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Lattices
•

• Specified by a basis      of linearly independent vectors
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Lattices
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Applications

• Sphere packings
• (Algebraic) number theory, diophantine approximation,…
• Crystallography
• Coding theory, wireless communication,…
• Integer programming
• Computational complexity
• Cryptography
• Global warming
• And more…



Counting Lattice Points
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How many lattice points are there in a ball of radius r?



Shortest Vector /
Sphere Packing

[Kepler 1611, Gauss 1831,
Hales1998,Viazovska2016,…]
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Determinant of a Lattice
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The determinant measures the “global density” of the latticeThe determinant measures the “global density” of the lattice



Minkowski’s Theorem
[Blichfeldt, van der Corput’36]

Thm: For any L with detL=1, 

: Global density 
implies local density!

: Global density 
implies local density!



Minkowski’s Theorem
Thm: For any L with detL=1, 

√
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Converse?

: Global density 
implies local density!

: Global density 
implies local density!

2012: Does local density 
imply global density?

2012: Does local density 
imply global density?



Reverse Minkowski:
First Attempt

No!
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Reverse Minkowski:
Second Attempt

MAIN THEOREM: YES!
Local density implies 

global density in a subspace!

If a lattice has more than 2n points in a ball of radius √n, 
does it necessarily have a sublattice of determinant less 
than one?

THIS IS DADUSH’S CONJECTURE



Reverse Minkowski:
The Theorem

Thm: If all sublattices of L have det ≥ 1, then r>0,
L has at most exp(C·log2n·r2) points of norm at most r

Remarks: 
1. This is nearly tight for Zn which has exp(c·logn·r2) 

points of norm at most r
2. Is Zn the densest lattice?
3. Usually one cares about the “best” 

packing/covering/etc.; we care about the “worst”



Applications of Reverse Minkowski
[DadushR, FOCS’16]

• L2 case of Kannan-Lovasz conjecture [KL88]
- Characterizes covering radius in terms of determinants of sublattices
- Motivation comes from Integer Programming

• Computational Complexity of lattice problems
• NP certificate for “lots of lattice points”

• New hardness reductions in cryptographic applications
• Brownian motion on flat tori (question of Saloff-Coste)

- . 



Mixing Time on Flat Tori
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Applications of Reverse Minkowski
[DadushR, FOCS’16]

• L2 case of Kannan-Lovasz conjecture [KL88]
- Characterizes covering radius in terms of determinants of sublattices
- Motivation comes from Integer Programming

• Computational Complexity of lattice problems
• NP certificate for “lots of lattice points”

• New hardness reductions in cryptographic applications
• Brownian motion on flat tori (question of Saloff-Coste)

- . 

• Counterexample to strong variant of Freiman-Ruzsa conjecture over the 
integers (question of Ben Green) [LovettR16]

• New proof systems for lattice problems [AlamatiPeikertStephensdavid17]
• Connections with slicing conjecture [Dadush17]



The Proof


