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PRELIMINARIES AND MOTIVATION THE n + 1 BODY PROBLEM

HAMILTONIAN FORMULATION

@ n+ 1 point masses, evolving
under the Newtonian gravitational
attraction.

@ Taking adequate units, the
equations of motion (F: ma) are

. q,
mig; = m;mj
i Z ”Hq, al®

J=0,i#j
@ Let pj = m;q;, the momenta and = T(p) — U(q) with
n
_mim; 5
U(qo,-..,qn) = T(po,....pn) = .
@)= 2 Tg-ai TP e

@ The equations of the motion become

. . d . .
Qi = OpH, pi=—0gH, Ei:zaqf qi + OpHpi = 0.
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PRELIMINARIES AND MOTIVATION THE n + 1 BODY PROBLEM

KNOWN REMARKS

. . 2 body problem
Dimension of the problem g ST TRE
: +: '\ Hyperiola
@ If g € R3, 6(n+ 1) unknowns, |
3(n+ 1) degrees of freedom.

@ If g; € R?, 4(n+ 1) unknowns,
2(n+ 1) degrees of freedom.

The restricted problem. When my = 0.

@ The motion of the primaries, bodies 1, - - - , nis not affected by qo.
@ The motion of the massless body, ¢ = qo, p = po is Hamiltonian

H(g,p,1) = T(p) — U(q, 1) ||p||2 Z”q —4qi

@ Either 2 and 1/2 degrees of freedom if g € R? or 3 and 1/2 degrees of

freedom if g € R®
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PRELIMINARIES AND MOTIVATION THE n + 1 BODY PROBLEM

ASYMPTOTIC STATES OF THE N+ 1 BODY PROBLEM

THE BEHAVIOR WHEN t — +00 (IF THE FLOW IS COMPLETE)

Can we classify the different types of motions as t — +oo0?

When n+ 1 = 3, Chazy proves that the possible asymptotic states are:
@ Bounded motions.
@ Hyperbolic orbits, ||q(t)]| — oo, ||q(t)|| = ¢ > 0as t — +oo.
@ Parabolic orbits, ||g(t)|| — oo, ||(t)]] — 0 as t — +oo.
@ Oscillatory orbits, limsup ||q(t)|| = oo, liminf ||g(t)|| < oo as t — +oc.

He found examples of all the motions except oscillatory orbits. The existence
of such orbits have been proven by several authors: Sitnikov, Moser,
Llibre-Simd, Guardia-Martin-Seara, etc. for some instances of the 3 body
problem. Terracini also deals with parabolic orbits.

OUR GOAL

To provide necessary conditions in some n + 1 body problems to guarantee
the existence of parabolic orbits by means of the theory of invariant manifolds.
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PRELIMINARIES AND MOTIVATION INVARIANT MANIFOLDS

EITHER MAPS OR FLOWS?

Assume that we have a vector field x = X(x). Let

d
Qo(tv t07X0) = Sp(t - tO; 07X0)7 a%p = X(907 t)a Qo(to; t07X0) = X0

be its flow.
Consider the map F(x) = (1,0, x):

F2(x) = ¢(1;0, F(x)) = ¢(2,0,x) = F*(x) = ¢(k,0, x).
If the flow is not autonomous: x = X(x, t), we can consider instead
z=(x.0), Z(z)=(X(2),1).

We can extract information for flows from the information for maps.

Even when the models of celestial mechanics we deal with are vector
fields, we present our result in the maps setting.. .
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PRELIMINARIES AND MOTIVATION INVARIANT MANIFOLDS

ASYMPTOTICALLY STABLE SETS FOR MAPS

Let F: U C R" — R" be a real analytic map
F(T)c T, T aninvariant set.

Given B ¢ R", T € B. What conditions on F we have to impose to
guarantee the existence of stable sets

Wg = {€ e R": FX(¢) € B, Vk, Jim dist(7, FX(£)) = 0}2.

[
]
e \
¢ b 2 I\
# |k
e ‘L"H. .
ey h":'\-,
‘\.\x T T _:Hx :__,.'a E
4 = -
Sl . “'\:x\ o
5‘"\\ e .""H-.__ "‘x_"-\. .
\ f "-.,_\-.:v. A
LJ 'h,"s
I

@ Is Wp a manifold? of what regularity?, what is the dynamics on it?
@ Can we compute an approximation?
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PRELIMINARIES AND MOTIVATION  INVARIANT MANIFOLDS

STRATEGY TO FIND STABLE INVARIANT MANIFOLDS

Graph transform (G.T.) Parameterization Method (P.M.)
graphy C Wp {K(t)}: C Wp

See for instance [Irw70, HPS77] See [CFdIL03a, CFdILO3b, CFdILO5]

SDME REMARKS

The P.M. allows more freedom than G.T which is a particular case of the P.M.
A similar theory can be developed for vector fields z = X(z, t).

The P.M. behaves better numerically than G.T.

One can choose the simplest dynamics on Wpg, denoted by R.

The classical theory requires some nondegeneracy conditions on the dynamics around 7.

— —
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PRELIMINARIES AND MOTIVATION INVARIANT MANIFOLDS

How DOES THE PARAMETERIZATION METHOD WORK?

@ Decompose R” = R™ x R™ being x € R™ the stable directions.

@ Perform a change of variables to ensure that the stable invariant
manifold is tangent to y = 0.

@ Find K, R solving the invariance condition F o K = K o R, where
K:VcR"™ - R, R:VCcR" =V,
and 0 € V. To do so,
e A posteriori result. Assuming
FoK=(x)— K=o R(x)=0(x|"), ¢£>>1.

we prove, by using the fixed point theorem, the existence of K~
belonging to an appropriate Banach space and satisfying

Fo(KS+K”)—(KS+K>)oR=0.

o An approximation result. We provide an algorithm to compute K=
and R.
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PRELIMINARIES AND MOTIVATION THE PARABOLIC INFINITY AND ITS INVARIANT MANIFOLDS
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PRELIMINARIES AND MOTIVATION THE PARABOLIC INFINITY AND ITS INVARIANT MANIFOLDS

THE PARABOLIC INFINITY

DEFINITION (IF THE N + 1 BODIES HAVE TRAJECTORIES DEFINED BY f € R)

The limit set of the one body trajectories escaping to infinity and arriving with
zero velocity is called the parabolic infinity. We denote it by /.

We have considered some instances of the n+ 1 body problem and:

@ In good variables we prove that I, is an invariant object.

If I, has stable set, any trajectory in it is a parabolic orbit

@ The nondegeneracy conditions needed in the classical invariant manifold
theory are not satisfied.

We are forced then to

Develope a theory for invariant manifolds to degenerate invariant objects. ‘

@ Applying this new theory we have proved that /., has a stable set (which
is in fact an invariant manifold).
I.B., E.F AND P.M (UPC-UB)
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INVARIANT MANIFOLDS TO FIXED POINTS HYPERBOLIC VS PARABOLIC

OUTLINE

9 INVARIANT MANIFOLDS TO FIXED POINTS
@ Hyperbolic vs Parabolic
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INVARIANT MANIFOLDS TO FIXED POINTS HYPERBOLIC VS PARABOLIC
HYPERBOLIC VERSUS PARABOLIC (I)
Assume that F(0) = 0, i.e. 0 is a fixed point.

Hyperbolic Parabolic (tangent to Id)

F(e) = F(&) + G(e), O - F©) 1 ((()) o
_a( X F(&) = (x,y) + (p(¢), a(¢

F(©) A(y) p(x.y) = O(ll(xoy) M,

SpecA c {|z % 1}. a(x.y) = O(lI(x.y) M)
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INVARIANT MANIFOLDS TO FIXED POINTS

HYPERBOLIC VS PARABOLIC

HYPERBOLIC VERSUS PARABOLIC (II)

Hyperbolic

Let A s
_ 1
A= < 0 A )
Assume that A is a hyperbolic
matrix:
Spec Ay C {|\ < 1}
Spec Ay C {|\| > 1}

As a consequence,
F(V,0) c (V,0).

I.B., E.F AND P.M (UPC-UB)

Parabolic (tangent to Id)
Let

DF(x,0) =

< ld+A(x)  S(x) >
0 Id + Az(x)

Assume, for x € V, the weak
hyperbolic conditions:
lid+ As ()] < 1= exllx| M,
i + Ax(x)]| > 1+ caf| x|V
We need to impose

dist(x 4+ p(x,0),dV) > c3||x||N.

PARABOLIC MANIFOLDS CW 16/53



INVARIANT MANIFOLDS TO FIXED POINTS HYPERBOLIC VS PARABOLIC

HYPERBOLIC VERSUS PARABOLIC (III)
Parabolic (tangent to Id)

Hyperbolic K<, R are sums of homogeneous
K<, R are polynomials: functions )
-1 K
K=(x) = (x,0)+ Y Kix' K=(x) = (x,0) + Y  Ki(x)
= =
lr 7
R(x) = Aix+ > Ax! R(x)=x+p(x,0)+ > Ryx)
= | =N+1
K = K= 4 K~ is analytic in V K = K= 4+ K> and R can be either
(0e V). real analytic, C*> or even C" on V
0 ¢ V).

FINAL COMMENTS

@ See [CFdIL03a] and [BFM15a, BFM15b] (hyperbolic and parabolic) for more, in particular,
the dependence with respect to parameters.

@ Similar results for T- periodic vectors fields X(x, y, t) of the form

X(x,y,t) = F(x,9) = (x,y) + (OO, INT, O(l1x, p)IMH).
I.B., E.F AND PM (UPC-UB) PARABOLIC MANIFOLDS CW 17753



INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC POINTS ARE DIFFERENT

OUTLINE

© INVARIANT MANIFOLDS TO FIXED POINTS
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INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC POINTS ARE DIFFERENT

CRAZY EXAMPLES. THE INVARIANT SET V

Consider F, the time 1-map of

2 : 3
X1 = —X{, Xo=—axiXe, y=Dbxiy+x;,

with a,b > 0. If b+ 3a < 1, it has no stable invariant manifold. Indeed,
if so then

0
y = h(x) = x3 / (1+ sx1)~b%0s
+oo
which is not possible.

WEAK HYPERBOLICITY DOES NOT IMPLIES EXISTENCE OF MANIFOLD

In this example F satisfies the weak hyperbolic conditions but there is
not any stable invariant set V.

[m]
I.B., E.F AND PM (UPC-UB) PARABOLIC MANIFOLDS
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INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC POINTS ARE DIFFERENT

CRAZY EXAMPLES. THE LOSS OF DIFFERENTIABILITY

Consider the map F : R? x R — R3,

Fix.y) = X + p(x) )

( Y+ 202 + x8) + x2x2
with p(x) = (—x3, —x3). We can check that
T Ka(X) = X5 (xa/x1) + X7 (X2 /X1)x (Xa/X1)
with ¢, ¢ analytic in {|xa| < |x4|}, but x(2) = 2z*log |z| is C® at z = 0.

ANALITICITY OF THE MAP DOES NOT IMPLIES ANALYTICITY OF THE
PARAMETERIZATION

F is analytic at 0. However, K is C2 in the open set V = {|xa| < |x4]}.
With respect to x = 0, we can only see that

lim ”K(X)_(Idnw()”z)TH
x—0,xeV ||X||

=0

= (= - 7 \\/
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INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC POINTS ARE DIFFERENT

THE DIMENSION OF THE MANIFOLD MATTERS

In general, in the parabolic case, if x € R™ with n; > 2:

@ K and R have not Taylor expansion at the origin, even when they
both are real analytic at V. In fact, only (a sort of) C' regularity can
be guaranteed.

However, when x € R, [BFdILMQ7], the situation changes:

@ K has Taylor expansion of any order at the origin and it is real
analytic on (0, p). Moreover, R(x) = x — ax™ 4+ bx®N=1, for some
computable a, b € R. Can we say something more about the
regularity at the origin in the one dimensional case?.

SPOILER

We will see that K is Gevrey!
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INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC ORBITS IN THE ELLIPTIC RESTRICTED 3 BODY PROBLEM

OUTLINE

© INVARIANT MANIFOLDS TO FIXED POINTS

@ Parabolic orbits in the elliptic restricted 3 body problem
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INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC ORBITS IN THE ELLIPTIC RESTRICTED 3 BODY PROBLEM

THE ER3BP

@ Consider the restricted 3 body problem (mg = 0).

@ The primaries are assumed to evolve describing Keplerian ellipses
around their center of mass.

@ The position g of the massless body belongs to the space, g, p € R®,
following a 3 and 1 /2-degrees of freedom Hamiltonian H(q, p, 1)

PARABOLIC ORBITS?

What is the estructure of /.7 Are there parabolic orbits?

— LK = A

1.B., EEFaAnD PM (UPC-UB) PARABOLIC MANIFOLDS CW 23753



INVARIANT MANIFOLDS TO FIXED POINTS PARABOLIC ORBITS IN THE ELLIPTIC RESTRICTED 3 BODY PROBLEM

PARABOLIC ORBITS

@ Symplectic spherical coordinates (r, a, 6) and their momenta (R, A, ©).
The primaries are at § = 0.

@ McGehee coordinates to bring infinity to the origin: r = 2/u2.

@ I/, ={u=0, R=0}is folliated by periodic orbits parameterizated by
(6o, ©0, o, Ap). We focus on the ones belonging to

To = e N {0 =0 =0}

@ Some singular changes and the system satisfies our hypotheses for

p(x,0) = —%x{‘x, Ax(x) = %x{‘ld;;, (x,y) € R? x R*.

EXISTENCE OF PARABOLIC ORBITS

I has a three dimensional stable invariant manifold W = {K(x,t)} which is

C® at the origin and real analytic in some open set V suchthat0 ¢ V,0 ¢ V.
In addition K(x, t) ~ Y~ K'(t)x' with K'(t) 2r-periodic.
[]>1
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

OUTLINE

9 GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS
@ Gevrey results
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

GEVREY DEFINITIONS

_ f asymptotic a-Gevrey to f, f =, f.
a-Gevrey functions

(. S(5. ) f:8(8;p) = C
I . : 181 p) — C 2
Formal expansions a-Gevrey analytic and for any 3 C S(3, p),
- . dcy1,¢ >0
B B n analytic and for any 1, &2
(@ =2 2" 5CS(8.p). 301,020
n=0
| £—1
" D'f(z i / -

with |ap| < c1e3(n!)® or | “( )| < ey clie. g (f(z) — ;E—u a;z) < ¢yc5¢!

|an| < 13T (1 + an).
Notice that f =, f if and only if f is
Analytic case corresponds to a-Gevrey and
a—=1.

lim D"f(z) = nl'fn.
z—0,ze5

AS A CONSEQUENCE...

f=o 0 < forall Sc S(B,p), 3c,x: |f(z)| < cexp (_H,|z|—1fﬂ) ,Ze S8

o
P!
‘{,.

| - L —m
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

MAPS UNDER CONSIDERATION
Following [BH08],

e a#0
X x— axN+ n(x,y,z) +Fnpi(X,y,2)
FIv|=|y+x" "By +x""'Boz+ gu(x.y,2) +g>ms1(X,,2)
z

C Z+ hZZ(X’yaz)
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

MAPS UNDER CONSIDERATION

Following [BH08],
@ a#0

e fy is @ homogeneous polynomial of degree N > 2 and
fn(x,0,0) =0

; x—axN+ fx,y,2)  +En(xy,2)
F (y) — y+XM71B1y+XM71BZZ+ gM(X,y,Z) +gZM+1(X7yﬂz)
z

C Z+ hZZ(X’yaz)
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

MAPS UNDER CONSIDERATION
Following [BH08],

@ a#0
@ fy is a homogeneous polynomial of degree N > 2 and
fn(x,0,0) =0

; x—axN+ fx,y,2)  +En(xy,2)
F (y) — y+XM71B1y+XM71BZZ+ gM(X,y,Z) +gZM+1(X7yﬂz)
z

C z+ hss(x,y,2)

@ gy is a homogeneous polynomial of degrge M > 2 such that
gm(x,0,0) =0and Dy ,gu(x,0,0) =0
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

MAPS UNDER CONSIDERATION
Following [BH08],

@ a#0
@ fy is a homogeneous polynomial of degree N > 2 and
fn(x,0,0) =0

X X — aXN+ fN(Xay7z) +fZN+1(X7y72)
F (y) =y +xM "By + XM Boz + gu(X,y.2) + gomii(X.y,2)
V4

C z+ hss(x,y,2)

@ gy is a homogeneous polynomial of degree M > 2 such that
gm(x,0,0) =0and D, (x,0,0)=0
o 1 ¢ SpecC
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

FORMAL RESULT

We define

THEOREM
Assume that the matrix By satisfies that

e if M < N, the matrix By is invertible,
@ ifM = N, the matrices By + kald are invertible for k > 2,

There exist a v-Gevrey formal expansion K(x) = Z Kix* and a polynomial
k>1
R(x) = x — axN + bx®N=" such that

Ki=(1,0), FoK—KoR=0.

To prove this result we use Faa di Bruno formula.
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

EXISTENCE RESULT

THEOREM

Assume that a > 0, and the matrices C and By satisfy that

SpecC C {|\| > 1}, and  SpecB; C {Re\ > 0}.

Then, for any 0 < 8 < am, there exist p small enough and a v-Gevrey
function K : S(33, p) — C'+9+9" such that
e K is a solution of the invariance equation F o K = K o R.
o K =, K, the formal solution.
o IfB=B,n{x>0}
We = K([0, p)).

In the hyperbolic case: Spec DF(0) C {|{| # 1} the parameterization
K is analytic at the origin.
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS GEVREY RESULTS

BOREL RITT AND BANACH FIXED POINT THEOREM

We adapt the strategy in [BHO08]:
@ We use a Borel-Ritt type result to construct a quasi-solution Kp:

FoKe—KeoR=E, E=,0

This result assures that K, is a v-Gevrey function.
@ For any closed sector S, we prove the existence of AK such that

by using the fixed point theorem in the Banach space of analytic
functions with the weight norm:

E(z)exp (0\2]71/0 H :

| E[l = max
ze$S
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS OPTIMALITY OF THE GEVREY ORDER

OUTLINE

e GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS

@ Optimality of the Gevrey order
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS OPTIMALITY OF THE GEVREY ORDER

EXAMPLES

We can provide examples where the Gevrey order is exactly the predicted
order by our result.

@ The autonomous flow, (x,y,z) € R x RY x RY":
X(x,y,z) = (—ax", axM 'y + xM*'p az + x%c),

witha# 0, b# 0and ¢ # 0.
@ Let X be the 27-periodic vector field defined by

X(x,y,t)=(—axN,bx""y + xNT cos t), (x,y) € R,

with a, b > 0. The parabolic stable manifold has a formal Taylor
expansion at 0 which is Gevrey of order exactly v = 1/(N — 1).
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS RESTRICTED THREE BODY PROBLEM

OUTLINE

e GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS

@ Restricted three body problem

I.B., E.F AND P.M (UPC-UB) PARABOLIC MANIFOLDS CcwW 33/53



GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS RESTRICTED THREE BODY PROBLEM

THE CONCRETE RESTRICTED THREE BODY PROBLEMS

@ The two primaries move in an ellipse and the massless body
moves In the line orthogonal to the plane of the primaries through
their center of mass. (Sitnikov problem)

@ The three body move in the same plane (R3PBP).

o

HD[*:*_--ir-f]ir. cwillon. Phase porlral
1 ' 1 1

|
| . ‘ Liesl Periodie mnction
| |
15 ' \ \]
| ! |
i : L]
1 A i b H
| By Lo
# i » "H ] 'l
g LT T
5 If | l;. "-1.‘\ \\. 5
.- i i ..) L i ; 1 h"\
& N0 }
o| 1| [ Iy
: \‘H, r"f ‘;l .!;I
i 5 lA.ll I. m‘{q r ;i ;II' .Ifl
\ '\ ! 3
AT I I / | "
' f o 5™
I |I '\"_1‘ ~ _F_-J"
15} f o = 5
| ! ‘ = C
D ] .l
1 - 1] 0.5 1
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GEVREY ESTIMATES FOR PARABOLIC MANIFOLDS

RESTRICTED THREE BODY PROBLEM

GEVREY CHARACTER OF THE PARABOLIC MANIFOLD

@ Use the McGehee coordinates, [McG73] to move the infinity to the
origin. This is also done in [Mos73] and [GMSS17].

@ Any stroboscopic Poincaré map has the origin as a parabolic fixed point
1
()
H

x——x4+y(’)3+(’)5
1

., xeR,yeRk
y+ 33 +x20(|ly|[?) + Os
The parabolic infinity /., = {x =0, y; = 0}
e is foliated by periodic orbits.

@ has an invariant manifold which is 1/3-Gevrey.

We can not prove that it is exactly 1/3-Gevrey. See [MS09] where numerical
computations leads to this conjecture.
I.B., E.F AND PM (UPC-UB)
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PARABOLIC TORI PRELIMINARIES AND DEFINITION

INVARIANT MANIFOLDS TO INVARIANT TORI?

F:UcCR"— R

@ There is a d-torus 7 such that
LT E T-

@ The dynamics on the torus, Fr,
Is conjugated to 6 — 0 + w.

THEOREM (HYPERBOLIC CASE: well known result)
Assume F has the form

F(x,y.0.p) = (A%(0)x,A(0)y.0 + Q(X. ¥, p). p) + O(lI(x. ¥, p)|I*)

with (x, y, 0, p) € R™*t™ x T9 x R" and sup ||AS(0)||,sup ||[(AY)~1(9)| < 1.
Then, the torus {x =0, y =0, p = 0} has analytic stable and unstable
manifolds, tangent to the x and y directions, respectively.
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PARABOLIC TORI PRELIMINARIES AND DEFINITION

CONNECTING WOMEN

The question is, can we give sufficient conditions to connect these
amazing women through stable manifolds of parabolic tori?

Partially answered...

O
y
|
Ii
il
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

MAPS UNDER CONSIDERATION

o
Notation: h = W /Td h(6) dé.
Assume that F is analytic in &/ x T, (0,0) e 4 c R x R”,
e a>0.

» x— a@) xN+  fx,y,0)  +fanii(X,y,6)
F (y) =|y+ xN‘1B(9)y + gn(X,y,0) + g>nt1(X,y,0)
0+w+  hp(x,y,0) +hspii(x,y,0)
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

MAPS UNDER CONSIDERATION

o
Notation: h = W /Td h(6) dé.
Assume that F is analytic in &/ x T, (0,0) e 4 c R x R”,

@ a>0.
e fyis ahomo
fn(x,0,0) =0

neous polynomial of degree N > 2 and

} x— a) xN+  f,y,0)  +fanii(X,y,6)
F (y) = y+xN‘1B(9)y+ an(X,y,0) +9g>n+1(Xx,y,0)

0
0+w+ hP(Xv.yae) +hZP+1(X7y"9)
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

MAPS UNDER CONSIDERATION

o
Notation: h = W /Td h(6) dé.
Assume that F is analytic in &/ x T, (0,0) e 4 c R x R”,

@ a>0.
@ fyis ahomo
fn(x,0,0) =0

neous polynomial of degree N > 2 and

. x— a) xN+  f,y,0)  +fanii(X,y,6)
F (y) = y+xN‘1B(9)y+ an(X,y,0) +9g>n+1(Xx,y,0)

0
0+w+ hP(Xv.yae) +hZP+1(X7y"9)

@ gn(-,-,0)is a homogeneous polynomial of degree N > 2 such that
gN(X,O,Q) =0and DygN(X-/ 076) =0
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

MAPS UNDER CONSIDERATION

oo 1
Notation: h = VoI(T9) /Td h(6) dé.

Assume that F is analytic in &/ x T, (0,0) e 4 c R x R”,
@ a>0.

@ fyis ahomo
fn(x,0,0) =0

neous polynomial of degree N > 2 and

y+xNTB@)y + gn(x,y,60) + gsnii(x,y,0)

X X — 3(0) XN+ fN(X7.ya0) + fZN+1(X7y79)
F( ) ]
0+w+ hP(vaae)

1(X7y50)

@ gn(-,-,0) is a homogeneous polynomial of degree
9n(x,0,0) =0and D,gn(x,0,0) =0
e hp(-,-,0) is a homogeneous polynomial of degree P > 1

2 such that
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

THE STABLE MANIFOLD OF 7 = {x =0, y = 0}

THEOREM

Ifw is Diophantine, P > N > 2 and Spec(B) Cc {Rez > 0}. There exist

K:[0,6) xT? - RxR"xTY  R:[0,0) x TY —[0,6) x T?:

@ FoK=KoR,K(0,0) = (0,0,0), 9:K(0,0) = (1,0,6),

R(x,0) = (x —axN + bx®N=1,0 + w) = Jim TR (x,0) = 0.
—00

@ K, R are real analytic on (0, 5) x T and C* on [0, §) x T¢.
O Ws x>0y = {K(X,0)}(x.0)e[0,6)xT9-

Some important remarks:
@ As usual, the parameterization K as well as R are not unique.
@ In our proof, it is crucial for x to be unidimensional.
@ Similar results can be obtained for quasiperiodic flows.
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

THE FIRST STEP: A POSTERIORI RESULT

By means of the fixed point theorem we prove that, if K=, R<*, ¢ > 2N — 1 are of the form

K=(x,0) = (x,0,6 + O(x)) + O(x?), R=t(x,0) = (x —ax"N + O(xN*1),6 + w)
and such that ,
FoKSt —KSfoRSf =0O(x"), (>t

Then there exists a unique AK such that K = K¢ + AK is a solution of

FoK—KoRs!=0.
Some important remarks:
@ We cankeep R = R’
@ We do not need here w to be Diophantine if a and B do not depend on 6.
@ We strongly use P > N to guarantee the analyticity of the solution.
@ No small divisors equations when a, B do not depend on 6.

u]
]
I
ul
it
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PARABOLIC TORI INVARIANT MANIFOLDS TO PARABOLIC TORI

THE SECOND STEP: APPROXIMATED SOLUTIONS
Notation: h(0) = h(6) —

THE CONSTRUCTION OF THE APPROXIMATED SOLUTION

£ ’
We write K=(x,0) = (x,0,0) + >_ KI(0)x, R (x,0) = x — ax" + S RIFN=1(0) N1,
j=2 j=2
K/, RFN=1 satisfy the cohomological equations, which are, in the simplest case:

RKEN=1(0) — KITN"(0 + w) + B(O)K), + (B + jald)K), = E(6) + E,
REM(0) = REN1(0 + w) = NE(OK) — BN 1(0) + (2 — Na)K, — RS

—E(9)+E,
RIN=2(0) — KEN=2(0 4+ w) — R 2(0) + (- 1aKy '~ Ry P =B (0)+ B}

The functions E. v E’ are known. Notice that:

@ Since w is Diophantine the equation for h, h(6 + w) — h(6) = () can be solved if g = 0.
Q We solve first K}, = (B + jald)~'E),.

© We can take Ré*”‘z = 0 since ?’;1 = E’(;1 /(j — 1) solve the averaged equation.
@ Wecantake RPN 1 =0, K., = E./(a(j — N)) if j # N, R®ZN~" constant and K" '

I.B., E.F AND P.M (UPC-UB)
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PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

THE RESTRICTED PLANAR N+ 1-BODY PROBLEM

@ The bodies move in a plane.

@ Primaries move quasiperiodically
(1) = giwt), §: T — R

@ |[qll >> [lg;(D)]]-
@ 2and degrees of freedom.

@ Polar coordinates (r,#) and the momenta (y, G).

, 2 )
@ McGehee coordinates r = 2 Transforms the 2-form into

4
——dx A dy + o A dG.

@ Write ¢ = wt and consider its conjugated variable J. The equivalent
system has d + 2 degrees of freedom.
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PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

THE PARABOLIC INFINITY

@ The system becomes
. . .1 . . )
X= —1x3y, y = —1x3y, =—-Gx* G=0(x%), p=w, J=0.
4 4 2
@ The d-tori Ty, g, = (0,0, 00, Go, ¢) 410 are invariant and

= U Towa

90,G0€S1 xR

@ Fixed 60y, Gy, making some singular changes, we obtain a vector field
satisfying our conditions.

PARABOLIC INFINITY

If w is Diophantine

@ The d-tori 7y, g, have d + 1 dimensional analytic stable manifold.

e The I is a sort of d + 2 dimensional cylinder having a d + 3
dimensional analytic stable manifold.
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THE STRUCTURE OF THE PARABOLIC INFINITY

The parabolic infinity
cylinder:

The 7y, g, are the
circles in every torus
Ta, = | Tooco

6o ST
On the right hand side,
the stable (and
unstable) manifold of

T6o,Go-

L.B., E.FaND P.M (UPC-UB)

PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

PARABOLIC MANIFOLDS

CWw

47 /53



PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

THE PLANAR N+ 1-BODY PROBLEM

Jacobi coordinates m;

@ Reduce by the linear momentum m m [ ]
~ 3 i
Bo=po+-+pn=0. ® o 7

@ 2n degrees of freedom.

g [ ] CM7*1 .m[)

@ Polar coordinates (r;, 6;) and m @

momenta (y;, G)),j=1,--- ,n. i
CM;_, = moqo + -+ Mmj-1qj-1
J—1 =

@ r, >> rj and r; bounded. mo+ -+ mio

@ Again (and the last time) McGehee coordinates r, = % and:

n

oH . oH oH oH

.' = — | — — — 6 -' = —-— | — — — 6

I) 8yj’ y/ arl + O(Xn)7 9] 86]’ GJ 80/ + O(Xn)
1 4 . mpMy, 6y 5 _ 1 4 ~ 6
Xp = 74,Un X5 Yn, Yn = 7 X, +O(x3), 6p = 4Mnx,, Gn, Gh=0(x})

being # the Hamiltonian for the n-body problem.
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PARABOLIC TORI

PARABOLIC ORBITS

PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

loo = U Ieg,eg, IG%,G% = {Xn:ynZO,Gn: Gg, 0n=02}
(G367 ER XS

The I, is not a torus, however it has invariant tori inside. Indeed

FOR SOME VALUES OF THE MASSES, ARNOLD-FEJOZ-CHIERCHIA-PINZARI

ZGU 89 has invariant Lagrangian tori TG() 09 of dimension 2(n — 1) with restricted dynamics
é = w, ¢ € T2 Diophantine.

Around any 70 40, take action-angles variables, average and singular change of variables
n*>n
The tori 7’627991

2n — 1 parabolic manifold

] (w1 =
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PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

PARABOLIC ORBITS

loo = U Ieg,eg, IG%,G% = {Xn:ynZO,Gn: Gg, 0n=02}
(G367 ER XS

The I, is not a torus, however it has invariant tori inside. Indeed

FOR SOME VALUES OF THE MASSES, ARNOLD-FEJOZ-CHIERCHIA-PINZARI

ZGU 89 has invariant Lagrangian tori TG() 09 of dimension 2(n — 1) with restricted dynamics
é = w, ¢ € T2 Diophantine.

Around any 70 40, take action-angles variables, average and singular change of variables
n*>n

The tori TG‘,’, = U626S1 7—62,60

Lagrangian 21 parabolic manifold

=] = = E a
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PARABOLIC TORI PARABOLIC ORBITS IN THE N + 1-BODY PROBLEM

PARABOLIC ORBITS

loo = U Ieg,eg, IG%,G% = {Xn:ynZO,Gn: Gg, 0n=02}
(G367 ER XS

The I, is not a torus, however it has invariant tori inside. Indeed

FOR SOME VALUES OF THE MASSES, ARNOLD-FEJOZ-CHIERCHIA-PINZARI

ZGU 89 has invariant Lagrangian tori TG() 09 of dimension 2(n — 1) with restricted dynamics
é = w, ¢ € T2 Diophantine.

Around any 70 40, take action-angles variables, average and singular change of variables:
n*>n

The cylinder UGQGRTGE

(2n -+ 1) parabolic manifold.

[m] [ = =

12N G4
CcwW 49 /53
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