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Introduction

e Kolmogorov—Arnold—Moser (KAM) theory gives results on quasi—periodic
motions in non—integrable dynamical systems and in particular on the
persistence of invariant tori in nearly—integrable Hamiltonian systems.

e Calleja-Celletti-de la Llave (2013-): efficient KAM theory for conformally
symplectic (dissipative) systems, and other results (behavior near
quasi-periodic tori, partial proof of Greene’s method, concrete estimates, etc.).

A. Celletti (Univ. Rome Tor Vergata) Analyticity domains of KAM tori in some dissip MSRI, August 2018 4/48



Introduction

e Kolmogorov—Arnold—Moser (KAM) theory gives results on quasi—periodic
motions in non—integrable dynamical systems and in particular on the
persistence of invariant tori in nearly—integrable Hamiltonian systems.

e Calleja-Celletti-de la Llave (2013-): efficient KAM theory for conformally
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quasi-periodic tori, partial proof of Greene’s method, concrete estimates, etc.).

e Adding a dissipation to a Hamiltonian system is a very singular
perturbation: the Hamiltonian admits quasi-periodic solutions with many
frequencies, while a system with positive dissipation leads to attractors with
few quasi-periodic solutions and needs to include drift parameters.
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Introduction

e Kolmogorov—Arnold—Moser (KAM) theory gives results on quasi—periodic
motions in non—integrable dynamical systems and in particular on the
persistence of invariant tori in nearly—integrable Hamiltonian systems.

e Calleja-Celletti-de la Llave (2013-): efficient KAM theory for conformally
symplectic (dissipative) systems, and other results (behavior near
quasi-periodic tori, partial proof of Greene’s method, concrete estimates, etc.).

e Adding a dissipation to a Hamiltonian system is a very singular
perturbation: the Hamiltonian admits quasi-periodic solutions with many
frequencies, while a system with positive dissipation leads to attractors with
few quasi-periodic solutions and needs to include drift parameters.

o A KAM theory with adjustment of parameters was developed in remarkable
and pioneer papers: [Moser1967], see also [Broer, Simd, etc.], with a
parameter count different than in [CCL].

A. Celletti (Univ. Rome Tor Vergata) Analyticity domains of KAM tori in some dissip MSRI, August 2018 4/48



Introduction

e The dissipative system depends on:

- conformal factor A (measuring the dissipation);

- drift parameter p, which is needed in dissipative systems, since to find tori, it
is not sufficient to adjust the initial conditions like in the conservative case.

e AIM: consider a dissipative system depending on a parameter, such that
when the parameter goes to zero, the system becomes symplectic.
e Analyze the domain of analyticity in the complex parameter € € C:

A=AE) > A0)=1.

e Calleja-Celletti-de la Llave, "Domains of analyticity and Lindstedt
expansions of KAM tori in some dissipative perturbations of Hamiltonian
systems", Nonlinearity, vol. 30, 3151-3202 (2017).

e Calleja-Celletti-de la Llave, "Existence of whiskered KAM tori for
conformally symplectic systems", Preprint (2018).
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2. Symplectic and Conformally Symplectic Standard Maps
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Symplectic vs. Conformally Symplectic

Definition

Let M C R x T be a symplectic manifold with symplectic form Q. A
diffeomorphism f,, : M — M is conformally symplectic, if there exists a
function A : M — R such that

fi=20.

e The system is symplectic when A\ = 1.
e )\ is constant for d > 2.

Definition

| A

A vector field X, is conformally symplectic if, denoting by Ly, the Lie derivative,
there exists A : R* — R such that

Ly, = AQ.

e The time r-flow @, satisfies (®,)*Q = M.
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Conservative Standard Map

It is described by the equations (discrete analogue of the conservative
spin-orbit problem):
y) = y+nsinx yeER, xeT,neR,,

X = x+ y/ .
e SM is integrable for = 0, non—integrable for 7 # 0.

e KAM theory provides the existence of invariant curves run with
quasi—periodic motions.
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Dissipative Standard Map

It is described by the equations (discrete analogue of the spin-orbit problem
with tidal torque):

/

Yy = Ay+p+n sinx yeR, xeT

/

X - X+y/7 )\aUGR—H ),U’G]R7

0 < A < 1 dissipative parameter, y = drift parameter.
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Dissipative Standard Map

It is described by the equations (discrete analogue of the spin-orbit problem

with tidal torque):
y = Ay+ ptn sinx yeR, xeT
X o= x+ y’ ,

AaUER-F? ),U’GR7
0 < A < 1 dissipative parameter, y = drift parameter.

e \ =1, u = 0 conservative SM.

e For 1) = 0 the trajectory {y = w = %5} x T is invariant:

Y=y=M+upu, w:limﬁ:y = w=AWwH U = w=
J

I

A. Celletti (Univ. Rome Tor Vergata)
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3. Celestial Mechanics and the zero-dissipation limit
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Spin—orbit model

> triaxial satellite S (with I} < I, < I3);
> satellite moving on a Keplerian orbit around a central planet P;

> spin—axis perpendicular to orbit plane and coinciding with shortest physical
axis.

> in the dissipative case: tidal torque due to the non-rigidity of the satellite.

A. Celletti (Univ. Rome Tor Vergata) Analyticity domains of KAM tori in some dissip MSRI, August 2018
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e Conservative equation of motion:

3L -1
2 L

x+néfﬁmm—yj:m 0

corresponding to a 1-dim, time—dependent Hamiltonian:

2 a
H(y,x,1) = y? — Z(M)3cos(2x— 21(1)) .

e Dissipative equation of motion: tidal torque averaged over an orbital period
(e=eccentricity):

X+n (%)3sin(2x —2f) = —(1 — Ae; )) (x — ,u(e)) ,

> A = A(e; ...) plays the role of the conformal factor;
> u = p(e) plays the role of the drift.
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Zero dissipation limit

e When ) approaches 1, the dissipative system approaches the conservative
one.

e We are interested to the limit A — 1.
e Physical motivations:

(i) satellites rotated fast in the past, slowed down and the tidal torque becomes
negligible, once the satellites have been evolved to the present state of
synchronous rotation with the permanent triaxiality larger than the tidal bulge;

(ii) another example: the atmospheric drag is a dissipative effect on satellites
in LEO, but the density of the atmosphere decreases exponentially and the
dissipation becomes negligible around 2 000 km.
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Role of the drift

e Looking for the torus with frequency w = 27 @ ~ 3.8832, dissipative
standard map with n = 0.1, A = 0.9.
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4. Invariant tori
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Diophantine condition

Definition

We say that the frequency vector w € R? satisfies the Diophantine condition if
L =1 T d
5-ca—pl" <vigl"  peZ, geZN{0} v>0, 7>0;
T

for 7 > d — 1, D(v, ) = set of Diophantine vectors, which is of full
Lebesgue measure in R?.
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KAM surface and invariance equation

Let M C R¢ x T be a symplectic manifold and let f : M — M be a
symplectic map. A KAM surface with frequency w € D(v, 7) is a
d—dimensional invariant surface described parametrically by an embedding
K : T¢ — M, which is the solution of the invariance equation:

FoK(0) =K(0+w).

For a family f,, of conformally symplectic maps depending on a real
parameter u, look for ¢ and an embedding K, such that

fuoK®) =K(O+uw).

e Symplectic case: unknown K, CS case: unknowns K, f.
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Symplectic limit

e We are interested in the symplectic limit.
e Consider A = A(¢) and a family of maps f;, . such that

[i-Q=Xe)Q, M0O)=1.

We discuss analyticity, so all parameters are complex.
e Symplectic limit: € € C is a small parameter that controls the dissipation:

AMe)=1+as®+0(e|™)),  aeZi, aecC\{0}.

e Look for invariant tori by finding an embedding K. : T¢ — M and a
parameter vector 1. € C?, such that

Juee© K.(0) =K. (0 +w).
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5. Analyticity domains for n € C
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Symplectic Standard Map A =1, u =0

Analyticity domains of the conservative standard map: Berretti, Celletti,
Chierchia, Falcolini, de la Llave, Marmi, Tompaidis.

e From the standard map equations:
Xn+1 — Xn = Yn+1, Xn — Xn—1 = Yn, Yntl — Yn = 1SINX,; =

Xnt1 — 2Xp + Xp—1 = M Sinx, ,

introduce a parametrization
x=0+u(b;n),

which conjugates the dynamics to a rigid rotation by w: 6,11 = 6, + w.
e Compute the Lindstedt series of u:

o0
u(0;m) :Zuj
j=1

A. Celletti (Univ. Rome Tor Vergata) Analyticity domains of KAM tori in some dissip MSRI, August 2018



Padé approximants

e Truncated Taylor expansion at order J around O for a fixed 6:

J

[f]( )= Z ”177]

j=1

Padé approximant is a rational function, ratio of 2 polynomials, which agrees
with the highest possible order with the truncated polynomial (J/ = L 4 M):

Pu(n) _ao+amn+.+ am ylLMl oy — ]

The coefficients aj, b; can be obtained from the condition that the first
L+ M + 1 terms coincide with the Taylor series; typically one takes diagonal
Padé L = M:

u(n) = UMM (n) = OGP *1) .
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e It is believed that u has a natural boundary for n € C, i.e. its domain of analyticity
is bounded by a continuous curve where singularities are dense, obstructing analytic
continuation; it appears to be independent on ¢ (Figures by [Berretti-Chierchia, 1990]
sin x, golden ratio, [Berretti-Celletti-Chierchia-Falcolini, 1992] -

sinx + 5 sin 5x,w = [3%°)).
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e Greene’s breakdown threshold - 0.971635 - is the intersection of the analyticity
domain with the positive real axis, while the radius of convergence can be defined as

1
= inf [li (0)]717!
p 52T[1jrgigpluj( W,

by studying the singularities via Padé approximants.
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Conformally symplectic Standard Map A # 1, u # 0

e Instead of using Padé approximants, compute the solution of the invariance
equation, assuming 1 € C: applying a Newton’s method, follow the solution
from 1 = 0 increasing the real and imaginary parts of 7 = 7, + in; until
blow-up ([Calleja-Celletti 2010]).
e Using again

Xn1 — (1 4+ X)xy + A1 — = nsinx, ,
and introducing the parametrization x = K,(#) = 6 + u,, (), expand K, in
terms of € C as

Ku(Oim) = > Kuj(0) (- + ini)
j=1
= Kur (0507, 1) + 1Ky, i (057, 7)
K, j(0) are real and the same for g(K,(6)) = sin(K,(9)):

0 8(Kyur + iK,i) = nr&r — migi + i(0rgi + migr) -

= functional equation for K, ,, K, ;.
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Figure: Existence domains with axes: 7, and 7;, A = 0.9.
a) g(x) =sinx, w/(27w) = @ (circle) - Greene’s breakdown threshold = 0.97198;
b) g(x) = sinx, w/(27r) = [3, 12 1,1,1,1,...] (frequency close to a rational);

¢) g(x) = sinx + 5 sin(4x) + 35 sin(6x), w/(27r) ‘[ ! (due to the choice of g).
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6. Conformally symplectic limit A — 1
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Conformally symplectic limit A — 1

[CCL, Nonlinearity, vol. 30 (2017)]
e AIM:

> Study the limite — 0, i.e. A\(€) = 1 + ag® + O(|e|**!) — 1 witha € Z,
a € C\{0}.

> Study the analyticity properties of K, 1., namely their perturbative
expansions and domains of analyticity as solutions of the invariance equation:

fu.coKe=K.oT,, (INV)

where T,,(0) = 0 + w.
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e MAIN RESULT: if there exists a solution of (INV) for e = 0 (symplectic case),
which satisfies some mild non-degeneracy conditions, we can find K, y. analytic in
e for e € G, where G is obtained by removing from a ball centered at the origin, a
sequence of (much smaller) balls with centers in smooth curves going through the
origin (see [JAILZ99] for domains of analyticity of resonant tori in nearly-integrable
systems).

e The radii of the balls decrease very fast as the centers of the excluded balls go to 0.
The centers of the balls are at |~ — 1|1/4,

Figure: The good domain G is the region not covered by the black circles (the radii of the balls
have been rescaled for graphical reasons);a =3 (d =1, 7 = 1).
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> An algorithm to produce a perturbative series expansion to all orders in ¢,
i.e. an approximate solution as a truncation solving (INV) approximately, and
used as initial point of an iterative procedure which is shown to converge
through...

> ... a-posteriori KAM theorem for conformally symplectic systems with
complex parameters: near a nondegenerate approximately invariant torus,
there is a true invariant torus (started in [de la Llave et al 2005] for
symplectic systems).

> ... automatic reducibility: in the neighborhood of an invariant torus, there is
a change of coordinates that makes the linearization of the invariance equation
into a constant coefficient equation.
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e For p > 0, complex extension of the d—dim torus:
T¢={z€C/2? : Re(z;) €T, |Im(z)|<p, j=1,...d}.

e A, = vector space of functions analytic in Int(’]I‘ﬁ), extending continuously
to the boundary of ']I‘;f.

e We endow A, with the supremum norm, which makes it a Banach space:

[fllp = sup [f(0)] -

d
0eTy
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Set-up

Definition

Forw € R4, 7 € Ry:

v(w;T)= sup |e*Y —1)7 k7T,
kezA\{0}

If v(w; T) < oo, we say that w € R? is Diophantine of class 7 and constant
v(w;T).
For A € C:
v(\w,T)= sup |e* — \THk|TT.
kezZd\{0}

If v(\;w, T) < 0o, we say that A is Diophantine with respect to w.

e Notice that v(\;w,7) < |1 — |A||7! < oo for A # 1, since

¢4 = N7 > [ = A =[] = | = |1 = Al]
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e We will need to solve cohomological equations of the form:

Wi(0) = Wi(0 +w) = Fi(0)
AWL(0) —Wh(0+w) = Fa(0).

Expanding in Fourier series W;(6) = >, VAt/jkeik'H, inserting in the equations
above:

k k
a0 . ~ e
Z WZkelk ()\ - elk w) _ Z FZkeZk 7
k k
whose solution involves the small divisors

1 — etk-w ’ N\ — ezkw )

Hence, the quantities v(w; 7), v(\;w, 7).
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Assumption and domains

e Assumption (HM):

Ae)—1=ae"+0(el*"")|, aeZy, aeC\{0}.

e Definition of the domain G, which is a closed set where the Diophantine
constants of A(¢) w.r.t. w are not too bad, so that a good approximation (up to
V) can be taken as initial condition for the iterative procedure:

G(A;w,7,N)={c € C: v(\e);w,7) |Ae) — 1IN <A},
and (for a typically sufficiently small) ry:

Gr(A;w, 7, N)=GN{ecC: || <r}.
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Statement of the main result;: Theorem

e Main Theorem:

O Let M = B x T¢, B C R open, simply connected domain with smooth
boundary and with symplectic form €; let w € R¢ be Diophantine; family of
CSmapsf, . withp € I' C C? open; € € C; conformal factor A as in (H)).

¢ Assume that for e = 0, f,, 0 is symplectic and that for some 9 the map f,,, 0
admits a Lagrangian invariant torus, i.e. we can find an analytic embedding
Ko : T = M, Ko € A,, such that

JuoooKo=KooT, . (INV0)

¢ Assume that the torus K satisfies a suitable non—-degeneracy condition.
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Statement of the main result: Theorem, Part A)

e Then, we have the following results.
A) We can find a formal power series expansion

oo o0
K =S ek, b =S ey,
Jj=0 j=0

satisfying (INV) in the sense of formal power series, i.e. setting

N N
KEN =370k, =M =3y
j=0 j=0

forany N € N and p > 0, then for some 0 < p’ < p and Cy > 0, we have

If e, 0 KEM — KEM o T[], < CyleM
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Statement of the main result: Theorem, Part B)

B) We can find a set G,, C C, ry sufficiently small, we can find
K. : Gy — Ay, uszgrO—MCd,

analytic in the interior of G,, and extending continuously to the boundary of
Gy, such that for € € G, they satisfy (INV) exactly:

fug,aoKa_KaoTw:O'

Moreover, the solutions K¢, pi. have the formal series of part A as asymptotic
expansions for some 0 < p/ < p:

||KIEN — K|l < Cyle|MtT, =N — ) < eyl

)
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e REMARK: G is a lower bound for the analyticity domain, but we conjecture
that G is essentially optimal in the sense that for a generic system, none of the
excluded balls can be filled completely =- it is possible that the set of € for
which K, p. are analytic is larger than G.

e CONSEQUENCES:

> Absence of monodromy for tori, s/u bundles: one can continue uniquely
along loops that enclose points outside the established domain. On the
contrary, [JdILZ99] proved no monodromy for tori, non-trivial monodromy of
s/u bundles.

> The functions K, p. are monogenic at many points in G, i.e. points for
which A(e) is Diophantine w.r.t. w.

k = k(e) is monogenic in a complex set if there exists the limit lim w; when
the set is open, we have the definition of differentiable function.

> K., pe are Whitney differentiable in G: we can find series expansion of the
solution around any point in G and this will be the Whitney derivatives.
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Proof of the main Theorem

e To prove the Theorem, we need the following result, which shows that for
A € C, given an approximate solution (later the truncated power series)
satisfying a non-degeneracy condition, by an a-posteriori method we can start
an iterative procedure which is shown to converge.

KAM Theorem:
O Let M = B x T?, w € RY Diophantine, v(w; 7) < 00, v(A\;w,T) < 00,
. with p € I' € C? (complex) conformally symplectic maps, € € C,
L, M P y symp
A = \(e) complex.
& Let K, 1, be an approximate solution of (INV) with error term E
Pp

fucoKs—KyoT, =E.

<{> Assume that a suitable non—degeneracy condition (involving \) is satisfied:

S SB+A;
det(()\—l)ld i >7é0.
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Proof of the main Theorem

QForpel, fucisa C'-family of analytic functions on an open connected
domain C ¢ C/\Z? x C?. Assume that there exists ¢ > 0, so that

dist(pg,00) > ¢, dist(K,(T9),0C) > ¢ .

¢ Assume that the solution is sufficiently approximate, i.e. for some
0 < 0 < pand C constant:

2
I|E||, < C |v(w;T) v(Aw,T) sHr+d)

e Then, there exist K, yi., such that
fug,aoKa —K.0T, =0
and for positive constants Cg, Cp,:

HKE - Ka||p—6 < Cg V(W§T)_1 V(A;Wﬂ_)_l 5_2(T+d) HEHP )
e — ta| < CuHEHP'
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Non—degeneracy condition (involving \)

S SB+A;
det<(>\_1)1d i >5£0

- bar denotes average w.r.t. §

- § quantity depending on K,,, DK, A, Df,,,, -

- Ay, Ay quantities depending on K, DK, \, D\f,,, -
- B solution of cohomology equation

AB—BoT, =—(Ay—Ay) .
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About the proof of the KAM theorem

e The solution of (INV) is obtained by an iterative method, where at each step
we need to solve 2 cohomology equations, which involve small divisors of the

form _ _
’elk-w_ 1‘—1 ’ ’etk-w_/\|—l )

e Having fixed w and T, the quality factor v(w; 7) v(A;w, 7) is a function only
of \. We need to identify complex domains in the e-plane, where this quality
factor is bounded uniformly.

e The cohomology equations are of the form:

Ap(0) — (0 +w) =~(0) ,

v : T¢ — C with zero average, v € A,, A € C; a (standard) lemma states that
there exists a unique solution with zero average such that

lellp—s < C(r,d) v(A;w,m) 67 |7l

for0 < ¢ < p.
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Proof of Part A)

e Start from Ky, j1o exact solution of

fu()’() o) K() = K() o T<,u . (INVO)

Insert KCLSN], /JFM in (INV), expand in series of ¢ and equate the coefficients
of same power of ¢ to obtain recursive relations defining Kj, ;.

Order 1:
(Df 0.0 © Ko)K1 — K1 0 Ty 4 (Dpufg,0 © Ko) 1 = —Defyy,0 © Ko

Order2 <j < N:

(Df 9,0 © Ko)Kj — Kj o Ty, + (Dyfyg,0 © Ko)ptj = Fi(Ko, ..., Kji1, 105 -+ fj—1)

where Fj is an explicit polynomial.
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Proof of Part A)

e Let My = [DKy | J~! o Ko DKo N], N = (DK} DKy) ™", Sp suitable function:

0 1Id

(Dripo e Ko(0) Mo0) = oo+ (5 ) e

o Let K;(0) = Mo(9)W;(0):
(Df .0 © Ko)Mo Wy — Mo © Ty Wy © Ty 4 (Dufiug 0 © Ko)ptj = Fj(Ko, ..o Kji, o, ooy 1)
and using (AUX):

Id  So(0
MOOT‘“( 0 Ol(d) > Wi—Mo o Ty WjoTw+(Dufiu,00Ko) i = Fj(Ko, -, Kjmr, o, -oos 1)

which gives for W; = (Wi, Wp):

Wip — WpoT, +Axp; = E;
Wit = Wi o T, + A = Ej—SWp

for suitable functions A g, A2g, Ejl, Ejz, which can be solved under the
non-degeneracy condition.
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Proof of Part B)

e Start from the approximate solution (K k=M , ,u[<N])

where the cohomological equations can be solved.

letA > 0,e09 € G (A),

e Choose ¢ small enough; taking (K, p,) = (Kg[SN], ML<N]) the error is small

and for ry suff. small all assumptions of KAM Theorem are satisfied.

e Hence, there exists an exact solution of (INV), satisfying the bounds.
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Accurate numerical computation of the domain

e From [Bustamante-Calleja (2018)], dissipative standard map with
Ae) = 1+ n=cw=2r \6271

, striking results!

"

o

\‘--..
P

Figure: Domain G: theoretical expectation (left) and numerical computation (right).
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