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Program: Perfectoid fields: definition, Fontaine’s tilting functor R — R’
for general rings, tilt K° of a perfectoid field K and relating continuous
valuations on K and K”, statement of Fontaine-Wittenberger theorem and
the proof in the algebraically closed case. References: [Scl, Section 3],
[Bh3, Section 3|, [Co, parts of Lecture 17].
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Request: the reader is kindly requested to inform me if there are typos
and/or inaccuracies, so I can correct.

1. PERFECTOID FIELDS

1.1. Valued field. Recall a valuation | | : K — I' U {0} on a field K in
a totally ordered multiplicative group I', where we set 0 < ¢ Ve € T, is
a group homomorphism on K* with the NA (non-archimedean) property
|z 4+ y| < max(|z|,|y|). It has rank 1 if the value group |K*| is isomorphic
as an ordered group to a subgroup of (Rsg, x) and is discrete if |K*| is
isomorphic as an ordered group to Z. Two valuations are equivalent if
there is an ordered isomorphism of the value groups which transforms one
valuation into the other. Then isomorphism classes of valuations are in one
to one correspondence with valuation subrings R C K, where a subring is
a valuation subring if for all z € K* either x € R or ! € R. To | | one
assigns R = {z,|r| < 1} and to R one assigns the residue homomorphism
K* — K*/R* where the order on K*/R* is defined by z < g iff zy~' € R
for any lifts x,y € K* of Z, 7.

1.1.1. Notations. Let K be a non-archimedean field. One denotes by K° =
{x,|x| < 1} its valuation ring, by K% = {z,|z| < 1} its maximal ideal and
by k = K°/K% its residue field. Then K% = K°\ K%.

1.1.2. || is non-trivial if 3a € K* with |a| # 1. This is equivalent to K° C K
being strict.

1.1.3. A valuation | | on K defines a topology with basis of neighbourhoods
of 0 being the balls {x € K, |z| < a}, and (K| |) is complete if the topological
space is complete, i.e. if Cauchy sequences converge.

1.2. Perfectoid fields.

1.3. Definition. A perfectoid field K is a field which is endowed with a
non-trivial, non-discrete rank 1 NA valuation, which is complete, and such
that the Frobenius map

d:Kp— K°p, s 2P

is surjective.
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1.4. Valued group. As 1 € K° sop € K as it is a subring. As p dies in
K°%/p, p¢ K% thus |p| < 1ie. pec K%,

Lemma 1. |K*| spanned as a multiplicative group by |p|* and {|z|} for
Ip| < |z| < 1. Purthermore, there are elements v € K° such that |p| < |z| <
1. For any = such that || <1 one has K = K°[z~1].

Proof. |K*| spanned by |KY|. If 0 # z € K% with |z| < [p| then In € N5
with [p|” < |z| < |p|*~! thus p” = 2y with |p| < |y| < 1 and |y| = 1 iff
|z| = |p|™ This proves the first part. Further, if |x| = [p"|, n € N for all
x € KO then |K*|is discrete, which is excluded by definition. This proves
the second part. Finally, if |2| > 1 then as |[z~!| > 1 there is a n € N such
that |z7"| > 2 which is to say zz" € K. This finishes the proof.

O

Lemma 2. K perfectoid field then |K*| as a multiplicative group is p-
divisible.

Proof. 1) First we prove that for |p| < |z| < 1, on has |z| = |y|P for some
y € K% |p| < |y| £ 1. Indeed, Z = P, for some y € K, y? not divisible by p,
so |p| < |y[P. Equation Z = P is equivalent to & = yP + pz for some z € K.
Thus NA implies a] < max(yl?, pl[2]) = [yl?, and |y} < max(|l, |p||2]) =
|z|. Thus |z| = |y|’. Then by Claim 1 enough to prove |p|? is p-divisible.
Take » € K° with |p| < |#| < 1, then p = zy for some y € K% with
Ip| < |p/z| = |y| < 1. Thus both |z| and |y| are p-powers.

(]

Remark 3 (Not needed in the lecture). K perfectoid field then
1) (K%)2 C =, 00
2) K° not noetherian.

Proof. 1) From 1), for any z € K% there is y € K% such that |z| = |y,
ie. r=yPu, u € K. As p > 2 this shows 1). 2) If K was noetherian,
then K% = (K%)2 would imply K% = 0 by Nakayama, thus K = (K?)*
thus K = K and the valuation would be trivial, a contradiction. O

1.5. If char(K) = p > 0, then K°/p = K” and K" is perfect iff K is perfect.
Thus a perfectoid char. p > 0 field is a complete perfect non-archimedean
field.

2. TILTING FUNCTOR
2.1. Tilt of a ring.

Definition 4. A char. p > 0 ring R is perfect if the Frobenius (which is an
endomorphism as the char. is p > 0)

®:R— R, x— 2P

is an isomorphism. It is semiperfect if it is surjective.



Definition 5. If R is any ring, Fontaine’s tilt is defined to be
R := (R/p)*™" :=lim(R/p)
®

as a topological ring with R/p being discrete and the topology on R’ being the
inverse limit topology for which a basis of topology consists of {(x)n,n €
N, ®(xp41) = Tpn, Tn, € X} where ¥ C R/p is a given subset.

2.2. Tilt of a ring is perfect.

Lemma 6. Assume char. R =p > 0. Then RP*! is perfect, and if S — R
is an homomorphism of rings with S perfect of char. p > 0, then it factors
through S — RP*"t — R,

Proof. Has (z,z'/?, 21/7* .| )= (z'/P, 217 )P and (x,:cl/p,xl/pQ, )P =
0iff a? =z =2/ = ... =0 iff (z,2"/?,...) = 0. If S has char. p > 0 then
if € S with = yP,Jy then y is unique as 2P = y? iff (x —y)? =0 and S
perfect implies x = y. So any f : S — R with S perfect of char. p > 0 lifts
uniquely to S — RPef — R.

O

2.3. Fontaine construction. Let K be a perfectoid field. Let m € K*
with |p| < |7| < 1 (see above for existence). Then p = 7v for some v € K°
thus K°/p — K%/ thus K°/7 is a semiperfect char. p > 0 ring. We define

(KO /)P (= lim K°/)
[

as a topological ring which is perfect. One has a projection map
proj : lim K° — (K°/m)pert,
TP
If char. K°is p > 0, this is an homomorphism, if char. K° is 0, it is a
multiplicative map.

Lemma 7. 1) The projection proj is an homeomorphism. In particular,
(KO/m)Pet as a multiplicative topological set is independent of the choice of
w. Moreover, there is a continuous multiplicative map

(KO /m)pert 5 KO 2 2t
2) There is an element ©° € (K°/m)P*T such that |(n°)f| = |x|.

Proof. We prove 1). e Let (Zg,Z1,...) € (K°/m)P°™. Lift z, to x, € K°.
Then
z¥ = (Cauchy) lim zP"

n—oon

is well defined. Enough to see

Claim 8.
Im 22" € KY/x"t1
is well defined.
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Proof. Write z, = x,, + mz. Thus

22
(z)P" = 2b" + ptmal 1y 4 (1)2 )WQ:LJZ_ZZZQ +...

Tn
r(p. )r <
7

for 1 < i < n. Either we know that (1 + pz)?" € l-units in Z/p"*! or else
(Scholze) one computes the inequality for the valuations for n = 0 where it

is trivial, then inductively (2,)?' — 2, = (Jljﬁk1 + ()P — mﬁhl)))p —ab

for 0 <i<n. O

so enough to see

e The map (K9/7)Pef — KO 2+ 2 is continuous by definition.
e The inverse to proj is defined by

proj t: (K°/m)pert — Jim K°,

x = (To,Z1,...) — ((Zo, &1,... ), (F1, T, .. )P ) = (aF, (@/P)F,..)

It is continuous as x — ¥ is continous.

e We prove 2). As the valuation group is p-divisible, there is a m; € K9 such
that |m1|P = |7| < 1, thus 1 > |m| > |7| one has m = 71 for some v € K
thus 0 # 71 € K°/m. As K°/p — K°/n, and the Frobenius is surjective on
K°/p, it is surjective on K°/m thus 7 lifts to

7= (0,71,...) € (K°/m)Pe,

of course non-uniquely. Has from Claim 8 (7Tb)li = 7} 727 for some v € KY,
thus |(7")* < max(|7l, [7%4]) = |z], and [7%y] < |x| < max(|(7")?], |7*~]),
thus max(|(7*)!|, |727|) = |(#*)¥|. Thus |x| = |(#")f|. This finishes the proof.

O

3. TILT OF A PERFECTOID FIELD
3.1. Definition of K. The tilt of the perfectoid field K is
K = (K /m)P[(«) 7).

Lemma 9. One has an extension

roi)—1
perf(p 0j) 1&1 KO KO

0
(K /ﬂ-) r=lrg,x1,...)—>T0 J/

roj) 1 TO,T1,...) T
Kb (proj) 1.£193H>3[/F1)(J]1{1 )—To

i

K



Then K° is a perfectoid field of char. p > 0.
K = lim K°21im K%/,

TP P
The rank 1 valuation on K’ is defined by
2| = J2f|
and on the valuation groups one has
K% = | K7,
Moreover
KOI’/Wb ~ K%/n
and on the residue fields one has
K0 / P00 — f0 JK%.
Finally if K is of char. p > 0, one has K’ = K.

Proof. e Since proj and the projection to the first coordinate are multiplica-
tive, they extend to K”. Recall that one has K = K°[1/x]. The image of
proj~' on K’ is then @x»—m@ K thus the map is bijective. Now it is an
homeomorphism on (K°/7)Pe. Since the topology is compatible with the
ring structure, thus the field structure, it is an homeomorphism on K b,
e This already implies that K” is a field.
e Topology on K”: the multiplicative map K” — K,z — 2! is continuous
as it is obtained from the map on (K°/m)P®f after inverting «”. Moreover,
this map determines the topology on yinx._mp K and this defines the rank 1
valuation K* — Rsq, = — |zf|.
e K" is perfect via the multiplicative homeomorphism K — @xpr K. It
is complete as (K°/7)P°f is complete. It has char. p > 0 as (K°/m)P*f has
char. p > 0.
e The valuation groups are by definition the same |K**| = |K*|.
o K0 = {y,z = proj (), |zo| <1} so comes from (K°/m)Pf. That is

KbO — (KO/ﬂ_)perf'
Then n° — 0 € K°/7 thus K" /n” — K°/x, which is surjective as K°/p —
K°/p, x + 2P is surjective, and K°/p — K°/m thus K°/7 — K°/m, z + 2P
is surjective. Thus K*0 = (K9/m)Pef — KO/7 is surjective. Let x € K
mapping to 0 € K°/x. Then by definition |z| < |7| = |7°| thus = ©’u,u €
(K®). That is

K /x> = K%/

is an isomorphism.

e One has K°% = {y, z = proj~'(y), |zo| < 1} thus
KbO/KbOO _ KO/KOO.
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e Finally if K has char. p > 0 all multiplicative homeomorphisms involved
in the proof are isomorphisms. This finishes the proof.
O

4. CONTINUOUS VALUATIONS OF K AND K’

Proposition 10. Let K be a perfectoid field with tilt K°. Then for any
continuous valuation | | : K — T', the map

K> =T, x|z = |z

is a continuous valuation on K°. The assignment | | — | |° is a bijection on
equivalences of continuous valuation on both sides.

Proof. @ Writing K = (K°/m)P*"[1/x] and for z = (Zg, Z1,...) € (K9 /m)Pet
with z¢ = Cauchy lim,, ¥, we sece that |2f| = 0 iff |z, |P" — 0 iff 2% € (n)
iff x = 0. Multiplicativity is clear. Similarly

|2+ y|F = limp oo [(2/P7)F + (/7" 1P"
max(limn%oo | (:Bl/p" )ti |p", limy, o0 | (Z/l/pn )ﬁ |pn)
= max([2*], |y*]).

e We have now to compare the set of continuous valuations modulo equiva-
lence on both sides.

e A valuation || || : K — I' is continuous iff whenever f, — 0 in K, i.e.
|fnl = 0in I, then ||f,|| = 0in T, iff

(K,||) = (K,]| ||) is continuous.

In particular, for f € K%, ||f||* — 0 thus K% C m C R where m C R is the
maximal ideal and the ring of the valuation || ||. In particular, the valuation
|| || can not be trivial. The condition K% C m is enough: assume f,, — 0

thus there is a ng such that f, = fﬁg(n)un with m(n) — oo as n — oo and
U, € K%, This implies || fp|| = || fno /™ ||un|| — 0 as n — oo. So || || is
continuous iff K% C m.

Assume there is a non-zero element * € R\ K°. Then |x| > 1 thus
1/z € K% thus 1/x € m thus 27! € R* N'm. Thus this set is = () as || || is
not trivial. So finally || || is continuous iff

K%cmcRcK°.

[And from this one deduces that R is open, as it contains an open subgroup
KOO_]

e So to a continuous valuation || ||, one associates the ring R/ K% c K°/K%.
It is a valuation subring: let z € K%\ R C K%\ K% = (K°)*. Then as R
is a valuation ring, x7! € R. Vice-versa, if m C R C K°/K" is a valuation
subring, its inverse image verifies K% ¢ m ¢ R ¢ K% On the other hand,
R C K is a valuation subring: if z € K\ R C (K°)*, then z=1 € R thus
vl e R Ifz € KX\ KY then z7! € KY. By the previous either 27! € R



or (x71)~! = 2 € R. Thus the valuation is continuous.
e To go to the tilt side, pass through K°/K% = K" /K% and go up to K°.

O

Remark 11. The valuation group of | | is K* /K", the one of | |g is
K*/R*, the one of | |g, for R=R/K", is (K°/K")*/R* = (K°)*/R*.

5. GALOIS GROUPS OF K AND K” ARE CANONICALLY THE SAME
To this, we have to prove first
Proposition 12. If K” is algebraically closed so is K.

Proof. e It is enough to prove that an integral element over KY lies in K°
for if 7 € K% with |7| < 1 then if X? + X\ X9 + .. 4+ X\g, \; € K, then
i = 7 i, i € K9 so replacing X by X 7™ for some power m one obtains
an irreducible polynomial

P(X)=X"+a X"+ . 4ay, a; € K°

e K C L Galois extension defined by the roots of P. Then the valuation
extends to L and as K is complete, the extension is unique. We conclude
that the Galois group of L/ K fixes | |, thus all roots have the same valuation.
Thus one has |a;| < |ag|”/¢ (the < comes from possible cancellations by tak-
ing the symmetric functions of the roots). (If we were writing the valuation
additively as v, this would be equivalent to saying that the Newton polygon,
which is the convex full of the points {(0,0), (1,v(a1)), ..., (d,v(aq))} is the
line passing through 0 with slope 1.)

e As K is algebraically closed, | K”*| is divisible by d, so so is |[K*| = |K”|.
Thus one has ag = a%u, u € K% thus |a4| = |a|?. Thus

P(X)=a) Y +aa 'V faa™2Y 2. 4u], Y =a X, g;a € K°.
Thus may assume |ag| = 1.
e Take

QX)) =X 4+ b, X .. +by, bje K
a lift of the residue class of P in (K°/7)[X] = (K"°/x%)[X]. Let y € K° be
a root of Q. As |y|? < max(|b1|ly|4",...,|ba|), has |y| < 1soy e K.
o Write

KX]5 P(X + ") = X+ 1 X1 4 cq, ca=P().

Has P(y*) = 774, 74 € K° and irreducibility again implies |¢;| < (|7]|ya|) .
e Write again 7yg = c%u, u € K°%, thus |¢;c™| < 1, then

P(eX 4+ ) =X+ et X 4
lies in K°[X] and is again irreducible. Thus again looking at it mod
and taking a root yj, then yg, one obtains |c_dP(cy§ + y*)| < |n| that is
\P(cy? + )| < |72 Write ¢ = 71, |m|¢ = |7]. So we found yf, then
71,@% + yb. Tterating like this, we find a sequence v; € K, |v]¢ < |n|* and



yf e K with ]P(%yg +’yn_1y,ﬁl,1 + .oyt ] < 7™, m(n) = oo

asn — 0o. As z, = ’ynyﬁL —i—*yn_lyi_l +... —F’ylyﬁ +yjj is a Cauchy sequence,

it converges to a root of P.

([l
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