(K A L)

for all K, L e K" such that K u Le K".

@ Hilbert's Third Problem:
Dehn 1902, Sydler 1965, Jessen & Thorup 1978, ...

@ Classification of valuations:

ey

Blaschke 1937, Hadwiger 1949, Schneider 1971,

Groemer 1972, McMullen 1977, Betke & Kneser 1985,
Klain 1995, Ludwig 1999, Reitzner 1999, Alesker 1999,
Bernig 2006, Fu 2006, Hug 2005, Haberl 2006,

Schuster 2006, Tsang 2010, Wannerer 2010, Abardia 2011,
Parapatits 2011, Faifman 2013, Boroczky 2015, Li 2016,
Ma 2016, Mussnig 2017 ...

S
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : K" — R is a continuous, rigid motion invariant valuation
<
3 ¢, c1,...,¢cn € R such that

Z(K) = C Vo(K) + -+ Cp Vn(K)

for every K € K".

e W(K),...,Vh(K) intrinsic volumes of K

oV, n-dimensional volume
@ 2V,_1(K)=S(K) surface area
o W(K) Euler characteristic

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 5 /30



Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : K" — R is a continuous, rigid motion invariant valuation
<
3 ¢, c1,...,¢cn € R such that

Z(K) = C Vo(K) + -+ Cp Vn(K)

for every K € K".

Corollary

Z : K" — R is a continuous, i-homogeneous, rigid motion invariant
valuation

i€{0,...,n} andIceR:
Z(K) = c Vi(K)

<

for every K € K".

Monika Ludwig (TU Wien & MSRI) Hessian Valuations
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Intrinsic Volumes

@ K convex body with smooth boundary

@ Crofton Formula

Vi(K) = f Vo(K r E) dyui(E) = f Vi(proje K) dui(E)
Graff (n,i) Gr(

n,i)

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 6 /30



Application: Principal kinematic formula
For K,Le K",

K L)yd
LeO(n)xR" ( ﬁﬁb ¢= Z

VI Vn i

\/I(K) ani(L)

Vn

@ d¢ normalized Haar measure on O(n) x R”

@ Blaschke, Chern, Hadwiger, Santald, ...
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Application: Principal kinematic formula
For K,Le K",

K L)yd
L&eO(n)xR" ( m¢ ¢= Z

VI Vn i

\/I(K) ani(L)

Vn

@ d¢ normalized Haar measure on O(n) x R”

@ Blaschke, Chern, Hadwiger, Santald, ...

o Proof. Z(K, L) — f Vo(K r 6L) do
@0 (n)xR"

» Z(K,-),Z(-,L) continuous valuations on K"
Z(K,),Z(-,L) rigid motion invariant
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Application: Principal kinematic formula
For K,Le K",

VI Vn i

| Vo(K méLyde = 3" Y= vi(K) V(L)
¢e0(n)xR" Vn

@ d¢ normalized Haar measure on O(n) x R”

@ Blaschke, Chern, Hadwiger, Santald, ...

o Proof. Z(K, L) — f Vo(K r 6L) do
¢eO(n)xR"

» Z(K,-),Z(-,L) continuous valuations on K"
» Z(K,-),Z(-,L) rigid motion invariant

n
= 26D

i=0
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Application: Principal kinematic formula
For K,Le K",

VI Vn i

| Vo(K méLyde = 3" Y= vi(K) V(L)
¢e0(n)xR" Vn

@ d¢ normalized Haar measure on O(n) x R”

@ Blaschke, Chern, Hadwiger, Santald, ...

o Proof. Z(K, L) — f Vo(K r 6L) do
¢eO(n)xR"

i=0 ij=0
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Application: Principal kinematic formula
For K,Le K",

K L)yd
J;‘bGO(n)lX]R” ( ﬁﬁb ¢= Z

V: Vn i

\/I(K) ani(L)

Vn

@ d¢ normalized Haar measure on O(n) x R”

@ Blaschke, Chern, Hadwiger, Santald, ...

o Proof. Z(K, L) — f Vo(K r 6L) do
¢eO(n)xR"
Z(K,-),Z(-,L) continuous valuations on K"
Z(K,),Z(-,L) rigid motion invariant
n

= Z(K,L) =Y c(L) Vi(K) = Y. cj Vi(K) V(L)

i=0 ij=0
Determine c;; by choosing suitable bodies! o

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 7 /30



Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : K" — R is a continuous, rigid motion invariant valuation
<
31 ¢y, c1,...,¢n €R such that

Z(K) = co Vo(K) + - + cn Va(K)

for every K € K".
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : K" — R is a continuous, rigid motion invariant valuation
<

31 ¢y, c1,...,¢n €R such that
Z(K) = co W(K) + -+ cp Vi(K)

for every K € K".

Theorem (Blaschke 1937)

Z : K" — R is a continuous, SL(n) and translation invariant valuation
—
dcg, ch € R:

Z(K) = Qo Vo(K) + Cp Vn(K)
for every K € K".

Monika Ludwig (TU Wien & MSRI) Hessian Valuations
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Valuations on Convex Bodies

Theorem (L. & Reitzner 2017)

Z : P — R is an SL(n) invariant valuation
0

—
3 c, ¢y € R and a Cauchy function ¢ : [0,0) — R:

Z(P) = co Vo(P) + ¢b (=)™ P11t p(0) + ¢(Va(P))
for every P € Pg.

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 9 /30



Valuations on Convex Bodies

Theorem (L. & Reitzner 2017)

Z :P§ — R is an SL(n) invariant valuation
—
3 c, ¢y € R and a Cauchy function ¢ : [0,0) — R:

Z(P) = co Vo(P) + ¢b (=)™ P11t p(0) + ¢(Va(P))
for every P € Pg.

Corollary (Hadwiger 1970)

Z:P§ — R is a continuous and SL(n) invariant valuation
—
3 Co, Ch € R:

Z(P) = co Vo(P) + ¢ Vo(P)
for every P € Py.

Monika Ludwig (TU Wien & MSRI) Hessian Valuations

9/ 30



Abstract Hadwiger Theorem

Theorem (Alesker: GAFA 2007)

For a compact subgroup G of SO(n), the space of continuous,
G and translation invariant valuations on K" is finite dimensional

<
G acts transitively on S" L.
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Abstract Hadwiger Theorem

Theorem (Alesker: GAFA 2007)

For a compact subgroup G of SO(n), the space of continuous,
G and translation invariant valuations on K" is finite dimensional.
—

G acts transitively on S" L.

@ U(n) invariance (Alesker: GAFA 2001, Fu: JDG 2006,
Bernig & Fu: Annals 2001, Wannerer: JDG 2014, AiM 2014)
@ SU(n) invariance (Bernig: GAFA 2009)
@ Gy, Spin(7), Spin(9) invariance
(Bernig: Israel J. 2011, Bernig & Voide: Israel J. 2016)
@ Sp(n), Sp(n)-U(1), Sp(n)-Sp(1) invariance
(Bernig & Solanes: JFA 2014, PLMS 2017+)

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 10 / 30



Valuations on Function Spaces

@ Valuations on definable functions:
Baryshnikov, Ghrist & Wright: AIM 2013
@ Valuations on L, and Orlicz functions:
Tsang: IMRN 2010, TAMS 2012; L.: AAM 2013;
Ober: JMAA 2014; Kone: AAM 2014; Li & Ma: JFA 2017

@ Valuations on Sobolev and BV functions:
L.: AIM 2011, AJM 2012; Wang: IUMJ 2014; Ma: SCM 2016

@ Valuations on convex functions:
Cavallina & Colesanti: AGMS 2015;
Colesanti, L. & Mussnig: IMRN 2017 & CVPDE 2017 & 2017+
@ Valuations on quasi-concave functions:
Colesanti & Lombardi: 2017; Colesanti, Lombardi & Parapatits: 2017

@ Valuations on log-concave functions:
Colesanti, L. & Mussnig: CVPDE 2017; Mussnig: 2017+

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 11 /30



Valuations on Convex Functions

Ik

e Conv(R")

= {u:R" — (—0,] : u convex, |.s.c., proper, coercive}

® u:R"” — (—o0,00] is coercive < limy_, o u(x) = +0
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Valuations on Convex Functions

e Conv(R")

= {u:R" — (—0,] : u convex, |.s.c., proper, coercive}
® u:R"” — (—o0,00] is coercive < limy_, o u(x) = +0
@ uy is epi-convergent to u in Conv(R") <

» u(x) < liminfeo o uk(xx) for every (xx) with xx — x

» Vx, 3(xk) with x¢ — x such that u(x) = liminfx_ o uk(xk)

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 12 / 30



Valuations on Convex Functions

Theorem (Colesanti, L. & Mussnig 2017)

7 : Conv(R") — [0,0) is a continuous, SL(n) and translation invariant
valuation
S

3 non-negative functions (o € C(R) and ¢, € D"~1(R) such that
Z(u) = CO( MinyeRn U(X)) 4 f Q,,(u(x)) dx

dom u
for every u € Conv(R").

@ domu={xeR": u(x) < oo}

o D" 1(R) = {¢ € C(R): ( is decreasing, JOO t"1(t) dt < o0},
0

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 13 /30



Valuations on Convex Functions

Theorem (Colesanti, L. & Mussnig 2017)

7 : Conv(R") — [0,0) is a continuous, SL(n) and translation invariant
valuation
S

3 non-negative functions (o € C(R) and ¢, € D"~1(R) such that
Z(u) = CO( MinyeRn U(X)) 4 f C,,(u(x)) dx

dom u
for every u € Conv(R").

Theorem (Blaschke 1937)

Z : K" — R is a continuous, SL(n) and translation invariant valuation
—
dcg, ch € R:
Z(K) = Qo Vo(K) + Cp Vn(K)

for every K € K".
13 /30




Sketch of Proof

@ Convp.a. (R") = {ue Conv(R") : u piecewise affine, finite}

p ¢p € Conv(R")
P PePg

Rn

@ Conveone(R™)={u € Conv(R") : u translate of s+¢p, P € P§,s € R}
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Sketch of Proof

@ Convp.a. (R") = {ue Conv(R") : u piecewise affine, finite}

p ¢p € Conv(R")
P PeP]

Rn

@ Conveone(R™)={u € Conv(R") : u translate of s+¢p, P € P§,s € R}

Lemma
Let Z1,7> be continuous valuations on Convy, , (R").
Z1 = Z3 on Conveone(R") = Z1 = Z on Convp 5. (R7)
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Sketch of Proof

o Define Zs : P" — [0,0) by Zs(P) = Z(lp + s)
= Zs is a continuous, SL(n) and translation valuation

P2 3¢0, G R — [0,0) : Zo(P) = (o(s) Vo(P) + Ca(s) Vil P)
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Sketch of Proof

o Define Zs : P" — [0,0) by Zs(P) = Z(lp + s)

= Zs is a continuous, SL(n) and translation valuation

e 300, Cn 1 R = [0,00) : Zs(P) = Co(s) Vo(P) + Cals) Va(P)
o Define Zs : P§ — [0,0) by Zs(P) = Z({p + 5)

= Zs is a continuous, SL(n) invariant valuation

Hadw:ger3¢07¢n R—»[0,00)ZZ( ) = o(s) Vo(P) + ¥n(s) Va(P)
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Sketch of Proof

o Define Zs : P" — [0,0) by Zs(P) = Z(lp + s)

= Zs is a continuous, SL(n) and translation valuation

Blaschke
e Define Zs : Py

Hadw:ger

(1) o

(] Co(S)
= (, e D" (R)

Monika Ludwig (TU Wien & MSRI) Hessian Valuations

30, Cn : R — [0,00) : Zs(P) = Co(s)
. [0,50) by Zs(P) = Z(£p + )

= Zs is a continuous, SL(n) invariant valuation

31ho, 1bn : R — [0,00) : Zs(P) = to(s) V.
= 1o(s) and (u(s) = . danp,,(s) —

0(P) + Cals) Va(P)

0(P) +¢n(s) Va(P)

15 / 30



Sketch of Proof

o Define Zs : P" — [0,0) by Zs(P) = Z(lp + s)

= Zs is a continuous, SL(n) and translation valuation

Blaschk

=" 30, ¢n : R = [0,00) : Zs(P) = Co(s) Vo(P) + Cals) Va(P)

o Define Zs : P§ — [0,0) by Zs(P) = Z({p + 5)

— 7 is a continuous, SL(n) invariant valuation

Hadw:ger .

3v0,%n : R = [0,00) : Zs(P) = vo(s) Vo(P) + thn(s) Va(P)

o Gols) = o(s) and Go(s) = Ly (6) —

= (, € D" Y(R)

@ Lemma = Theorem o

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 15 / 30



Valuations on Convex Functions

Theorem (Colesanti, L. & Mussnig 2017)

7 : Conv(R") — [0,0) is a continuous, SL(n) and translation invariant
valuation
S

3 non-negative functions (o € C(R) and ¢, € D"~1(R) such that

Z(u) = Co( minyern u(x)) + f Cn(u(x)) dx

dom u

for every u € Conv(R").

Question:

o Classification of rigid motion invariant valuations on Conv(R"):
Hadwiger theorem on Conv(R")
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Remark (Level-set based valuations)

Let w e C(R) have compact support. For k € {0, ..., n}, the functional

u— f w(t) Vi({u < t}) dt
R

is a continuous, rigid motion invariant valuation on Conv(RR").
@ Bobkov, Colesanti & Fragala: Manuscripta 2014
@ Cavallina & Colesanti: AGMS 2015
o Klartag & Milman: GD 2005
@ Milman & Rotem: JFA 2013
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u— J w(t) Vi({u < t}) dt
R

is a continuous, rigid motion invariant valuation on Conv(RR").

@ Bobkov, Colesanti & Fragala: Manuscripta 2014
@ Cavallina & Colesanti: AGMS 2015

o Klartag & Milman: GD 2005

@ Milman & Rotem: JFA 2013

SL(n) and translation invariant valuations:

oy Co(min u(x)) = Jw(t) Vo({u < }) dt with Co(t) = v fw(s) ds
R t
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Remark (Level-set based valuations)

Let w e C(R) have compact support. For k € {0, ..., n}, the functional

u— J w(t) Vi({u < t}) dt
R

is a continuous, rigid motion invariant valuation on Conv(RR").

@ Bobkov, Colesanti & Fragala: Manuscripta 2014
@ Cavallina & Colesanti: AGMS 2015

o Klartag & Milman: GD 2005

@ Milman & Rotem: JFA 2013

SL(n) and translation invariant valuations:

@ > Colminu(x)) = [wlt) Val{u < ) de with Go(t) = vy [ () ds

R t

o u HJ Colu(x)) dx = J (£) Vo({u < £}) dt with Ca(t) = Tw(s) ds

dom u
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Remark

/gp ¢p € Conv(R")
P Pe Py

Rn
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Remark
/gP ¢p € Conv(R")
P Pe Py

Rn
o Define Zs : P" — R by Zs(P) = Z(lp + s)

== Zs is a continuous, rigid motion invariant valuation

e 3¢, Cn R—R:

Zs(P) = Co(s) Vo(P) + - -+ + (a(s) Via(P)
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P Pe Py

Rn
o Define Zs : P" — R by Zs(P) = Z(lp + s)

= Zs is a continuous, rigid motion invariant valuation

e 3¢, Cn R—R:

Zs(P) = Co(s) Vo(P) + - -+ + (a(s) Via(P)

o Define Zs : P§ — R by Zs(P) = Z({p + 5)

= Zs is a continuous, rotation invariant valuation on PJ
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Remark
/gP ¢p € Conv(R")
P Pe Py

Rn
o Define Zs : P" — R by Zs(P) = Z(lp + s)

= Zs is a continuous, rigid motion invariant valuation

e 3¢, Cn R—R:

Zs(P) = Co(s) Vo(P) + - -+ + (a(s) Via(P)

o Define Zs : P§ — R by Zs(P) = Z({p + 5)

= Zs is a continuous, rotation invariant valuation on PJ

Question: J

o Classification of continuous, rotation invariant valuations on Kf
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Remark

Theorem (Alesker: Annals 1999)

7 : K" — R is a continuous, rotation invariant, polynomial valuation
<

3 polynomials py, ..., pn—1 in two real variables such that
n—1
200 =%, [ il xP) a0k (x,)
J=0  Rpnygn—1
for every K € K.

o ®;(K,-): B(R" x S"1) — [0, 00)
Jjth generalized curvature measure of K
(Federer: TAMS 1959)
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Remark

Theorem (Alesker: Annals 1999)

7 : K" — R is a continuous, rotation invariant, polynomial valuation
<

3 polynomials py, ..., pn—1 in two real variables such that
n—1
200 =%, [ il xP) a0k (x,)
J=0  Rpnygn—1
for every K € K.

o ®;(K,-): B(R" x S"1) — [0, 00)
Jjth generalized curvature measure of K
(Federer: TAMS 1959)

@ Polynomial valuations lie dense in smooth valuations.
(Alesker: Israel J. 2006)
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ¢ € C(R x R" x R™) have compact support w.r.t. 2"¥ and 3 variable.
For i€ {0,1,...,n}, the functional Z¢ ;: Conv(R") — R, defined by

ZCJ(U): g (U(X)7X7y)d@i(ua(xay>)7

is a continuous valuation on Conv(R"). If u e Conv(R") n C?(R"), then

Zei(u) = - C(u(x), x, Vu(x)) [D?u(x)],_; dx.

@ ©;(u,-) Hessian measure of u

@ D?u Hessian matrix of u

° [D2u]j jth elementary symmetric function of the eigenvalues of D?u
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Hessian Measures

@ On smooth functions: [D?u(x)]; dx
Caffarelli, Nirenberg, Spruck: Acta 1985;
Trudinger, Wang: Annals 1999; ...

@ On Monge-Ampere functions (currents)
Fu: [UMJ 1989

@ On (semi-)convex, finite functions:
Colesanti, Hug: TAMS 2000

@ Extension to Conv(R") using Lipschitz regularization:
Colesanti, L. & Mussnig 2017+
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Hessian Measures

ue Conv(R"),ne B(R" xR"),s >0

!

Graph of the subdifferential map of u:

My ={(x,y): xe dom(u), y € du(x)}.
Parallel set:
Ps(u,n) = {x+sy: (x,y) ennTy}
Steiner formula:

HO(Py(uym) = <7> ' On-ilu, )

i=0
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Hessian Measures
@ Smooth functions: u e Conv(R") n C?(R"), 5 € B(R"),

My, ={(x,Vu(x)): xe R"}

and
Ps(u,8 xR") = {x +sVu(x): xe f x R"}

@ Volume of parallel set
H"(Ps(u, B x R™")) = J dz = f det(l, + s D?u(x)) dx
Ps(u,BxRM) B

by the change of variables z = x + s Vu(x)
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@ Smooth functions: u e Conv(R") n C?(R"), 5 € B(R"),
My ={(x,Vu(x)): xe R"}

and
Ps(u,8 xR") = {x +sVu(x): xe f x R"}

@ Volume of parallel set
H"(Ps(u, B x R™")) = J dz = J det(l, + s D?u(x)) dx
Ps(u,BxRM) B

by the change of variables z = x + s Vu(x)

n

o det(l, + sD%u(x)) = Z (j) s/ [D?u(x)];.

Jj=0
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Hessian Measures
@ Smooth functions: u e Conv(R") n C?(R"), 5 € B(R"),
My ={(x,Vu(x)): xe R"}
and
Ps(u,f x R") = {x +sVu(x): xe f x R"}

@ Volume of parallel set
H"(Ps(u, B x R™")) = J dz = J det(l, + s D?u(x)) dx
Ps(u,BxRM) B

by the change of variables z = x + s Vu(x)

n

o det(l, + sD%u(x)) = Z (j) s/ [D?u(x)];.

Jj=0

@ Oi(u,BxR") = L[Dzu(x)]n_,-dx
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Hessian Valuations

Let ( € C(R x R" x R™) have compact support and i € {0,1,...,n}.

Zesw) = | w0, x.9) dO1(w. (x.9)

Monika Ludwig (TU Wien & MSRI) Hessian Valuations



Hessian Valuations

Let ( € C(R x R" x R™) have compact support and i € {0,1,...,n}.

Zei(u fc ) x,¥) dO;(u, (x,¥))

Smooth functions u € Conv(R") n C2(R"):

Ze,i(u) = . C(u(x),x,Vu(x)) [D2u(x)],,,,- dx.
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Hessian Valuations

Let ( € C(R x R™ x R") have compact support and i € {0,1,...,n}.

Zei(u fc ) x,¥) dO;(u, (x,¥))

Smooth functions u € Conv(R") n C?(R"):
Ze,i(u) = C(u(x), x, Vu(x)) [D?u(x)]p_; dx.
Rn

@ Z¢,iis a valuation on Conv(R").

@ Z¢,i is continuous on Conv(R").
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Hessian Valuations

Let ( € C(R x R™ x R") have compact support and i € {0,1,..., n}.

Ze,i(u) = - (u(x),x,y)dO;(u, (x,y))

Some special cases:

@ Z¢n(u) = f C(u(x),x,Vu(x)) dx

dom(u)
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Hessian Valuations

Let ( € C(R x R™ x R") have compact support and i € {0,1,..., n}.
L) = | Cu).x.) 404, (x.9))

Some special cases:

@ Z¢n(u) = J C(u(x),x,Vu(x)) dx

dom(u)

e u* Legendre transform of u and u* € Conv(R"):

Zei(0™) = || €y = u(x0.y.5) 4840 . ))
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Hessian Valuations

Let ( € C(R x R™ x R") have compact support and i € {0,1,..., n}.
L) = | Cu).x.) 404, (x.9))

Some special cases:

@ Z¢n(u) = J C(u(x),x,Vu(x)) dx

dom(u)

e u* Legendre transform of u and u* € Conv(R"):

Zei(0™) = || €y = u(x0.y.5) 4840 . ))

o Zolw) = [T ) T ) gy
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ¢ € C(R x R™) have compact support. For every i€ {0,...,n}, the
functional Z ;: Conv(R") — R, defined by

Z¢,i(u) = - (u(x),y) dOj(u, (x,y)),

is a continuous, translation invariant valuation. If
u e Conv(R™) n C3(R"), then

Zei(w) = | C(u(x), Vul)) [D2u()] i d
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ¢ € C(R x R™) have compact support. For every i€ {0,...,n}, the
functional Z ;: Conv(R") — R, defined by

Z¢,i(u) = - (u(x),y) dOj(u, (x,y)),

is a continuous, translation invariant valuation. If
u e Conv(R™) n C3(R"), then

Zei(w) = | C(u(x), Vul)) [D2u()] i d

@ Alesker 2017: Valuations defined by Monge-Ampére measures

u— fRn £(x)det(D?u(x), ...,D%u(x), Axs1(x), ..., An(x)) dx
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+ )

Let ( € C(R x [0,400)) have compact support. For every i € {0,...,n},
the functional Z ;: Conv(R") — R, defined by

Zei(u) = | Cu(x). 1) dO1(u, (x, 1),

is a continuous, rigid motion invariant valuation. If
u e Conv(R") n C?(R"), then

Zei(0) = | €60, [V [D2u()],- s o
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+ )

Let ( € C(R x [0,400)) have compact support. For every i € {0,...,n},
the functional Z ;: Conv(R") — R, defined by

Zei(u) = | Cu(x). 1) dO1(u, (x, 1),

is a continuous, rigid motion invariant valuation. If
u e Conv(R") n C?(R"), then

Zei(0) = | €60, [V [D2u()],- s o

@ In general, not level-set based: only for i =0 and i = n
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Hessian Valuations
Theorem (Colesanti, L. & Mussnig 2017+)

Let ( € C(R x [0,+0)) have compact support. For every i € {0,...,n
the functional Z ;. Conv(R") — R, defined by

Zei(w) = | G Iy die (x. 1)

is a continuous, rigid motion invariant valuation.

}

Theorem (Colesanti, L. & Mussnig 2017)

Z : Conv(R") — [0,00) is a continuous, SL(n) and translation invariant

valuation
<

3 non-negative functions (o € C(R) and (, € D"}(R) such that

Z(u) = Co(minxeRn u(x)) + f C,,(u(x)) dx

dom u
for every u € Conv(R").
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Questions

o Classification of continuous, rotation invariant valuations on Kj and
on K"

@ Do polynomial valuations lie dense in all continuous, rotation
invariant valuations on X"?
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Questions

Classification of continuous, rotation invariant valuations on X§ and
on K"

Do polynomial valuations lie dense in all continuous, rotation
invariant valuations on "7

Classification of continuous, rigid motion invariant valuations on
Conv(R")

Do Hessian valuations lie dense in all continuous, rigid motion
invariant valuations on Conv(R")?
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Thank you!

Monika Ludwig (TU Wien & MSRI) Hessian Valuations



