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What?

Definitions

Lattice polytope P in Rd := conv(S), S ∈ Zd , finite.

Unimodular simplex := vertices are an affine basis of Zd .
(Equivalently, normalized volume equal to 1)

(Lattice) subdivision of P: “face to face” decomposition into
lattice subpolytopes.

(Lattice triangulation) of P: same, into simplices.

Unimodular triangulation: triangulation into unimodular simplices.
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What?

Dim 2 versus higher dim

Proposition

Every lattice polygon has a unimodular triangulation.
UNIMODULAR TRIANGULATIONS 3

Figure 1.1. A non-unimodular triangulation and two unimodular ones.
They are all regular, but only the last is quadratic. (See Sec-
tion 2.4.2).

Theorem 4.4. If P is a lattice polytope of dimension d and (lattice) volume
vol(P ), then the dilation

d!vol(P )!dd2 vol(P )
P

has a regular unimodular triangulation.
More precisely, if P has a triangulation into N d-simplices, of volumes

V1, . . . , VN , then the dilation

d!
PN

i=1 Vi!((d+1)!(d!)d)
Vi�1

T
has a regular unimodular refinement.

1.1. What? A lattice polytope in Rd is the convex hull of finitely many
points in the lattice Zd. We identify two lattice polytopes if they are related
by a lattice preserving a�ne map. Up to this lattice equivalence, we can
always assume that our polytope is d-dimensional. (For more on convex
polytopes and lattices we refer to [7].)

A unimodular simplex is a lattice polytope which is lattice equivalent to
the standard simplex �d, the convex hull of the origin 0 together with the
standard unit vectors ei (1  i  d). Equivalently, unimodular simplices
are characterized as the d-dimensional lattice polytopes of minimal possible
Euclidean volume, 1/d! .

For the purposes of this paper, a (lattice) subdivision of a d-dimensional
lattice polytope P is a finite collection of (lattice) polytopes S such that

(1) every face of a member of S is in S,
(2) any two elements of S intersect in a common (possibly empty) face,

and
(3) the union of the polytopes in S is P .

The maximal (d-dimensional) polytopes in S are called cells of S.
A triangulation is a subdivision of a polytope for which each cell of the

subdivision is a simplex. The triangulation is unimodular if every cell is.
Figure 1.1 depicts three triangulations of the 9-point square. The first is not
unimodular, while the other two are.

A full triangulation is a lattice triangulation which uses all the lattice
points in P . The triangulation on the left in Figure 1.1 is not full. Every

Proof.

Every lattice polytope can be triangulated into empty simplices
(lattice simplices w.o. extra lattice points). In dim 2 all empty
simplices are unimodular.

Corollary (Pick’s Theorem)

Area(P) = |int(P)∩Z2|+ 1
2 |∂P ∩ Z2| − 1.
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What?

Dim 2 versus higher dim

Remark

In dim≥ 3 there are empty non-unimodular simplices ⇒ there are
polytopes without unimodular triangulations.

4 HAASE, PAFFENHOLZ, PIECHNIK, AND SANTOS

reeve(q) := conv
h

0 0 0 q
0 0 1 1
0 1 0 1

i

Figure 1.2. Reeve’s tetrahedra reeve(q) for integral non-negative q.

subdivision has a refinement to a full triangulation, for example the one
resulting from the strong pulling procedure discussed in Section 2.1. Also,
every unimodular triangulation is full, and in dimension at most two the con-
verse is true as well. Depending on one’s perspective, this is a consequence
of, or the reason for, Pick’s formula, which says that the area a polygon is one
less than its number of interior lattice points plus half the number of lattice
points on its boundary [92]. The formula yields the following proposition.

Proposition 1.1. Every lattice polygon has a unimodular triangulation.

However, there are 3 dimensional polytopes for which a unimodular tri-
angulation does not exist.

Example 1.2 (John Reeve [96]). For q 2 Z>0, the tetrahedron in Figure 1.2
contains only four lattice points — the vertices. Its only lattice triangulation
is the trivial one. As the Euclidean volume is equal to q/6, this simplex does
not have a unimodular triangulation for q > 1.

A subdivision is regular if cells are the domains of linearity of a convex
piecewise linear function. (Compare [67, Section 14.3], [34].) Less formally,
a regular triangulation can be thought of as a triangulation that can be
realized as a “convex folding” of the polytope (Figure 1.3 on the left). All
three triangulations in Figure 1.1 are regular while the triangulation on the
right in Figure 1.3 is not.

A particular method for constructing regular full triangulations for an
arbitrary lattice polytope is given in Lemma 2.1. However, in general, to
construct a regular subdivision of P one specifies weights/heights ! 2 RA,
where A = P \Zd is the set of lattice points in P , and defines a subdivision
S! of P as follows. A set F is a face of S! if there is an ⌘F 2 RA and a
⇣F 2 R such that

(1.1) !a � h⌘F , ai+ ⇣F for all a 2 A

and

(1.2) F = conv {a 2 A : !a = h⌘F , ai+ ⇣F } .

Geometrically, consider the polyhedron P̃ = conv(a⇥ [!a,1) : a 2 A) in

Rd+1. The bounded/lower faces of P̃ project to the faces of S!. The latter
are the domains of linearity of the function

x 7! min
�
h : (x, h) 2 P̃

 
= max

�
h⌘F , xi+ ⇣F : F 2 S!

 
.
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Why?

Integer programming

Let A be an integer matrix and b an integer vector. If the normal
fan of P = {Ax ≤ b} has a unimodular triangulation (using only
facet normals as vertices) then the system Ax ≤ b is totally dual
integral.
In particular, all vertices of P are integral (P is a lattice
polyhedron) and integer programming on P is as easy” as linear
programming.
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Why?

Counting lattice points

The Ehrhart series of a lattice polytope P counts how many lattice
points lie in kP, for k ∈ N.
It is known that its generating function can be rewritten as

∑

k≥0

#(kP ∩ Zd) tk =
h∗P(t)

(1− t)d+1
,

for a certain polynomial h∗P of degree (at most) dim(P).

Theorem (Stanley 1996)

If T is a unimodular triangulation of P, then h∗P equals the
h-polynomial hT (x) of T . (That is, the coeffs of h∗P coincide with
the h-vector of T ).

F. Santos (Unimodular) triangulations of lattice polytopes
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Why?

Unimodular triangulation ⇒ integrally closed

If P has a unimodular triangulation then the cone σP generated by
P × {1} ⊂ Rd+1 is generated in degree one: every lattice point in
kP, k ∈ N, decomposes as the sum of k points in P.

Definition

We call P integrally closed if this happens. (Other names exist:
“integer decomposition property”, “normal”).

If P is integrally closed:

P ∩ Zd is the Hilbert basis for σP .

The semigroup algebra RP = K[σP ∩ Zd+1] is an integral
domain and generated in degree one.
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Why?

Smooth polytopes, “Oda’s question”

Let XP = ProjK[σP ∩ Zd+1] = Proj RP be the projective variety
associated to σP and consider its natural embedding XP ↪→ Pn−1

(where n = |P ∩ Zd |).
Then,

XP is projectively normal ⇔ P is normal.

XP is smooth ⇔ P is simple and every vertex cone is
unimodular (we say then that “P is smooth”).

Oda’s conjecture

Every smooth XP is projectively normal.

This would follow from

Conjecture

Every smooth lattice polytope P has a unimodular triangulation.
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Why?

Algebraic geometry

Regular unimodular triangulations of P correspond to certain
(so-called crepant) resolutions of the singular point in the affine
toric variety

UP = SpecK[σ∨P ∩ Zd+1].

In particular, to prove their semi-stable Reduction Theorem,
Kempf-Knudsen-Mumford-Saint Donat (1973) used the following
combinatorial result:

Theorem (Knudsen-Mumford-Waterman, 1973)

For every lattice polytope P there is a dilation factor c ∈ N such
that cP admits a regular unimodular triangulation.
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Why?

Regular triangulations

A triangulation (unimodular or not) is called regular if its simplices
are the domains of linearity of a piece-wise convex function P → R.

UNIMODULAR TRIANGULATIONS 5

Figure 1.3. Regular vs. non-regular subdivisions.

We do not change the function or the subdivision if, for all a 2 A, we drop
!a to the value of that function at a, so that

(1.3) a 2 F () !a = h⌘F , ai+ ⇣F .

If these equalities hold, we call the pair (S!,!) tight. If all a 2 A are
vertices of S!, then (S!,!) is automatically tight.

A non-face of a triangulation is a set of points whose convex hull does
not form a face. Particularly important are the minimal non-faces, which do
not form faces but for which every proper subset does. The list of minimal
non-faces completely characterizes a triangulation, as does the list of (sets
of points that form) cells. A triangulation for which all minimal non-faces
contain only two elements is called flag. Putting these properties together, a
quadratic triangulation is defined as a regular unimodular flag triangulation.
The triangulation on the right in Figure 1.1 is quadratic. However, the three
white vertices of the triangulation in the middle form a minimal non-face.
So that triangulation is not quadratic.

1.2. Why? Who? In this section, we present some applications of uni-
modular triangulations and closely related objects (“Why?”), arranged by
mathematical discipline (“Who?”).

1.2.1. Enumerative combinatorics. Many counting problems can be phrased
as counting lattice points in (dilates) of polytopes or polyhedral complexes [11,
31]. By a fundamental result of Ehrhart, the number of lattice points in pos-
itive dilates kP of P is a polynomial function of degree d in k 2 Z>0 [11,36].
Consequently, the generating function has the special form:

X

k�0

#(kP \ Zd) tk =
h⇤(t)

(1� t)d+1
,

where h⇤(t) is a polynomial of degree  d. If P has a unimodular triangu-
lation, h⇤ equals the combinatorial h-polynomial of that triangulation [15].

Regular Non-regular

A quadratic triangulation is a regular, unimodular, and flag
triangulation (flag:= every clique in the graph spans a simplex).
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Constructions

Compresed polytopes

A compressed polytope P is a polytope of width one with respect
to every facet. That is, for every facet hyperplane H of P, all
vertices of P not in H lie in the next lattice translation of H.

All compressed polytopes have regular unimodular triangulations.
In fact, all their pulling triangulations are unimodular.

We can use this to show that

Theorem (S. 1996, Haase-Paffenholz-Piechnik-S 2014+ for
flagness)

If a polytope P has a (regular, flag) unimodular triangulation T
then every integer dilation cP of it has one too.
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Constructions

Compresed polytopes

Sketch of proof.

Consider the dilation cT of T , which subdivides cP into dilated
unimodular simplices.

Slice those simplices by all lattice translates of their facet
hyperplanes. This produces a subdivision of cT into compressed
polytopes (hypersimplices).

Any pulling refinement of this subdivision is unimodular.
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Constructions

Semidirect product

Join and cartesian product also preserve existence of unimodular
triangulations.
We generalize both (plus dilations) to the following definition.

Definition

Let Q ⊂ Rd and Pi ⊂ Rdi for i = 1, . . . , n be lattice polytopes,
and let φ : Zd → Zn be an integer affine map with φ(Q) ⊂ R≥0.
The semidirect product of Q and the tuple (P1, . . . ,Pn) along φ is

Q nφ (P1, . . . ,Pn) := conva∈Q
(
{a} ×

∏
φi (a)Pi

)
,

where (φ1, . . . , φn) are the coordinates of φ.
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Constructions

Semidirect product

This includes:

∆d nId (P0, . . . ,Pd) is the join of P0, . . . ,Pd ,

{pt}n1 (P0, . . . ,Pd) is the product of P0, . . . ,Pd .

{pt}nk (P) is the k-th dilation of P.

The chimney (Haase-Paffenholz 2007)

chim(Q, f , g) := {(x , t) ∈ Rd+1 : f (x) ≤ t ≤ g(x)}

associated to two integer functionals f ≤ g on Q is the
semidirect product Q ng−f I , where I is a unimodular
segment.
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Constructions

Semidirect product

Theorem (Aoki et al. 2008, HPPS 2014+)

If Q,P1, . . . ,and Pn admit unimodular triangulations, then every
semidirect product Q nφ (P1, . . . ,Pn) admits one too.

Remark

Semidirect product is essentially equivalent to nested configurations
[Aoki et al. 2008]. Aoki et al. prove the theorem above under the
assumption that all factor triangulations are regular.
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Polytopes related to root systems

Polytopes from root systems

(Crystallographic) root systems give examples of particularly nice
lattices. It seems natural to look at lattice polytopes related to
them. We can do this in two ways:

Polytopes cut out by roots: facet normals belong to the root
system (=:alcoved polytopes).

Polytopes with vertex sets contained in the root system.

We concentrate on the first type.
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Polytopes related to root systems

Alcoved polytopes of type A

Payne (2009) has proved that all alcoved polytopes in the classical
types A, B, C and D are integrally closed. This suggests they may
all have unimodular triangulations.

In type A this is easy to show. Remember that.

An = {ei − ej : i , j ∈ [n + 1]} ⊂ Rn+1

An is a totally unimodular vector configuration. In particular, the
hyperplane arrangement consisting of all lattice translates of the
hyperplanes normal to the roots has all vertices in the lattice.
Moreover, all cells in the arrangement are simplices (affine Weyl
chambers or alcoves).
Hence:
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Polytopes related to root systems

Alcoved polytopes of type A

The canonical triangulation for the root system A2
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Polytopes related to root systems

Alcoved polytopes of type A

Theorem

Let P be an alcoved polytope of type A. The dicing triangulation
obtained slicing P by all lattice hyperplanes normal to the roots is
a flag, regular, unimodular (that is, quadratic) triangulation of P.

Remark

If ∆ = conv{v1, . . . , vn} is any lattice simplex with its vertices
given in a specific order, we can consider the linear map sending its
facet normals to the (normals of) the simple roots of type An, in
that order. The preimage of the A-dicing gives a canonical
triangulation of c∆, for every c ∈ N, into simplices of the same
volume as ∆.
This canonical triangulation will be important in our proof of the
KMW theorem.
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Polytopes related to root systems

Alcoved polytopes in other types

Theorem (Haase-Paffenholz-Piechnik-S 2014+)

Every alcoved polytope P of type B has a regular unimodular
triangulation

Sketch of proof.

First slice P by the hyperplanes corresponding to the “short roots”
of type B. This gives a regular subdivision into compressed cells.
Any pulling refinement of this is unimodular.

The triangulation in the theorem may need to use simplices that
are not alcoved.
For other types:

In F4 and E8 we have explicit examples of polytopes without
r.u.t.’s
In Cn, Dn, E6 and E7 we do not know.
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The KMW Theorem

x

The KMW Theorem

We recall the following classical theorem of Knudsen, Mumford,
and Waterman (1973):

Theorem

Given a polytope P, there is a factor c = c(P) ∈ N such that the
dilation c · P admits a regular unimodular triangulation.

It raises several questions:

Is there a c(d) common to every d-polytope?

What is the structure of the set of valid c(P)’s of a given P?

Is it additively closed? (we have shown it is closed under
multiplication by an integer).
There are examples where cP has a r.u.t. but (c + 1)P is not
even integrally closed [Cox-Haase-Hibi-Higashitani 2012].

What is a (good?) bound on c(P) for a given P?
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The KMW Theorem

The KMW Theorem

Concerning the last question:

Neither the original KMW proof nor the reworking of it by
Bruns and Gubeladze (2009) contains any explicit bound on
the c needed for a given P.

Working out a bound from those proofs is not easy, and would
certainly lead to a tower of exponentials of length related to
the volume of P.

The regularity part of the proof is not totally clear (it is
omitted in [Bruns-Gubeladze 2009]).
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KMW in 3d

An effective KMW Theroem

Theorem (Effective KMW Theorem, Haase-Paffenholz-Piechnik-S
2014+)

If a lattice polytope P has a triangulation into lattice simplices of
(lattice) volume bounded by V , then the dilation

d!vol(P)V !dd2V
P

has a regular unimodular triangulation.

Idea of proof: While V > 1, show that dilating P sufficiently many
times you can triangulate cP into simplices of volume < V (and
get bounds on c).
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Canonical refinement of a dilated simplex

Canonical triangulation

Our proof is not substantially different from the previous ones, but
uses a better “book-keeping” based on the canonical triangulation
of dilations of an ordered simplex:

Definition

An ordered simplex ∆ is a simplex with its vertices given in a
specified order.

The canonical triangulation of c∆ is the inverse image of the
dicing triangulation of type A, under the natural affine map
sending ∆ to an alcoved simplex of type A.
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Canonical refinement of a dilated simplex

Canonical triangulation

Canonical triangulations glue together nicely; for every face F of
P, the canonical triangulation of F equals the canonical
triangulation of P restricted to F . In particular:

Lemma

If T is a triangulation of P, canonically refining each simplex of
cT produces a triangulation of cP in which:

Volume of simplices is preserved. (Each simplex in the final
triangulation has the volume of the simplex of of T that it
refines).

Regularity is preserved.

F. Santos (Unimodular) triangulations of lattice polytopes
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Volume reduction

Reducing the volume of a single dilated simplex

Let ∆ be a non-unimodular simplex. let Λ∆ be the lattice spanned
by its vertices (rather, the linear lattice parallel to it...), so that
vol(∆) = |Zd/Λ∆|. A box point is a non-zero element of this
quotient.

Box points allow us to triangulate a dilation of ∆ into simplices of
volume strictly less than vol(∆)

F. Santos (Unimodular) triangulations of lattice polytopes
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Volume reduction

Reducing the volume in a single simplex

Lemma (Elementary volume reduction)

If T is a lattice triangulation on an ordered set of vertices and
F = {v0, . . . , vk} is a non-unimodular face with a box point
m = (m0, . . . ,mk) ∈ Zd \ ΛF , then for every integer c ∈ (k + 1)N,
c · Star(F ; T ) has a refinement Tm such that:

1 The volume of every full-dimensional simplex ∆′ in Tm is
strictly less than the volume of simplex ∆ for which ∆′ ⊂ c∆.

2 Tm induces the canonical triangulation on the boundary
c · ∂ Star(F ; T ).

3 Tm is a regular refinement of T , so if T is regular then Tm is
regular.

F. Santos (Unimodular) triangulations of lattice polytopes
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Volume reduction

Reducing the volume in several simplices at a time

Remarks:

If we have box-points m1, . . . ,mN for a family of simplices
F1, . . . ,FN with disjoint stars, the reduction lemma can be
applied simultaneously to all of them, to reduce the volumes
in all stars simultaneously.

This happens, for example, for all simplices of prime volume:

Corollary

Let T be a triangulation of a lattice polytope P and assume that
the maximal volume V among all simplices in T is a prime. Then
(d + 1)!T can be refined to a triangulation with all simplices of
volume < V .

. . . if every number was a prime, (d + 1)!V T would have a
unimodular refinement . . . .

F. Santos (Unimodular) triangulations of lattice polytopes
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Volume reduction

Reducing the volume in all simplices iteratively

What we can still do is apply the reduction lemma over and over,
hoping that eventually we get rid off all simplices of maximal
volume V , then go to those of volume V − 1, etc.

Problem

If we do not process all simplices of volume V at the same time, in
the unprocessed ones we get a lot of new simplices of volume V .
The number of simplices of volume V will actually increase, not
decrease.

Knudsen-Mumford-Waterman (1973) and Bruns-Gubeladze (2009)
solve this via the use of “rational structures” or “local
lattices”.. . . which leads to a tower of exponentials.
We solve it by taking advantage of some properties of canonical
triangulations.
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What we can still do is apply the reduction lemma over and over,
hoping that eventually we get rid off all simplices of maximal
volume V , then go to those of volume V − 1, etc.

Problem

If we do not process all simplices of volume V at the same time, in
the unprocessed ones we get a lot of new simplices of volume V .
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decrease.

Knudsen-Mumford-Waterman (1973) and Bruns-Gubeladze (2009)
solve this via the use of “rational structures” or “local
lattices”.. . . which leads to a tower of exponentials.

We solve it by taking advantage of some properties of canonical
triangulations.

F. Santos (Unimodular) triangulations of lattice polytopes



Intro-motivation Some constructions Dilations Classification of empty simplices

Volume reduction

Reducing the volume in all simplices iteratively

What we can still do is apply the reduction lemma over and over,
hoping that eventually we get rid off all simplices of maximal
volume V , then go to those of volume V − 1, etc.

Problem

If we do not process all simplices of volume V at the same time, in
the unprocessed ones we get a lot of new simplices of volume V .
The number of simplices of volume V will actually increase, not
decrease.

Knudsen-Mumford-Waterman (1973) and Bruns-Gubeladze (2009)
solve this via the use of “rational structures” or “local
lattices”.. . . which leads to a tower of exponentials.
We solve it by taking advantage of some properties of canonical
triangulations.

F. Santos (Unimodular) triangulations of lattice polytopes



Intro-motivation Some constructions Dilations Classification of empty simplices

An effective KMW Theorem

Canonical refinement, revisited

Definition

An ordered k-simplex is a simplex with a specified order in its
vertices. Two ordered simplices ∆ = conv{p0, . . . , pk} and
∆′ = conv{p′o , . . . , p′k} are called A-equivalent if

{pi − pi−1 : i = 1 . . . k} = {p′i − p′i−1 : i = 1 . . . k}

Lemma (A-equivalence)

1 All the simplices in the canonical triangulation of c∆ are
A-equivalent to ∆.

2 If two simplices ∆ and ∆′ are A-equivalent then the A-dicing
defined by ∆ and by ∆′ are the same, modulo a translation.
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An effective KMW Theorem

Canonical refinement, revisited

Part (2) of the previous lemma allows us to consider a box point
for a simplex ∆ as a box point for any other A-equivalent simplex
∆′ (by the unique, modulo L∆ translation sending one A-dicing to
the other).

The crucial property that we need is:

Lemma

Let ∆ and ∆′ be two A-equivalent simplices in a triangulation T ,
and let m be a box point for both (in the above sense). Let F and
F ′ be the faces of ∆ and ∆′ having m in their relative interior.
Then, either F = F ′ or they have disjoint stars.
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An effective KMW Theorem

Canonical refinement, revisited

Thus:

Corollary

The elementary volume reduction can be applied simultaneously to
all simplices of a given A-equivalence class.

Corollary

Let T be a triangulation of a lattice polytope P and let V be the
maximal volume V . Let N be the number of A-equivalence classes
of maximal simplices of volume V in T .
Then, (d + 1)!NT can be refined to a triangulation with all
simplices of volume < V .
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An effective KMW Theorem

An algorithm

To get a unimodular refinement of cP for some constant c :

1 Construct any lattice triangulation T of P. Let V be the
maximal volume among its simplices and N the number of
A-equivalence classes of them.

2 While N > 0, apply the reduction lemma (that is, dilate by d!
and refine) to all the simplices in one of the A-equivalence
classes of volume V . This reduces by (at least) one the
number of them.

3 At the end of step 2 all simplices have volume bounded by a
V ′ < V . Iterate.

Remark: in all steps regularity of the triangulation can be
preserved.
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KMW in 3d

Dimension 3

In dimension three the following is known:

For every lattice 3-polytope P, 2P has a unimodular cover
(Ziegler 1997, Kantor-Sarkaria 2003).

Not for every lattice 3-simplex ∆, 2∆ has a unimodular
triangulation (Ziegler 1997, Kantor-Sarkaria 2003).

For every empty lattice 3-simplex P and every c ≥ 4, cP has a
unimodular triangulation (Ziegler 1997). (Open for c = 3).

For every lattice 3-polytope P and every c ∈ N \ {1, 2, 3, 5},
cP has a unimodular triangulation (Kantor-Sarkaria 2003 for
c = 4, S.-Ziegler 2013 for other c).

All these results heavily rely on the classification of empty
3-simplices (White 1964).
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Definition

A lattice polytope is:

P is hollow (or “lattice-free”) :=
no lattice points in int(P)

P is empty := no lattice points in P
apart of its vertices.

Remark: Every lattice polytope can
be triangulated (even regularly) into
empty simplices.

x

y

z

Goal: Classify empty simplices (in low dimensions). “Classify”
means modulo lattice automorphisms (⇔ affine integer
transformations).
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2 6= 3

In dimension 2 there is a single empty triangle, the unimodular
one. In dimension 3, there are infinitely many (classes of) empty
simplices.

Yet, they have a nice and relatively simple classification:

Theorem (White 1964)

Every empty tetrahedron has
width one with respect to a pair
of opposite edges.
Hence it is equivalent to some
T (p, q) :=
conv {(0, 0, 0), (1, 0, 0), (0, 0, 1), (p, q, 1)} ,
(q ∈ N, p ∈ Z, gcd(p, q) = 1).

(1, 0, 0)(0, 0, 0)

(0, 1, 0)

(1, 1, 1)
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(Lattice) Width

Definition

Width of P with respect to a linear (or
affine) functional f : Rd → R = length of the
interval f (P) f

(Lattice) width of P:= Minimum width of P with respect to
a linear non-constant, integer functional.

Width: 2 Width: 1 Width: 2
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3 6= 4 6= 5

In dimension 4, Haase and Ziegler (2000) experimentally found
that:

There are infinitely many empty 4-simplices of width two
(e. g., ∆(2, 2, 3,D − 6) when gcd(D, 6) = 1).

There are (at least) 178 of width three plus one of width 4).

On the positive side: Every empty 4-simplex is cyclic (Barile et al.
2011). Here, a simplex ∆ is called cyclic if the quotient group Zd/L(∆) is

cyclic, where L(∆) is the lattice spanned by the vertices of ∆.

Observe that |Zd/L(∆)| equals the (normalized) volume (or the
determinant) of ∆.

In dimension ≥ 5 there are non-cyclic empty simplices.
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Classification of terminal quotient singularities

Another classification comes from algebraic geometry, where
terminal quotient singularities of a certain dimension are in
bijection to empty simplices (together with a choice of a vertex to
be the origin).

In particular, Mori, Morrison and Morrison (1989)
studied those of prime volume and found that:

1 There are 1+1+29 infinite families with three, two, and one
parameter respectively.

2 Up to volume 419 there are some 4-simplices not in those
families, but between 420 and 1600 there are none. They
conjectured:

)285�',0(16,21$/� 7(50,1$/� 4827,(17� 6,1*8/$5,7,(6� ���

QRWH� WKDW� WKH� JURXS� �=�S=�� DFWV� RQ� WKH� VHW� RI�=�S=�TXRWLHQW� VLQJXODULWLHV� E\

>V?D�E�F�G`SA>VA?DA�EA�FA�6��
DQG� WKH� V\PPHWULF� JURXS� 6�� DFWV� E\� SHUPXWLQJ� WKH� ZHLJKWV�� ��%RWK� WKHVH� DFWLRQV
SUHVHUYH� WKH� VXEVHW� RI� LVRODWHG� WHUPLQDO� VLQJXODULWLHV� RI� LQGH[� S�

&21-(&785(����� �IRXU�GLPHQVLRQDO� WHUPLQDO� OHPPD��� )L[� S� !� ����� 8S� WR
WKH� DFWLRQV� RI� �=�S=�� DQG� 6��� HDFK� LVRODWHG� IRXU�GLPHQVLRQDO� WHUPLQDO� =�S=�
TXRWLHQW� VLQJXODULW\� RI� LQGH[� S� LV� DVVRFLDWHG� ZLWK� RQH� RI� WKH� S�WHUPLQDO� TXLQWXSOHV
JLYHQ� LQ� 7KHRUHP� ����

1RWH� WKDW� WKH� GHVFULSWLRQV� RI�RXU� LQILQLWH� IDPLOLHV� �FDVHV� �D�� DQG� �E�� LQ�7KHRUHP
����� DUH� VRPHZKDW� UHGXQGDQW� ZKHQ� ZH� FRQVLGHU� WKH� DFWLRQV� E\� �=�S=�� DQG� 6��
%\� D� IXUWKHU� DFWLRQ� RI� �=�S=��� IRU� H[DPSOH�� ZH� FRXOG� KDYH� DVVXPHG� WKDW� D�  � ��
+RZHYHU�� LW� ZLOO� EH� PRUH� FRQYHQLHQW� WR� ZRUN� ZLWK� WKH� ODUJHU� IDPLOLHV� RI�TXLQWXSOHV
DV�ZH�KDYH� GHVFULEHG� WKHP�

2XU� FRQMHFWXUH� VD\V� LQ� SDUW� WKDW� HYHU\� WHUPLQDO� TXRWLHQW� VLQJXODULW\� RI� LQGH[� S
LV� VWDEOH� ZKHQ� S� !� ����� +RZHYHU�� IRU� PRVW� S� �� ����� WKHUH� GHILQLWHO\� H[LVW� VSRUDGLF
WHUPLQDO� TXRWLHQW� VLQJXODULWLHV� RI�LQGH[� S�� WKHVH� ZLOO� EH� GLVFXVVHG� IXUWKHU� DW� WKH� HQG
RI� WKLV� VHFWLRQ�� 6RPH� RI� WKH� VSRUDGLF� WHUPLQDO� VLQJXODULWLHV� ZLOO� SOD\� DQ� LPSRUWDQW
UROH� LQ� 6HFWLRQ� ���ZKHUH� ZH�ZLOO� DOVR� JLYH� VRPH� H[SOLFLW� H[DPSOHV�

:H� QRZ� WXUQ� WR� WKH� SURRI� RI�7KHRUHP� ����� WKH� SURRI� LV� D� FDVH� DQDO\VLV�� 2EVHUYH
WKDW� S� !� 0T� LQ� HDFK� FDVH�� VR� WKDW� ZH� RQO\� QHHG� WR� YHULI\� FRQGLWLRQ� ������

&DVH� �D��� 7KLV� LV� WKH� FDVH� DQDORJRXV� WR� WKH� RQH� RFFXUULQJ� LQ� GLPHQVLRQ� ���ZKHUH
WKH� WHUPLQDO� OHPPD� DVVHUWV� WKDW� WZR�RI�WKH� ZHLJKWV� RI�DQ\� WHUPLQDO� TXRWLHQW� VLQJXODU�
LW\�PXVW� VXP� WR� WKH� LQGH[� S� �RU�HTXLYDOHQWO\�� WKDW� DQ\�S�WHUPLQDO� TXDGUXSOH� LV�HTXLY�
DOHQW� PRGS� WR� RQH� RI�WKH� IRUP� �D�� ²D���� ��"���� ,Q� RXU� FDVH�� VLQFH� DA� �� �²D�A�  � S
DQG�"�IF!���:� �� �����L�^N��  � S�RU��S�IRU�DOO�N�¼� ^��������S�� �`��WKH� S�WHUPLQDO
FRQGLWLRQ� ������ LV� LPPHGLDWH�

7KH� UHPDLQLQJ� FDVHV� KDYH� QR� DQDORJXHV� LQ� GLPHQVLRQ� OHVV� WKDQ� ��
&DVH� �E��� ,I� ZH� DFW� RQ� WKH� TXLQWXSOH� �D�� ²�D���� ²���D� �� ��� E\� DQ� HOHPHQW� RI

�=�S=�� WKHQ�� SRVVLEO\� DIWHU� PRGLI\LQJ� VRPH� RI� WKH� HQWULHV� RI� WKH� UHVXOWLQJ� TXLQWXSOH
E\� PXOWLSOHV� RI� S�� ZH� JHW� DQRWKHU� TXLQWXSOH� RI� WKH� VDPH� IRUP�� 7KXV�� LW� VXIILFHV� WR
VKRZ�WKDW

�S��� �D�� �� ���D�� �� ������ ������� �� �D� �� ���
:ULWH� ���D��  � �M� �� O�S�� ��D��� ������  � �M� �� O�S�� ������ DQG� �D������  � �N�O�S� �
�D�� �� ��"���VR� WKDW� ���� L�M�� N���� 7KHQ

�D�� �� ���D�� �� ���� �� ������ �� �D� �� ���  � �L��� M� �� N��� O�S�

%XW� LI�L�  � M�  � N� � ��� WKHQ� �D�� �� S���� ���� �� S���� DQG� �D�� �� ���� !� S�� D� FRQWUDGLFWLRQ�
7KXV�� L���M� �� N��� ��!� ���YHULI\LQJ� WKH� FRQGLWLRQ�

&DVH� �F��� 6WDEOH� 4XLQWXSOHV�� /HW� 4�  � �D�E�F�G�H�� EH� D� TXLQWXSOH� RI� LQWHJHUV
VXPPLQJ� WR� ]HUR�� OHW� ,T� EH� WKH� OHDVW� FRPPRQ� PXOWLSOH� RI�^_D_�� _�_�� _F_�� _G_�� _H_`� DQG� 0T
EH� WKH� PD[LPXP� RI� WKLV� ODVW� VHW�� 7R� VWDWH� RXU� PDLQ� UHVXOW� DERXW� VWDEOH� TXLQWXSOHV�
ZH�QHHG� D� GHILQLWLRQ�� /HW

54�[�� ���OLP� �^D\`��� >E\@��� >F\@��� >G\@��� ?H\?��
\�W[� �

ZLWK� >]@�GHQRWLQJ� WKH� JUHDWHVW� LQWHJHU� OHVV� WKDQ� RU� HTXDO� WR� ]�

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

This conjecture was proved by Bover (2009) (and Sankaran (1990)).
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Classification of terminal quotient singularities

Another classification comes from algebraic geometry, where
terminal quotient singularities of a certain dimension are in
bijection to empty simplices (together with a choice of a vertex to
be the origin). In particular, Mori, Morrison and Morrison (1989)
studied those of prime volume and found that:

1 There are 1+1+29 infinite families with three, two, and one
parameter respectively.

2 Up to volume 419 there are some 4-simplices not in those
families, but between 420 and 1600 there are none.
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This conjecture was proved by Bover (2009) (and Sankaran (1990)).
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Hollow 3-polytopes of width three

Theorem (Nill and Ziegler, 2011)

For each dimension d, all except finitely many hollow d-polytopes
admit a lattice projection to a hollow (d − 1)-polytope.

In particular, every hollow 3-polytope of dimension three either
(Treutlein 2008):

Has width one.

Projects to the only hollow lattice polygon of width larger
than one (the second dilation of a unimodular triangle).

Belongs to a final list with only twelve maximal ones
(Averkov-Krümpelmann-Weltge, 2016): Seven of width two
and five of width three.
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Hollow 3-polytopes of width three

Theorem (Averkov-Wagner-Weismantel’11,
A.-Krümpelmann-Weltge’15)

There are 12 maximal hollow lattice 3-polytopes. Seven of width
two plus the following five, of width three:

M4,6 M4,4 M4,2

M ′
4,4 M5,4 M5,2 M6,2

Figure 1: The Z3-maximal integral lattice-free polytopes with lattice width two. For
further reference, the polytopes are labeled by a pair of indices (i, j), where i is the
number of facets and j the lattice diameter (defined at the end of the introduction).

Figure 2: The Z3-maximal integral lattice-free polytopes with lattice width three.

Proof strategy

In the proof of Theorem 1, we use a classification of all Z2-maximal polytopes in P(1
2Zd).

This is provided in Section 2. Every such polytope is contained in an R2-maximal lattice-
free convex set L in the plane and its vertices then have to be contained in L ∩ 1

2Z2. We
give a slightly extended version of the well-known classification of R2-maximal lattice-free
convex sets L which allows us to enumerate all Z2-maximal lattice-free 1

2Z2-polyhedra.
We then turn to integral Z3-maximal lattice-free polyhedra in dimension three. We

4

Remark: all proper subpolytopes of these have width ≤ 2 (BHHS
16+). Hence, these five are the only hollow 3-polytopes of
width ≥ 3.
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Hollow 3-polytopes of width three

Theorem (Averkov-Wagner-Weismantel’11,
A.-Krümpelmann-Weltge’15)

There are 12 maximal hollow lattice 3-polytopes. Seven of width
two plus the following five, of width three:

M4,6 M4,4 M4,2

M ′
4,4 M5,4 M5,2 M6,2

Figure 1: The Z3-maximal integral lattice-free polytopes with lattice width two. For
further reference, the polytopes are labeled by a pair of indices (i, j), where i is the
number of facets and j the lattice diameter (defined at the end of the introduction).

Figure 2: The Z3-maximal integral lattice-free polytopes with lattice width three.

Proof strategy

In the proof of Theorem 1, we use a classification of all Z2-maximal polytopes in P(1
2Zd).

This is provided in Section 2. Every such polytope is contained in an R2-maximal lattice-
free convex set L in the plane and its vertices then have to be contained in L ∩ 1

2Z2. We
give a slightly extended version of the well-known classification of R2-maximal lattice-free
convex sets L which allows us to enumerate all Z2-maximal lattice-free 1

2Z2-polyhedra.
We then turn to integral Z3-maximal lattice-free polyhedra in dimension three. We

4

Remark: all proper subpolytopes of these have width ≤ 2 (BHHS
16+). Hence, these five are the only hollow 3-polytopes of
width ≥ 3.
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Classification of empty 4-simplices, part 1. Volume bounds

Theorem (Iglesias-S. 2017+)

Let P be an empty 4-simplex.

If width(P) ≥ 3 then Vol(P) ≤ 5058.

If width(P) = 2 but P does not project to a hollow 3-polytope
then Vol(P) ≤ 5184.

Ideas in proof: (1) reduce to dimension three and (2) use volume
bounds for hollow 3-dimensional 3-polytopes.

(1) For width two, look at intermediate slice. For width ≥ 3 show
that either P is “short n every direction” or it “projects to a
wide hollow 3-polytope”.

(2) Uses several convex geometry tricks (covering minima,
Minkowski Theorem, coefficient of asymmetry, etc).

F. Santos (Unimodular) triangulations of lattice polytopes
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Classification of empty 4-simplices, part 2. Enumeration

We have enumerated all empty 4.simplices up to volume 7, 600.
More than 10000 hours of computation have been used.

Computation time (sec.) for the list of all empty lattice 4-simplices
of a given volume
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Classification of empty 4-simplices, part 3. Simplices
projecting to lower dimension

Looking at hollow lifts of hollow polytopes (á la
Blanco-Haase-Hofmann-S. 2017) we conclude that the hollow
4-simplices that project to lower dimensional hollow polytopes are:

1 Those of width one (i.e., projecting to dimension 1), which
form a 3-parameter family.

2 Those projecting to the second dilation of a unimodular
triangle, which form two 2-parameter families.

3 Those projecting to one of 29 (primitive) plus 23
(non-primitive) bipyramids of width two. Each forms a
1-parameter family. The first 29 correspond to the “stable

quintuples” of Mori-Morrison and Morrison (1988). The other 23 form

new “non-primitive quintuples”.
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The 29 stable quintuples

Q{(9, 1,−2,−3,−5)}
Q{(9, 2,−1,−4,−6)}
Q{(12, 3,−4,−5,−6)}
Q{(12, 2,−3,−4,−7)}
Q{(9, 4,−2,−3,−8)}
Q{(12, 1,−2,−3,−8)}
Q{(12, 3,−1,−6,−8)}
Q{(15, 4,−5,−6,−8)}
Q{(12, 2,−1,−4,−9)}
Q{(10, 6,−2,−5,−9)}
Q{(15, 1,−2,−5,−9)}
Q{(12, 5,−3,−4,−10)}
Q{(15, 2,−3,−4,−10)}
Q{(6, 4, 3,−1,−12)}

Q{(7, 5, 3,−1,−14)}
Q{(9, 7, 1,−3,−14)}
Q{(15, 7,−3,−5,−14)}
Q{(8, 5, 3,−1,−15)}
Q{(10, 6, 1,−2,−15)}
Q{(12, 5, 2,−4,−15)}
Q{(9, 6, 4,−1,−18)}
Q{(9, 6, 5,−2,−18)}
Q{(12, 9, 1,−4,−18)}
Q{(10, 7, 4,−1,−20)}
Q{(10, 8, 3,−1,−20)}
Q{(10, 9, 4,−3,−20)}
Q{(12, 10, 1,−3,−20)}
Q{(12, 8, 5,−1,−24)}
Q{(15, 10, 6,−1,−30)}

Table : The 29 stable quintuples of Mori-Morrison-Morrison. Each represents
(the rational points in) a line through the origin, in T 4.
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The 23 “non-primitive stable quintuples”

(0, 0, 1
2
, 1

2
, 0) + Q{(6,−2,−12, 4, 4)}

( 1
2
, 0, 0, 0, 1

2
) + Q{(8,−6, 2,−8, 4)}

(0, 0, 1
2
, 0, 1

2
) + Q{(8,−4,−12, 6, 2)}

( 1
2
, 0, 0, 0, 1

2
) + Q{(4, 6,−2,−16, 8)}

(0, 1
2
, 1

2
, 0, 0) + Q{(2,−12, 4, 12,−6)}

( 1
2
, 0, 1

2
, 0, 0) + Q{(12,−16, 8,−6, 2)}

(0, 1
2
, 0, 0, 1

2
) + Q{(2, 12,−8,−12, 6)}

( 1
2
, 0, 0, 0, 1

2
) + Q{(8, 6,−2,−24, 12)}

(0, 1
2
, 0, 0, 1

2
) + Q{(6,−2, 8,−24, 12)}

( 1
2
, 1

4
, 1

4
, 0, 0) + Q{(12,−12, 4,−8, 4)}

(0, 1
4
, 1

4
, 0, 1

2
) + Q{(4, 8,−4,−16, 8)}

(0, 0, 1
4
, 1

2
, 1

4
) + Q{(4,−16, 4, 16,−8)}

(0 1
4
, 1

4
, 0, 1

2
) + Q{(4, 12,−4,−24, 12)}

(0, 0, 2
3
, 1

3
, 0) + Q{(−9, 6, 3, 3,−3)}

( 1
3
, 0, 2

3
, 0, 0) + Q{(9,−9, 3,−6, 3)}

(0, 0, 1
3
, 2

3
, 0) + Q{(−9, 3, 6, 6,−6)}

(0, 0, 1
3
, 2

3
, 0) + Q{(12,−6,−12, 3, 3)}

( 1
3
, 0, 2

3
, 0, 0) + Q{(9,−18, 6, 6,−3)}

( 1
3
, 0, 2

3
, 0, 0) + Q{(12,−18, 3, 6,−3)}

( 1
3
, 0, 2

3
, 0, 0) + Q{(12,−9, 3,−12, 6)}

( 1
3
, 0, 2

3
, 0, 0) + Q{(6,−3, 6,−18, 9)}

(0, 0, 1
3
, 1

3
, 1

3
) + Q{(3,−18, 6, 18,−9)}

( 1
6
, 0, 0, 2

3
, 1

6
) + Q{(6,−18, 6, 12,−6)}

Table : The 23 non-primitive quintuples. Each represents (the rational points
in) a line in T 4 not passing through the origin.
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Putting things together

By the bounds in “part 1” empty 4-simplices that do not project to
hollow lower-dimensional polytopes have volume < 6000. We have
the complete list of them, since we enumerated up to volume 7600
(“part 2”). Together with thw classification in “part 3” we have a
complete classification of empty 4-simplices:

Theorem (Iglesias-S. 2017+)

Let P be a 4-dimensional empty 4-simplex:

If P projects to a hollow 3-polytope then it is as in the
previous slide (1+2+52 infinite families, depending on the
projection).

If P does not project to a hollow 3-polytope then it has
volume at most 419. There are 2461 classes of them, all of
width two except for 178 classes of width three and one class
of width four.
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Nbr. of sporadic 4-simplices (part 1 of 2)

V = 24 : 1

V = 27 : 1

V = 29 : 3

V = 30 : 2

V = 31 : 2

V = 32 : 3

V = 33 : 4

V = 34 : 5

V = 35 : 3

V = 37 : 6

V = 38 : 8

V = 39 : 9

V = 40 : 1

V = 41 : 14

V = 42 : 5

V = 43 : 20

V = 44 : 8

V = 45 : 6

V = 46 : 7

V = 47 : 30

V = 48 : 5

V = 49 : 17

V = 50 : 8

V = 51 : 16

V = 52 : 6

V = 53 : 38

V = 54 : 11

V = 55 : 20

V = 56 : 3

V = 57 : 16

V = 58 : 13

V = 59 : 51

V = 60 : 4

V = 61 : 38

V = 62 : 26

V = 63 : 17

V = 64 : 9

V = 65 : 27

V = 66 : 3

V = 67 : 41

V = 68 : 13

V = 69 : 26

V = 70 : 4

V = 71 : 50

V = 72 : 3

V = 73 : 44

V = 74 : 18

V = 75 : 22

V = 76 : 14

V = 77 : 19

V = 78 : 3

V = 79 : 55

V = 80 : 7

V = 81 : 18

V = 82 : 13

V = 83 : 60

V = 84 : 7

V = 85 : 27

V = 86 : 11

V = 87 : 24

V = 88 : 5

V = 89 : 55

V = 90 : 6

V = 91 : 18

V = 92 : 9

V = 93 : 17

V = 94 : 12

V = 95 : 35

V = 96 : 3

V = 97 : 46

V = 98 : 9

V = 99 : 13

V = 100 : 8

V = 101 : 41

V = 102 : 3

V = 103 : 51

V = 104 : 8

V = 105 : 7

V = 106 : 8

V = 107 : 54

V = 108 : 5

V = 109 : 44

V = 110 : 5

V = 111 : 13

V = 112 : 2

V = 113 : 40

V = 114 : 4

V = 115 : 21

V = 116 : 11

V = 117 : 10

V = 118 : 9

V = 119 : 22

V = 120 : 3

V = 121 : 18

V = 122 : 9

V = 123 : 17

V = 124 : 8

V = 125 : 25

V = 127 : 24

V = 128 : 9

V = 129 : 17

V = 130 : 2

V = 131 : 29

V = 132 : 5

V = 133 : 14

V = 134 : 8

V = 135 : 6

V = 136 : 6

V = 137 : 28

V = 138 : 2

V = 139 : 37

V = 140 : 5

V = 141 : 6

V = 142 : 9

V = 143 : 13

V = 144 : 1

V = 145 : 14

V = 146 : 5

V = 147 : 10

V = 148 : 7

V = 149 : 26

V = 150 : 2

V = 151 : 19

V = 152 : 6

V = 153 : 9
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Nbr. of sporadic 4-simplices (part 2 of 2)

V = 154 : 3

V = 155 : 12

V = 156 : 2

V = 157 : 11

V = 158 : 10

V = 159 : 9

V = 160 : 3

V = 161 : 13

V = 163 : 17

V = 164 : 6

V = 165 : 1

V = 166 : 7

V = 167 : 18

V = 168 : 3

V = 169 : 13

V = 170 : 2

V = 171 : 6

V = 172 : 3

V = 173 : 15

V = 174 : 3

V = 175 : 8

V = 176 : 4

V = 177 : 5

V = 178 : 2

V = 179 : 21

V = 180 : 1

V = 181 : 13

V = 182 : 5

V = 183 : 5

V = 184 : 5

V = 185 : 7

V = 186 : 2

V = 187 : 7

V = 188 : 5

V = 189 : 2

V = 190 : 2

V = 191 : 8

V = 192 : 1

V = 193 : 12

V = 194 : 3

V = 196 : 4

V = 197 : 13

V = 199 : 11

V = 200 : 4

V = 201 : 3

V = 202 : 2

V = 203 : 7

V = 204 : 1

V = 205 : 4

V = 206 : 4

V = 207 : 2

V = 208 : 1

V = 209 : 10

V = 211 : 4

V = 212 : 2

V = 213 : 3

V = 214 : 2

V = 215 : 5

V = 216 : 1

V = 218 : 5

V = 219 : 4

V = 220 : 1

V = 221 : 3

V = 222 : 1

V = 223 : 7

V = 225 : 2

V = 226 : 4

V = 227 : 9

V = 229 : 6

V = 230 : 3

V = 232 : 1

V = 233 : 9

V = 234 : 1

V = 235 : 3

V = 237 : 1

V = 238 : 2

V = 239 : 3

V = 241 : 6

V = 244 : 2

V = 245 : 3

V = 247 : 3

V = 248 : 3

V = 249 : 2

V = 250 : 1

V = 251 : 5

V = 254 : 1

V = 256 : 2

V = 257 : 3

V = 259 : 2

V = 261 : 1

V = 263 : 7

V = 265 : 1

V = 267 : 1

V = 268 : 1

V = 269 : 2

V = 271 : 4

V = 272 : 1

V = 274 : 1

V = 275 : 1

V = 278 : 2

V = 283 : 2

V = 287 : 1

V = 289 : 4

V = 290 : 1

V = 291 : 1

V = 292 : 1

V = 293 : 5

V = 299 : 2

V = 304 : 1

V = 308 : 1

V = 310 : 1

V = 311 : 1

V = 313 : 1

V = 314 : 1

V = 317 : 1

V = 319 : 2

V = 321 : 1

V = 323 : 1

V = 331 : 1

V = 332 : 1

V = 334 : 2

V = 335 : 1

V = 347 : 1

V = 349 : 2

V = 353 : 1

V = 355 : 1

V = 356 : 1

V = 376 : 1

V = 377 : 2

V = 397 : 1

V = 398 : 1

V = 419 : 1
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Nbr. of sporadic t.q.s. of prime volume (MMM vs. us)
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������ S��� ������ WKH� RQO\� WHUPLQDO� TXRWLHQW� VLQJXODULWLHV� IRXQG� DUH� WKRVH� SUHGLFWHG
E\�&RQMHFWXUH� ����
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FRPSOHWHO\� VHWWOH� WKH� TXHVWLRQ� IRU� DQWLFDQRQLFDO� GLYLVRUV�� FRQWHQWLQJ� RXUVHOYHV� ZLWK
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V = 197 : 65
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V = 211 : 20

V = 223 : 35

V = 227 : 45
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The end

THANK YOU
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