
Character ratios for finite groups of Lie type

Lecture by Martin Liebeck
Notes by Dustan Levenstein

A Character ratio for G a finite group is χ(g)
χ(1) for χ ∈ Irr(G) or IBr(G).

Applications of character ratios come via: If C1, . . . , Cd are conjugacy classes in G, the number of solutions
(x1, . . . , xd) to x1 · · ·xd = z for xi ∈ Ci is∏

|Ci|
|G|

∑
χ∈Irr(G)

χ(c1) · · ·χ(cd)χ(x)

χ(1)d−1
, (1)

where ci ∈ Ci, a classical result going as far back as Frobenius.

1 Applications
1) Counting points in representation varieties

Hom(Γ, G),

for Γ finitely presented.

Example
Γ = Tabc = 〈x, y, z | xa = yb = zc = xyz = 1〉.

Count solutions to equation (1) with z = 1 over classes of order a, b, and c.

2) Random walks:

G = 〈C〉, C = xG.

We look at a random walk
1→ c1 → c1c2 → · · ·

This is a Markov chain with eigenvalues given by character ratios χ(x)
χ(1) for χ ∈ Irr(G).

Pk(g) = probability at g after k steps.

Usually Pk → U . How fast?

Diaconis-Shahshahani:

‖Pk − U‖2 =

∑
g∈G
|Pk(g)− U(g)|

2

≤
∑
χ 6=1

∣∣∣∣χ(x)

χ(1)

∣∣∣∣2k χ(1)2.
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3) McKay graphs:

For G a finite group, α a character, we define a graph

Γ(G,α)

with vertices given by Irr(G), and directed edges χ→ constituents of χ⊗ α.

Example 1) G = Cn, α linear character generator:

2) G = SL2(5), α having degree 2:

3) G = SL2(p), α = 2-dimensional F2
p natural module:

These are called McKay graphs due to the McKay correspondence: For G a finite subgroup of SU2(C), and α
a 2-dimensional representation, we have

Γ(G,α) = Ã, D̃, Ẽ.

Theorem 1.1 (Burnside-Brauer) If α is faithful, then every χ ∈ Irr(G) appears in α⊗n for some

n ≤ #{α(g) : g ∈ G}︸ ︷︷ ︸
N

.

Define diam(G,α) = diam(Γ(G,α)) ≤ 2N . Clearly

diam(G,α) ≥ log(maximal degree)

logα(1)
.

Example For G = Sn, α = χ(n−1,1): we have n ≥ diam ≥ n
2 .

For G = G(q), α = St Steinberg character: diam(G,St) = 2 with one exception when G = Un(q) (Heide-
Saxl-Tiep-Zalesski).

2 Results
Theorem 2.1 (Gluck) For G = G(q), χ ∈ Irr(G),

|χ(g)|
χ(1)

<
3
√
q
.
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The setting for the next result by Bezrukavnikov-Liebeck-Shalev-Tiep (2016) is: If G = G(q) = G
F

for G a
simple algebraic group, and a Levi L of G, define

α(L) = max

(
dimuL

dimuG
: u 6= 1 unipotent

)
where uL denotes the conjugacy class of L, etc.

Example If G = SL3 and

L =

∗ ∗ 0
∗ ∗ 0
0 0 ∗

 = GL2,

then α(L) = 2
4 = 1

2 .
We have α(T ) = 0 for T a torus.

Say L is split Levi if LF ≤ PF , with P parabolic.

Theorem 2.2 (Bezrukavnikov-Liebeck-Shalev-Tiep 2016)
Suppose G = G(q) (p a good prime) is simply connected. Let x ∈ G and suppose CG(x) ≤ LF , split Levi. Then

for all χ ∈ Irr(G)
χ(x) < χ(1)α(L) · f(r)

where r = rk(G).

For G = SLn, f ∼ n!.

Example 1) G = SL3(q), the theorem applies to all x except unipotent elements and regular semisimple elements
with centralizer order q2 + q + 1.

For the remaining elements, we have ∣∣∣∣χ(x)

χ(1)

∣∣∣∣ < χ(1)−
1
2 · c.

2) For G = GLn(q):

L =

t∏
i=1

GLni
(q) n1 ≥ n2 ≥ · · ·

we have
n1 − 1

n− 1
≤ α(L) ≤ n1

n

3) G = E8(q)

L E7 D7 · · · most
α(L) 17

29
9
23 ≤ 1

4

3 Random Walk on E8(q)
For G = E8(q), for x ∈ G, CG(x) contained in a split Levi

‖Pk − U‖2 ≤
∑
x 6=1

∣∣∣∣χ(x)

χ(1)

∣∣∣∣2k χ(1)2 ≤
∑

χ(1)2k(−1+α)+2
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For α = 17
29 , k = 3, this equals ∑

χ 6=1

χ(1)−2/29 → 0.

Liebeck-Shalev: ∑
χ∈G(q)

χ(1)−s → 1, s >
2

h
.

For E8, h is equal to 30, hence
Mix(E8(q), xG) ≤ 3.

4 Remaining results
Liebeck-Shalev-Tiep: G = SLn(q), x ∈ G.

Define s = codimension of largest eigenspace of x over Fp.

Example Say x is unipotent, a sum of t Jordan blocks,

x =

t∑
i=1

Jni
, s = n− t.

Theorem 4.1 For all χ ∈ Irr(G),
|χ(x)|
χ(1)

<
1

qγs
f(n),

with γ ≈ 1
9 .

Recall G simple, α ∈ Irr(G),

diam(G,α) = min(k : Irr(G) ⊂ α ∪ · · · ∪ αk).

We define
D(G) = max

α
diam(G,α).

Theorem 4.2 (Liebeck-Shalev)

For C a conjugacy class of G, diam(G,C) ≤ β log |G|
log |C|

.

Conjecture 4.3

diam(G,α) ≤ δ log |G|
logα(1)

.

Theorem 4.4 For G = SLn(q), D(G) ≤ cn provided q > f(n) (here c ∼ 50).

Proof Know Irr(G) ⊂ St2.
So we aim to show St ⊆ χcn for all χ ∈ Irr(G).

〈χ`, St〉 =
1

|G|
∑
g∈Gss

±χ`(g)|CG(g)|p =
χ`(1)

|G|
∑|G|p +

∑
g 6=1

(
χ`(g)

χ`(1)

)
|CG(g)|p

 .

Now use the bound for the character ratios
χ(g)

χ(1)
.
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