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Valuations on Function Spaces

FpX q “ tf : X Ñ Ru space of real valued functions on X

f , g P FpX q: f _ g “ maxtf , gu, f ^ g “ mintf , gu

Z : FpX q Ñ R is a valuation ðñ

Zpf q ` Zpgq “ Zpf _ gq ` Zpf ^ gq

for all f , g P FpX q such that f _ g , f ^ g P FpX q.
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for all f , g P FpX q such that f _ g , f ^ g P FpX q.

Examples

L1 norm: Z :

#

L1pRnq Ñ R
f ÞÑ }f }1 “

ş

Rn |f pxq| dx

Dirichlet energy: Z :

#

W 1,2pRnq Ñ R
f ÞÑ

ş

Rn |∇f pxq|2 dx
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Valuations on Function Spaces

FpX q “ tf : X Ñ Ru space of real valued functions on X

f , g P FpX q: f _ g “ maxtf , gu, f ^ g “ mintf , gu

Z : FpX q Ñ R is a valuation ðñ

Zpf q ` Zpgq “ Zpf _ gq ` Zpf ^ gq

for all f , g P FpX q such that f _ g , f ^ g P FpX q.

Question:

Classification of interesting valuations on FpX q
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Felix Klein’s Erlangen Program 1872

Geometry is the study of invariants of transformation groups.

Groups G acting on Rn

Group of rigid motions Opnq ˙ Rn: x ÞÑ Ux ` b
where U is an orthogonal n ˆ n matrix and b P Rn

Special linear group SLpnq: x ÞÑ Ax
where A is an n ˆ n matrix of determinant 1

Special affine group SLpnq ˙ Rn: x ÞÑ Ax ` b
where A is an n ˆ n matrix of determinant 1 and b P Rn

Invariance: Zpf ˝ φ´1q “ Zpf q for all f P FpRnq and φ P G
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Valuations on Convex Bodies

Kn space of convex bodies (compact convex sets) in Rn

Z : Kn Ñ R is a valuation ðñ

ZpK q ` ZpLq “ ZpK Y Lq ` ZpK X Lq

for all K , L P Kn such that K Y L P Kn.

Hilbert’s Third Problem:
Dehn 1902, Sydler 1965, Jessen & Thorup 1978, . . .

Classification of valuations:

Blaschke 1937, Hadwiger 1949, Schneider 1971,
Groemer 1972, McMullen 1977, Betke & Kneser 1985,
Klain 1995, Ludwig 1999, Reitzner 1999, Alesker 1999,
Bernig 2006, Fu 2006, Hug 2005, Haberl 2006,
Schuster 2006, Tsang 2010, Wannerer 2010, Abardia 2011,
Parapatits 2011, Faifman 2013, Böröczky 2015, Li 2016,
Ma 2016, Mussnig 2017 . . .
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, rigid motion invariant valuation
ðñ

D c0, c1, . . . , cn P R such that

ZpK q “ c0 V0pK q ` ¨ ¨ ¨ ` cn VnpK q

for every K P Kn.

V0pK q, . . . ,VnpK q intrinsic volumes of K

Vn n-dimensional volume

2Vn´1pK q “ SpK q surface area

V0pK q Euler characteristic
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, rigid motion invariant valuation
ðñ

D c0, c1, . . . , cn P R such that

ZpK q “ c0 V0pK q ` ¨ ¨ ¨ ` cn VnpK q

for every K P Kn.

Corollary

Z : Kn Ñ R is a continuous, i-homogeneous, rigid motion invariant
valuation

ðñ

i P t0, . . . , nu and D c P R :

ZpK q “ c Vi pK q

for every K P Kn.
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Intrinsic Volumes

K convex body with smooth boundary

Vi pK q “

`

n
i

˘

nvn´i

ż

Sn´1

si pK , ξq dξ “

`

n
i

˘

nvn´i

ż

BK
Hn´i´1pK , xq dx

Steiner formula

VnpK ` t Bnq “

n
ÿ

i“0

tn´ivn´iVi pK q

Crofton Formula

Vi pK q “

ż

Graff pn,iq
V0pK X E q dµi pE q “

ż

Grpn,iq
Vi pprojE K q dνi pE q
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Application: Principal kinematic formula

For K , L P Kn,

ż

φPOpnq˙Rn

V0pK X φLq dφ “
ÿn

i“0

vi vn´i
`

n
i

˘

vn
Vi pK qVn´i pLq

dφ normalized Haar measure on Opnq ˙ Rn

Blaschke, Chern, Hadwiger, Santaló, . . .

Proof. ZpK , Lq “

ż

φPOpnq˙Rn

V0pK X φLq dφ

§ ZpK , ¨q,Zp¨, Lq continuous valuations on Kn

§ ZpK , ¨q,Zp¨, Lq rigid motion invariant

ñ ZpK , Lq “
n
ÿ

i“0

ci pLqVi pK q “
n
ÿ

i ,j“0

cij Vi pK qVjpLq

Determine cij by choosing suitable bodies! ˝
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)
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ðñ

D c0, c1, . . . , cn P R such that

ZpK q “ c0 V0pK q ` ¨ ¨ ¨ ` cn VnpK q

for every K P Kn.
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Valuations on Convex Bodies

Theorem (L. & Reitzner 2017)

Z : Pn
0 Ñ R is an SLpnq invariant valuation

ðñ

D c0, c
1
0 P R and a Cauchy function ζ : r0,8q Ñ R:

ZpPq “ c0 V0pPq ` c 10 p´1qdim P
1relintPp0q ` ζ

`

VnpPq
˘

for every P P Pn
0 .

Corollary (Hadwiger 1970)

Z : Pn
0 Ñ R is a continuous and SLpnq invariant valuation

ðñ

D c0, cn P R:

ZpPq “ c0 V0pPq ` cn VnpPq

for every P P Pn
0 .
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Abstract Hadwiger Theorem

Theorem (Alesker: GAFA 2007)

For a compact subgroup G of SOpnq, the space of continuous,
G and translation invariant valuations on Kn is finite dimensional.

ðñ

G acts transitively on Sn´1.

Upnq invariance (Alesker: GAFA 2001, Fu: JDG 2006,
Bernig & Fu: Annals 2001, Wannerer: JDG 2014, AiM 2014)

SUpnq invariance (Bernig: GAFA 2009)

G2, Spinp7q, Spinp9q invariance
(Bernig: Israel J. 2011, Bernig & Voide: Israel J. 2016)

Sppnq, Sppnq¨Up1q, Sppnq¨Spp1q invariance
(Bernig & Solanes: JFA 2014, PLMS 2017+)
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Valuations on Function Spaces

Valuations on definable functions:
Baryshnikov, Ghrist & Wright: AIM 2013

Valuations on Lp and Orlicz functions:
Tsang: IMRN 2010, TAMS 2012; L.: AAM 2013;
Ober: JMAA 2014; Kone: AAM 2014; Li & Ma: JFA 2017

Valuations on Sobolev and BV functions:
L.: AIM 2011, AJM 2012; Wang: IUMJ 2014; Ma: SCM 2016

Valuations on convex functions:
Cavallina & Colesanti: AGMS 2015;
Colesanti, L. & Mussnig: IMRN 2017 & CVPDE 2017 & 2017+

Valuations on quasi-concave functions:
Colesanti & Lombardi: 2017; Colesanti, Lombardi & Parapatits: 2017

Valuations on log-concave functions:
Colesanti, L. & Mussnig: CVPDE 2017; Mussnig: 2017+
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Valuations on Convex Functions

IK

K

ConvpRnq

“
 

u : Rn Ñ p´8,8s : u convex, l.s.c., proper, coercive
(

u : Rn Ñ p´8,8s is coercive ô lim|x |Ñ`8 upxq “ `8

uk is epi-convergent to u in ConvpRnq ô

§ upxq ď lim infkÑ8 ukpxkq for every pxkq with xk Ñ x

§ @x , Dpxkq with xk Ñ x such that upxq “ lim infkÑ8 ukpxkq
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Valuations on Convex Functions

Theorem (Colesanti, L. & Mussnig 2017)

Z : ConvpRnq Ñ r0,8q is a continuous, SLpnq and translation invariant
valuation

ðñ

D non-negative functions ζ0 P C pRq and ζn P D
n´1pRq such that

Zpuq “ ζ0

`

minxPRn upxq
˘

`

ż

dom u
ζn

`

upxq
˘

dx

for every u P ConvpRnq.

dom u “ tx P Rn : upxq ă 8u

Dn´1pRq “
 

ζ P C pRq : ζ is decreasing,

ż 8

0
tn´1ζptq dt ă 8

(

.
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D non-negative functions ζ0 P C pRq and ζn P D
n´1pRq such that

Zpuq “ ζ0

`
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˘

`

ż

dom u
ζn

`

upxq
˘

dx

for every u P ConvpRnq.

Theorem (Blaschke 1937)

Z : Kn Ñ R is a continuous, SLpnq and translation invariant valuation
ðñ

D c0, cn P R:

ZpK q “ c0 V0pK q ` cn VnpK q

for every K P Kn.
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Sketch of Proof

Convp.a.pRnq “ tu P ConvpRnq : u piecewise affine, finiteu

Rn

P
`P

`P P ConvpRnq

P P Pn
0

ConvconepRnq“tu P ConvpRnq : u translate of s``P ,P P Pn
0 , s P Ru

Lemma

Let Z1,Z2 be continuous valuations on Convp.a.pRnq.

Z1 “ Z2 on ConvconepRnq ñ Z1 “ Z2 on Convp.a.pRnq

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 14 / 30



Sketch of Proof

Convp.a.pRnq “ tu P ConvpRnq : u piecewise affine, finiteu

Rn

P
`P

`P P ConvpRnq

P P Pn
0

ConvconepRnq“tu P ConvpRnq : u translate of s``P ,P P Pn
0 , s P Ru

Lemma

Let Z1,Z2 be continuous valuations on Convp.a.pRnq.

Z1 “ Z2 on ConvconepRnq ñ Z1 “ Z2 on Convp.a.pRnq

Monika Ludwig (TU Wien & MSRI) Hessian Valuations 14 / 30



Sketch of Proof

Define Zs : Pn Ñ r0,8q by ZspPq “ ZpIP ` sq

ùñ Zs is a continuous, SLpnq and translation valuation
Blaschke
ùñ D ζ0, ζn : RÑ r0,8q : ZspPq “ ζ0psqV0pPq ` ζnpsqVnpPq

Define Z̃s : Pn
0 Ñ r0,8q by Z̃spPq “ Zp`P ` sq

ùñ Z̃s is a continuous, SLpnq invariant valuation
Hadwiger
ùñ Dψ0, ψn : RÑ r0,8q : Z̃spPq “ ψ0psqV0pPq ` ψnpsqVnpPq

ζ0psq “ ψ0psq and ζnpsq “
p´1qn

n!

dn

dsn
ψnpsq ùñ ¨ ¨ ¨

ùñ ζn P D
n´1pRq

Lemma ùñ Theorem ˝
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ψnpsq ùñ ¨ ¨ ¨

ùñ ζn P D
n´1pRq

Lemma ùñ Theorem ˝
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Valuations on Convex Functions

Theorem (Colesanti, L. & Mussnig 2017)

Z : ConvpRnq Ñ r0,8q is a continuous, SLpnq and translation invariant
valuation

ðñ

D non-negative functions ζ0 P C pRq and ζn P D
n´1pRq such that

Zpuq “ ζ0

`

minxPRn upxq
˘

`

ż

dom u
ζn

`

upxq
˘

dx

for every u P ConvpRnq.

Question:

Classification of rigid motion invariant valuations on ConvpRnq:
Hadwiger theorem on ConvpRnq
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Remark (Level-set based valuations)

Let ω P C pRq have compact support. For k P t0, . . . , nu, the functional

u ÞÑ

ż

R
ωptqVkptu ď tuq dt

is a continuous, rigid motion invariant valuation on ConvpRnq.

Bobkov, Colesanti & Fragalà: Manuscripta 2014

Cavallina & Colesanti: AGMS 2015

Klartag & Milman: GD 2005

Milman & Rotem: JFA 2013

SLpnq and translation invariant valuations:

u ÞÑ ζ0pmin
Rn

upxqq “

ż

R

ωptqV0ptu ď tuq dt with ζ0ptq “ vn

8
ż

t

ωpsq ds

u ÞÑ

ż

dom u

ζnpupxqq dx “

ż

R

ωptqVnptu ď tuq dt with ζnptq “

8
ż

t

ωpsq ds
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Remark

Rn

P
`P

`P P ConvpRnq

P P Pn
0

Define Zs : Pn Ñ R by ZspPq “ ZpIP ` sq

ùñ Zs is a continuous, rigid motion invariant valuation
Hadwiger
ùñ D ζ0, . . . , ζn : RÑ R :

ZspPq “ ζ0psqV0pPq ` ¨ ¨ ¨ ` ζnpsqVnpPq

Define Z̃s : Pn
0 Ñ R by Z̃spPq “ Zp`P ` sq

ùñ Z̃s is a continuous, rotation invariant valuation on Pn
0

Question:

Classification of continuous, rotation invariant valuations on Kn
0
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Remark

Theorem (Alesker: Annals 1999)

Z : Kn Ñ R is a continuous, rotation invariant, polynomial valuation
ðñ

D polynomials p0, . . . , pn´1 in two real variables such that

ZpK q “
n´1
ÿ

j“0

ż

RnˆSn´1

pjpx ¨ y , |x |
2q dΦjpK ; px , yqq

for every K P Kn.

ΦjpK , ¨q : BpRn ˆ Sn´1q Ñ r0,8q

jth generalized curvature measure of K
(Federer: TAMS 1959)

Polynomial valuations lie dense in smooth valuations.
(Alesker: Israel J. 2006)
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ζ P C pRˆRn ˆRnq have compact support w.r.t. 2nd and 3rd variable.
For i P t0, 1, . . . , nu, the functional Zζ,i : ConvpRnq Ñ R, defined by

Zζ,i puq “

ż

R2n

ζpupxq, x , yq dΘi pu, px , yqq,

is a continuous valuation on ConvpRnq. If u P ConvpRnq X C 2pRnq, then

Zζ,i puq “

ż

Rn

ζpupxq, x ,∇upxqq rD2upxqsn´i dx .

Θi pu, ¨q Hessian measure of u

D2u Hessian matrix of u

rD2usj jth elementary symmetric function of the eigenvalues of D2u
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Hessian Measures

On smooth functions: rD2upxqsj dx
Caffarelli, Nirenberg, Spruck: Acta 1985;
Trudinger, Wang: Annals 1999; . . .

On Monge-Ampère functions (currents)
Fu: IUMJ 1989

On (semi-)convex, finite functions:
Colesanti, Hug: TAMS 2000

Extension to ConvpRnq using Lipschitz regularization:
Colesanti, L. & Mussnig 2017+
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Hessian Measures

u P ConvpRnq, η P BpRn ˆ Rnq, s ě 0

u
Γu

Graph of the subdifferential map of u:

Γu “ tpx , yq : x P dompuq, y P Bupxqu.

Parallel set:
Pspu, ηq “ tx ` sy : px , yq P η X Γuu

Steiner formula:

HnpPspu, ηqq “
n
ÿ

i“0

ˆ

n

i

˙

s i Θn´i pu, ηq
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Hessian Measures

Smooth functions: u P ConvpRnq X C 2pRnq, β P BpRnq,

Γu “ tpx ,∇upxqq : x P Rnu

and
Pspu, β ˆ Rnq “ tx ` s∇upxq : x P β ˆ Rnu

Volume of parallel set

HnpPspu, β ˆ Rnqq “

ż

Pspu,βˆRnq

dz “

ż

β
detpIn ` s D2upxqq dx

by the change of variables z “ x ` s∇upxq

detpIn ` s D2upxqq “
n
ÿ

j“0

ˆ

n

j

˙

s j rD2upxqsj .

Θi pu, β ˆ Rnq “

ż

β
rD2upxqsn´i dx
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Hessian Valuations

Let ζ P C pRˆ Rn ˆ Rnq have compact support and i P t0, 1, . . . , nu.

Zζ,i puq “

ż

Γu

ζpupxq, x , yq dΘi pu, px , yqq

Smooth functions u P ConvpRnq X C 2pRnq:

Zζ,i puq “

ż

Rn

ζpupxq, x ,∇upxqq rD2upxqsn´i dx .

Zζ,i is a valuation on ConvpRnq.

Zζ,i is continuous on ConvpRnq.
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Hessian Valuations

Let ζ P C pRˆ Rn ˆ Rnq have compact support and i P t0, 1, . . . , nu.

Zζ,i puq “

ż

R2n

ζpupxq, x , yq dΘi pu, px , yqq

Some special cases:

Zζ,npuq “

ż

dompuq
ζpupxq, x ,∇upxqq dx

u˚ Legendre transform of u and u˚ P ConvpRnq:

Zζ,i pu
˚q “

ż

R2n

ζpxx , yy ´ upxq, y , xq dΘn´i pu, py , xqq

Zζ,0puq “

ż

dompu˚q

ζpx∇u˚pyq, yy ´ u˚pyq,∇u˚pyq, yq dy
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ζ P C pRˆ Rnq have compact support. For every i P t0, . . . , nu, the
functional Zζ,i : ConvpRnq Ñ R, defined by

Zζ,i puq “

ż

R2n

ζpupxq, yq dΘi pu, px , yqq,

is a continuous, translation invariant valuation. If
u P ConvpRnq X C 2pRnq, then

Zζ,i puq “

ż

Rn

ζpupxq,∇upxqq rD2upxqsn´i dx .

Alesker 2017: Valuations defined by Monge-Ampère measures

u ÞÑ

ż

Rn

ξpxq detpD2upxq, . . . ,D2upxq,Ak`1pxq, . . . ,Anpxqq dx
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Hessian Valuations

Theorem (Colesanti, L. & Mussnig 2017+)

Let ζ P C pRˆ r0,`8qq have compact support. For every i P t0, . . . , nu,
the functional Zζ,i : ConvpRnq Ñ R, defined by

Zζ,i puq “

ż

R2n

ζpupxq, |y |q dΘi pu, px , yqq,

is a continuous, rigid motion invariant valuation. If
u P ConvpRnq X C 2pRnq, then

Zζ,i puq “

ż

Rn

ζpupxq, |∇upxq|q rD2upxqsn´i dx .

In general, not level-set based: only for i “ 0 and i “ n.
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Questions

Classification of continuous, rotation invariant valuations on Kn
0 and

on Kn

Do polynomial valuations lie dense in all continuous, rotation
invariant valuations on Kn?

Classification of continuous, rigid motion invariant valuations on
ConvpRnq

Do Hessian valuations lie dense in all continuous, rigid motion
invariant valuations on ConvpRnq?
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Thank you!
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