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Goal

Certify the nonnegativity of a symmetric polynomial over the hypercube.

Our key result: the runtime does not depend on the number of variables
of the polynomial

1. Background
2. Our setting
3. Results

4. Flag algebras

5. Future work
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Finding sos certificates

e p € R[x] :=R[x,...,x,] such that deg(p) = 2d
o [x]gi= (1,X1, oy Xy X2, x1%2, . . ., x9) T
= vector of monomials in R[x] of degree < d

e psos < 3 Q= 0such that p = [x]} Q[x]4
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e p € R[x] :=R[x,...,x,] such that deg(p) = 2d
o [x]gi= (1,X1, oy Xy X2, x1%2, . . ., x9) T

= vector of monomials in R[x] of degree < d
e psos < 3 Q= 0such that p = [x]} Q[x]4

= [x14 BB [x]la = (X4 B)([x]g B) '
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Finding sos certificates

o p € R[x] :=R[x1,...,x,] such that deg(p) = 2d
o [Xla=(1,x1, ..., Xn, X2, x1%2, ..., xI)T
= vector of monomials in R[x] of degree < d

e psos < 3 Q= 0such that p = [x]} Q[x]4
=[x1g BB [xla = ([x]g B)([x]g B)

Example
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Sums of squares modulo an ideal

Goal

Certify p > 0 over the solutions of a system of polynomial equations.
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Sums of squares modulo an ideal

Goal

Certify p > 0 over the solutions of a system of polynomial equations.

Example
Show that 1 — y > 0 whenever x*> + y> =1

() () o
1 0 -1 1
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Sums of squares modulo an ideal

Goal

Certify p > 0 over the solutions of a system of polynomial equations.

Example
Show that 1 — y > 0 whenever x*> + y> =1

x\° y—12 1
1-y=(==) +(==) -2 +y" -1
7= () + (%) ~2e s
| 10 -1\ [1\
=50 x y)[ 0o 1 0f|x]-3("+y-1)
-1 0 1) \y

Ideal Z C R[x]
Vi(Z)=its real variety
@ pissos modulo Z if p = Z$:1 2 modT
(i.e., if 3 h €T such that p= 3", f2 + h)
@ pis d-sos mod Z if p= Z;Zl f2 mod T where deg(f;) < d Vi

Annie Raymond (UW—MSRI—UMass ) Symmetric Sums of Squares October 10, 2017 4 /24



Sums of squares modulo an ideal

Goal

Certify p > 0 over the solutions of a system of polynomial equations.

Example
Show that 1 — y > 0 whenever x*> + y> =1

() () o
1 0 -1 1

:%(1 x y)lo 1 0] |[x —%(x2+y2—1)
-1 0 1) \y

Ideal Z C R[x]
Vi(Z)=its real variety
@ pissos modulo Z if p= Z:Zl 2 mod T
(i.e., if 3 h €T such that p= 3", f2 + h)
@ pis d-sos mod Z if p=Y_I_, f? mod Z where deg(f}) < d Vi< 3 Q> 0 such
that p=v' Qv mod Z (semidefinite programming can find @ in no(d)—time)
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Our problem

Let V, x= {0, 1}(Z) be the k-subset discrete hypercube
— coordinates indexed by k-element subsets of [n]

Goal
Minimize a symmetric* polynomial over V), « J

*symmetric = & p-invariant
S+ Xitiy...ii. = Xs(ir)s(i)...s(i) VS € Sn
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Our problem

Let V, x= {0, 1}(2) be the k-subset discrete hypercube
— coordinates indexed by k-element subsets of [n]

Minimize a symmetric* polynomial over V), «

Goal J

*symmetric = &-invariant
S Xiviy..ix. = Xs(ir)s(ir)...s(ix) VS € Sn

How?
By finding sos certificates over V),  that exploit symmetry, i.e., that we
can find in a runtime independent of n.

k = 1. see Blekherman, Gouveia, Pfeiffer (2014)
k>27
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Examples of such problems

o Turan-type problem
Given a fixed graph H, determine the limiting edge density of a
H-free graph on n vertices as n — oo
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Examples of such problems

o Turan-type problem
Given a fixed graph H, determine the limiting edge density of a
H-free graph on n vertices as n — oo

o Ramsey-type problem
Color the edges of K,, ruby or sapphire. Find the smallest n for which
you are guaranteed a ruby clique of size r or a sapphire clique of size s
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Examples of such problems

o Turan-type problem
Given a fixed graph H, determine the limiting edge density of a
H-free graph on n vertices as n — oo

o Ramsey-type problem
Color the edges of K,, ruby or sapphire. Find the smallest n for which
you are guaranteed a ruby clique of size r or a sapphire clique of size s

Focus on V,:= V, 2 = {0, 1}(5)
— coordinates are indexed by pairs ij, 1 <i<j<n
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Passing to optimization - Turan-type problem

Example

Forbidding triangles in a graph on n vertices, find

1
maxm Z Xij

2/ 1<i<j<n
s.t.x,%:x,-j Vi<i<j<n
X,'ijkX,'kZO Vi<i<j<k<n

In particular, show that this is at most % + O(%)

— show that % I O(%) = é 21§i<j§n Xjj 2 0
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Issue with passing to optimization - Turan-type problem

Example (continued)
Find @ = 0 and d € ZT such that

1 1
5—1—0(;) ( Z Xj =V TQv modZ

1<i<j<n
where
I=(x—x;VI<i<j<n,
X,'J'XJ'kX,'kV].SI'<j<k§n>
4
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Issue with passing to optimization - Turan-type problem

Example (continued)
Find @ = 0 and d € Z" such that

1 1 1
——i—O(—)—T X,"EVTQV mod Z
2 n) () 13%9 '

where

Iz(x,-?—x,-jV1§i<j§n,

X,'J'XJ'kX,'kV].SI'<j<k§n>

Can we do this with semidefinite programming?

The runtime would be (g) o(d)
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Issue with passing to optimization - Turan-type problem

Example (continued)
Find @ = 0 and d € Z" such that

1 1 1 L
§+O(;>_T Z X,'J':V QV mod Z

(2) 1<i<j<n

where

Iz(x,-?—x,-jV1§i<j§n,

X,'J'XJ'kX,'kV].SI'<j<k§n>

Can we do this with semidefinite programming?

n) O(d)

The runtime would be (2 — 00 as N — 00.
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Foreshadowing

Example
The following is a sos proof of Mantel's theorem

(n=1)2  2(n-1) 1 o
0w by g ) (g)Fm (@) (2 (@)

n2

where g1 = ZXU and g = ZX,J n- Zx,,,

i<j i<j

Key features of desired sos certificates:
@ exploits symmetry
@ constant size

@ entries are functions of n
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Representation theory needed for exploiting symmetry

o (R[x]/T)qg =: V = @,_, V) isotypic decomposition
» partition A = (5,3,3,1) for n =12
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Representation theory needed for exploiting symmetry

o (R[x]/T)qg =: V = &D,., V isotypic decomposition
» partition A = (5,3,3,1) for n =12

o V) = Q}WTA
X

» shape of \: | ] standard tableau 7:

4]5[6]9]

[E]w[n]=
©
=
N

R, :=row group of 7 (fixes the rows of 7))
W, := (V\)?"x = subspace of V) fixed by R,
ny:=number of standard tableaux of shape A
my:=dimension of W,

vV vyVvVYyy
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Representation theory needed for exploiting symmetry

o (R[x]/T)qg =: V = &D,., V isotypic decomposition
» partition A = (5,3,3,1) for n =12

o V) = @W‘r)\
X

» shape of \: | ] standard tableau 7:

4]5[6]9]

[E]w[n]=
©
=
N

R, :=row group of 7 (fixes the rows of 7))
W, := (V\)?"x = subspace of V) fixed by R,
ny:=number of standard tableaux of shape A
my:=dimension of W,

V- DHW.

A=n T

Note: dim(V) = Z myny
An
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Gatermann-Parrilo symmetry-reduction technique

Recall: p d-sosmod Z < 3 Q> 0st. p=v' QvmodZ
where v =vector of basis elements of (R[x]/Z)4

Theorem (Gatermann-Parrilo, 2004)

For each ), fix Ty and find a symmetry-adapted basis {b;*, ..., bm\} for
W,,.

If p is symmetric and d-sos mod Z, then

p= Zsym(bTQ)\b) mod Z,
AFn

where b= (b, ..., b\ )T and @ = 0 has size my x mj.

Gain: size of SDP is Z m), instead of Z myny
A=n AFn
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Gatermann-Parrilo symmetry-reduction technique

Recall: p d-sosmod Z< 3 Q>0st. p=v' QvmodZ
where v =vector of basis elements of (R[x]/Z)q4

Theorem (Gatermann-Parrilo, 2004)

For each ), fix Ty and find a symmetry-adapted basis {b;*, ..., bm\} for
W,,.

If p is symmetric and d-sos, then

p=> sym(b' Q\b),

”” [

where b= (b, ..., b\ )T and @ = 0 has size my x mj.

Gain: size of SDP is Z m), instead of Z myny
Abn AFn

— how much smaller is the size of this SDP?
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Gatermann-Parrilo symmetry-reduction technique

Recall: p d-sosmod Z< 3 Q>0st. p=v' QvmodZ
where v =vector of basis elements of (R[x]/Z)q4

Theorem (Gatermann-Parrilo, 2004)

For each )\, fix Ty and find a ’ symmetry-adapted basis‘ {b1*,...,bm\} for
W;,.— complexity of the algorithm depends on n

If p is symmetric and d-sos, then

p=> sym(b’ Qb),

AFn III

where b= (b]*,...,bia )" and @\ = 0 has size my x my.

Gain: size of SDP is Z m), instead of Z myny
Abn AFn

— how much smaller is the size of this SDP?
October 10, 2017 11 / 24




Succinct SOS

Theorem (RSST, 2016)

If p is symmetric and d-sos, then it has a symmetry-reduced sos certificate
that can be obtained by solving a SDP of size independent of n by keeping
only a few partitions in Gatermann-Parrilo.
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Succinct SOS

Theorem (RSST, 2016)

If p is symmetric and d-sos, then it has a symmetry-reduced sos certificate
that can be obtained by solving a SDP of size independent of n by keeping
only a few partitions in Gatermann-Parrilo.

v

Example

In the sos proof of Mantel's theorem

oo ) () Fom @ () @)

n2

n n—1

——
— kept partitions (n) = [ [ [ [ [ Jand (n—1,1) = [ T[]
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Bypassing symmetry-adapted basis

Theorem (RSST, 2016)

In Gatermann-Parrilo, instead of a symmetry-adapted basis, one can use

@ a spanning set for Wy, for A\ >|ex [ [T 1]

@ of size independent of n

@ that is easy to generate
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Bypassing symmetry-adapted basis

Theorem (RSST, 2016)

In Gatermann-Parrilo, instead of a symmetry-adapted basis, one can use

e a spanning set for Wy, for A > | [ [ [ [ ]|

@ of size independent of n

@ that is easy to generate

Examples of spanning sets containing W,

o sym, (x™) = ﬁ Zsemm 5-x™

@ an appropriate Mobius transformation
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Razborov’s flag algebras for Turan-type problems

Use flags (=partially labelled graphs) to certify a symmetric inequality that
gives a good upper bound for Turdn-type problems

Key features:
@ sums of squares of graph densities
@ n disappears 1

@ asymptotic results for dense graphs 2

Theorem (Razborov, 2010)

If A={K3}, then maxg.|v(G)—o0 d(G) < 0.561666.
If A={KZ, Hi}, then maxc.|v(G)/—o0 d(G) = 5/9.
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Complexity Theory at Oberwolfach in 2015

“Is there a link between sums of squares theory and flag algebras?”
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Complexity Theory at Oberwolfach in 2015

“No.”
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Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©.

2
P
Example: ge/I\ ( 7)

25\, /

6
&

October 10, 2017 16 / 24

Annie Raymond (UW—MSRI—UMass ) Symmetric Sums of Squares



Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©

/’):O

6
&

2

—
L7
Example: ge.;{ ‘

2 3 4

October 10, 2017 16 / 24
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Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©.

Example: g®© . (/ 7)
o “\Z/

6
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Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©

Example: ge/Q (// 7):%
2 3 4\ / /

6
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Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©.

Example: g®© . (/ 7)
2L " Z /

6
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Connection of spanning sets to flag algebras

Tx =[2]5]617] — hook(7x) =[2]5[6]7]
13[1] () 13]

14] 1]

14]

o .
8 1, 1T SYMhook(ry) (x12X13%14)
2 3

1
= — (X12X13X14 + X15X13X14 + X16X13X14 + X17X13X14)

where ©(1) =1, ©(2) = 4, ©(3) = 3, and ge/I{ is the density of 2-*%s as

a subgraph in some graph on 7 vertices under ©

Example: ge/Q ( // 7):%
2 3 4\ / /

6
Annie Raymond (UW—MSRI—UMass ) Symmetric Sums of Squares October 10, 2017 16 / 24



Connection of spanning sets to flag algebras

Mobius transformation — d@.}{ . density of 2% as an induced subgraph

2 3

in some graph on 7 vertices under © such that ©(1) =1, ©(2) =4,
©(3) = 3 — flag density.
Example:

—
—

and d® <3/71 7) :1
AL " 6/ 4
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Connection of spanning sets to flag algebras

Theorem (RSST, 2016)

Flags provide spanning sets for W, of size independent of n.

If p is symmetric and d-sos, then its nonnegativity can be established
through flags on kd vertices (even in restricted cases).

Example

For the sos proof of Mantel's theorem, need at most flags:

o] 1
ol g b
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Connection of spanning sets to flag algebras

Theorem (R., Singh, Thomas, 2015)

Every flag sos polynomial of degree kd can be written as a succinct d-sos. J

Theorem (RSST, 2016)

Flag methods are equivalent to standard symmetry-reduction methods for
finding sos certificates over discrete hypercubes.
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Consequences of this connection

Corollary (RSST, 2016)

It is possible to use flags for a fixed n, not just asymptotic situations

Example

The following flag sos yields the Ramsey number R(3,3) < 6

1

1= (a9 +d§9)2+E@,

8(3)°

where

d?:2 Z Xijy

1<i<j<6

O _ .,

dII— Z s
Jj€l6l\{i}

1 2
— (dei — d?i) ] mod Z
2 1 el

¥ =2 ) (1-xy),

1<i<j<6
6
d(:al" = > (1-xp
Jel6N\{i}
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Consequences of this connection
Corollary (RSST, 2016)

It is possible to use flags for extremal graph theoretic problems in the
sparse setting.

Example

The following flag sos yields that the max edge density in C4-free graphs is
n3/? 1 <
at most 5— + O (1) (S6s et al)

2 2
Oj Ojk Ojk 9; Ojx Ojk
d™, d™ d™ d™’, d™ d™
n < 1o o2 + 1/.02 + 10\2) + n ( lo—o2 + 10402 + 10;2)

l @f _ ejk 2 l ej - ejk 2
—1—2(d1(..2 dl.\.2 —1—2 d”&.2 d1-3o2 mod Z
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Consequences of this connection

Example (Grigoriev's family of polynomials, 2001)

The polynomials

2 ecE(Kn e€E(Kn

are nonnegative on V.

The degree required to write f, as a SOS is at least {%-‘

v

Certifying nonnegativity f, + O(%) also requires an SOS of degree {(5)-‘
(Lee, Prakesh, de Wolf, Yuen, 2016)
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Consequences of this connection

Hatami-Norin (2011) showed that the nonnegativity of graph density
inequalities in general is undecidable

Corollary (RSST, 2016)

There exists a family of symmetric nonnegative polynomials of fixed degree
that cannot be certified with any fixed set of flags, namely

1 Zf”@J ZX&‘@J* +0()

m 2
(2) ecE(Ky ecE(Kn)

Note: Razborov allows error of size O(%) in his setting
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Open problems

o Find a concrete family of nonnegative polynomials on () variables
that one cannot approximate up to an error of order O(%) with
finitely many flags or with sums of squares of fixed degree.

@ Provide certificates for open problems over V), , using symmetric sums
of squares.
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Open problems

o Find a concrete family of nonnegative polynomials on () variables
that one cannot approximate up to an error of order O(%) with
finitely many flags or with sums of squares of fixed degree.

@ Provide certificates for open problems over V), , using symmetric sums
of squares.

Thank you!
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